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Ex. 20 Calculate the following convolutions:

a) θ ∗ θ, θ is the Heaviside function,

b) θ(x) ∗ (x2θ(x)),

c) θ ∗ χ[a,b], where χ[a,b](x) :=

{
1, x ∈ [a, b],
0, x /∈ [a, b]

is the indicator

function of the segment [a, b],

d) χ[a,b] ∗ χ[c,d],

e) e−|x| ∗ e−|x|,
f) (x2θ(x)) ∗ (sinxθ(x)),

g) (sinx θ(x)) ∗ (sinhx θ(x)),

h) e−ax
2 ∗ e−ax2 , a > 0,

i) θ(a− |x|) ∗ θ(a− |x|),

j) χ[a,b]∗Λ, where Λ(x) :=


x− 1, x ∈ [−1, 0],
1− x, x ∈ [0, 1],
0, x /∈ [−1, 1]

is the triangular

impulse.

Ex. 21 With the help of the results of the previous task, find the following
convolutions without calculating integrals:

a) e−|x−2| ∗ e−|x|,
b) e−ax

2 ∗ (−2axe−ax
2
), a > 0,

c) (xe−ax
2
) ∗ (xe−ax

2
), a > 0,

d) ((x2 + 4x+ 4)θ(x)) ∗ (sinxθ(x)),

e) ((x2 − 2x+ 1)θ(x)) ∗ (cosxθ(x)),



Ex. 22 Let f ∈ L1(R). Prove:

a) f is even if and only if f̂ is even;

b) f is odd if and only if f̂ is odd;

c) if f : R→ R then f̂(λ) = f̂(−λ);

d) if if : R→ R then f̂(λ) = −f̂(−λ);

e) if f(t) = f(−t) then f̂ : R→ R;

f) if f(t) = −f(−t) then if̂ : R→ R.

Ex. 23 Find the Fourier transform f̂ of the following functions f :

a) f(t) = χ[a,b](t),

b) f(t) = Λ(t) ≡


t− 1, t ∈ [−1, 0],
1− t, t ∈ [0, 1],
0, t /∈ [−1, 1].

,

c) f(t) = e−tθ(t).

Ex. 24 Prove the following properties of the Fourier transform:

a) Rescaling: f̂(at)(λ) = 1
|a| f̂

(
λ
a

)
for any a ∈ R \ {0}.

b) Shift versus “damping”: ̂f(t+ a)(λ) = eiaλf̂(λ) for any a ∈ R.

c) “Damping” versus shift: ̂e−iatf(t)(λ) = f̂(λ+ a) for any a ∈ R.


