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m− S >�T�;�P (a1, a2, a3, ..., am)K&EF@BADCUK�;VDNWCXEZY[;R\VDNOK�M;�R^]_NOA�PZ;�K

ai ` EZC 2 - ai a$b R^NWPFPF; i ∈ Nm

>�K�G ∑

i ai = n cdeEF;�=?;\=?CU;A�;�KgfOh�;�K�i9NORjY[;R `-k V[;<G�;RlILi�i�EZPFG�>&K�V

(a1, a2, a3, ..., am) 7→

(

a1 − 1

2
,
a2 − 1

2
, ...,

am − 1

2

)

EZK�mQEon?;�pDCUEZf[KqM>�G�;K S >�T�;�PZK (b1, b2, ..., bm)
K�EZ@BADCUK�;VDNWCUErY[;RLVDNOK&M�;�R<]_NOA�PF;K ` EZC

∑

i bi = n−m
2
c dsN ` EZCJEF=?CtK�NO@BAuG�; ` v Mw k PZhxNO@BA�;Kzy{;VW|}G�EZ;�V[;=X>�@BADCU;~ILK+�

M�NOA�P�V[PF;EF@BA (

n−m
2

+ m − 1
n−m

2

)

=

(

n+m
2

− 1
n−m

2

) f�G�;R<�&�+n?;�K�NO@BA�G�; ` f[i
n ≡

m ( ` f+G 2)
V[EFPrC�f+G�;�RlK�EZ@BADC c
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34	�#� 5�z�_/t�5=�=?f[PFP�;�EZK�;(mQEon?;�pDCUEZf[K{M�wlEF=?@BA�;�K�G�;K2CURUNWK�=XErCUEZYO;�K2>&K�G2RX;��
� ;���EZYO;�K~��;P�NWCXEFf[K&;�K

R
>�K&G}G�;�K S f[T�f[PFf[VOEF;�K T

NO> a ;�EZK�;�RL;�K�G�PZEF@BA�;K~�g;�K&V[; XNWK�V[;�VO;�i�;�KtwQ;RXG�;K c� b R!;�EZK�;~��;P�NWCXEFf[K R
wlEF;�f[i�;�K�PFNO=X=?;�KuwlEFR

TR

G9NO=g��R?M�;>�V[K�EZ=�G&;�Rq�g;�K�VO;�K
xR := {y : yRx} ` ErC x ∈ X

=?;�EZK c d c A c TR

=?;�E�G�;�R\�+@BA�K�EZC?C\NOPZPF;�R S f[T�f[PFf[VOEF;�KNW> a X
��G&EF;(NWPFPF;��g;K�V[;K

xR

;�KDCUA�NOPZCX;�K c�� h�;�K�i9NWR�V[EFPrC TR = {A ⊂ X : x ∈
A
>&K�G

yRx ⇒ y ∈ A} � Ij@BA�CX>�K�V�����EF;R5V[;�ADC�G�EF; S RXNOK�=XErCUErY�ErCB�WC"Y[f[K R ` EZC";�EZK�� c� mQ;�EZ=XT�EZ;�PZ;O8
� � b R a$b R X = {1, 2, 3}

>�K�G
R = {(1, 1), (2, 2), (3, 3)}

EF= C
TR

G�NO=
�5RXM�;>�V[K�EZ=
G�;�RJ�g;�K&V[;�K

1R = {1}, 2R = {2}
>�K&G

3R = {3}
�¡G c A c TR = P(X) cy¢�OA�PF;K!wlEFRlNOi�;�R

R := X × X
��=Xf-EF= ClfOh�;�K�i9NOR

TR = {∅, X} c
� ��fORXG�;RXKuwlEFRtK�EF@BADC�G�EZ; S RUNWK�=XErCUEZY+ErCB�WC(YOf[K R

�L=Xf£EF=?C�>&K�=X;RX;~ILi�i�EZPFG�>&K�V
R 7→ TR

E c I c ��¤��W��%jEFK�n?;pDCUEZY��
y¢�OA�PZ;QM c m c wlEF;�G&;�R X := {1, 2, 3}
>�K�Gen?;CXMC

R = {(1, 1), (1, 2), (2, 2), (2, 3), (3, 1), (3, 3)} c dsNOK&K^EZ=?C TR

G�NO=
�5RXM�;>�V[K�EZ=
Y[f[K

1R = {1, 3}, 2R = {1, 2}, 3R = {2, 3}. � h�;�K�i9NOR�;KDCUA9�OPrC TR

G9NWK�K
1R ∩ 2R = {1}, 1R ∩ 3R = {3}

>�K�G
2R ∩ 3R = {2}

�lEF=?C!NOPF=?f¥V[PF;EF@BA
T {(1,1),(2,2),(3,3)} = P(X) c �

¦O;G�;�K a NOPFPZ=���EFK-G�;�R���EZCX>9NWCXEFf[K§G�;RQIL> a VDNOi�;eEZ=?C¡G�EF;lILi&i�EFPZG�>�K�V R 7→ TR

EFK�n?;pDCUEZY�8
¨�;�A ` ;�K§wlEFR�NWK_��;�=�V[;�PrCU; TR = TR′ a$b R5Mw¡;�E���;P�NWCXEFf[K&;�K R, R′ c � b R�NOPZPF; x ∈ X

` >�=X= xR = xR′

=X;EFK_��G�;K�K
xR � i�Mw c xR′

�jEZ=?C�fOh�;�K�i9NORlG�EZ; � �©�-p�PF;EFK�= CU;^�g;�K&V[;EZK
TR � i�Mw c EFK TR′

���9G�EZ;
x
;K�CXA9�OPrC c d c A c ;�=lV[EZPZC R = R′.

y*;�K&K ` NWKª=?EF@BA«K�>�K a$b RJV[;V[;�i�;�K�;q��;P�NWCXEFf[K&;�K£G�EF;�M�>�VO;�A k R?EFV[;K S f[T�f[PFf[VOEF;�KA&EFK�=?@BA�RX;EFi&Cl>�K&Gg=?EF@BAgNOK�=X@BA�NO>&C��9wlEZ; ` NOKtG9NWRUNO>�=jwlEZ;�G�;RjG�EF;\�l;�PFNWCUEZf[K!M�>�R b @Bp[�VO;wlEFK&K�C��x;RXV[EZi&CLG�NO=L;EFK�;^ILK�PZ;�EZCX>�K�V���wlEF; ` NWK�NOPZPFV[; ` ;EFK�NO>�=e;�EFK&;�R S f[T�f[PFfOV[EF;
T
NW> a X

;EFK�;^��;P�NWCXEFf[K
RT

NO> a X
pOfOK�=?CXRX>�EZ;�RX;K}p�NOK�K_8l�gNOK�G�;�¬9K�EF;R?C a$b RsNOPZPF;

x, y ∈ X

yRTx :⇔ y ∈ ∩x∈A,A∈TA .

RT

EZ=?C���wlEF; ` NOK�K9NO@BA&RX;�@BA&K�;C��QwlEF;G�;�R§RX; � ;���ErY¥>�K�G�CURXNOK�=XErCUErY c d c A c >�K&=X;�R?;Iei�i�EZPFG�>�K&V
R 7→ TR

EF= C�=XfOVDNOR�i�Eon?;�pDCUErY � =XEZ;(i�;�=XErCUM�C���wlEF; ` NOK{=XEF@BA b i�;�R?PF;VOC��
T 7→ RT

NOPZ=j®K�YO;�R?=X;¯� c dsN ` ErCj=XEZK�G!wlEFR a ;�R CUEZV c
°
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X ` ErC |X| = m

>&K�G�=XfOPFPF;K
M>�K9�O@BA&=?CeG�EF;<IeK�M�NOA&P²G�;�RlILPZV[;�i&RX;�K�NO> a X

M��OA&PF;�K cyuEZR^M��OA�PZ;�K2G�EZ;JIePFV[;i�RX;K¥NO> a X
�5EZK�G�; ` wlEZRln?;G�;�R�=?f[PF@BA&;�K¥ILPZV[;�i&RUNg;EFK2;EFK��

G&;�>&CXEFV[;=
��R?M�;>�V[;�K&G�;�K�= ³+=?CU; ` M�>�f[R?G�K�;K^>�K&G.G&EF;�=?;��5RXM�;>�V[;K�G�;�K&=?³+=?CX; ` ;�M��OA&PF;�K c�5=lV[EZPZC�8
´
µ^¶�·X¸+·�¹<ºL»½¼+·�¾�¹?¿

Σ
¿Oµ�À

X
¼OÁ�¾�Âe·BÃ.¼+·�Ä�¿Oµ*·�ÁÅÄx·�¸OÁFÃ$¶�µ+Ä&Æ�ÂÇ·^´�·�¹�»F·È¼Oµ�Ä+¼

∪̇Si = XÉOÊ Ä X
ÁÅÄq·�Ä�¸&»ËÁÈÌBÍ É ÁÈ·�»F·e¸OÁFÃ$¶�µ+Ä&Æ�ÂÇ·BÎ�Ä9ÁÈÌBÍ+Â�»F·B·�¹U·§Ï�·�ÁÅ»ËÐJ·�Ä+¼+·�Ä Si

Î
Ã Ê ¸D¿�ÃBÃ Σ
¼+·�¹?¿D¸+·

¸D¿�ÃLÑQ¹?Ò�·�µO¼OÄ9ÁFÃ^¸+·�¹sÓ*·�Ä+¼+·�Ä
Si

ÁFÃ�ÂÈÔ
� �5EFK�;}=?f a f[R?CXEFV[;�Õef[K�=?;�Ö�>�;K�M*G&EF;�=?;�R�mQ;A9NO>�T&CX>�K�V£EF= CtK9NWC b RXPFEZ@BA_��G9NO=X=t>�K&=X;�R?;VO;�=X>&@BA�CX;LIeK�M�NOA&P�YOf[KJIePFV[;i�RX;K(NO> a X V[PZ;�EZ@BA�G�;R

m−
CX;�K!mQ;PFP×� ]_NOA�P

B(m)
EF= C��©�

ØL·�ÙQ·�ÁFÃ�¸+·�¹.Øs·BÍ&¿OµÛÚ�Â�µ+Ä+¼DÜ-]x>&Rs�5EFK�G&;�>&CXEFV[pW;�EZCsG�;�R\]x;RXPZ;�V[>�K&V�8L�eNOi�;�K}wlEFRe;�EFK&;
IePFV[;i�RUN

Σ
>�K�GJMw¡;�E
]x;RXPF;V[>�K�VO;�K

∪̇Si = ∪̇S ′
j = X

YOf[K
X
wlEZ;eEZKJ>�K�=?;�R?;�RjmQ;��

A�NO>�T&CX>�K�V���=Xf�G9NWR a pO;EFK�;R�G�;Rj��@BA�K&EZCXCX; Si ∩ S ′
j

K�EF@BADC?CURXErY+E�NOP�=X;EFK_��G c A c >�K�V[PZ;�EZ@BA
∅
>&K�G�;�@BADC.p+PZ;�EZK�;�R\NOPZ=

Si

f�G&;�R
S ′

j

=X;�EZK_�²G�;K�K�=Xf[K�= C\w��OR?;�G9NO=\�5RXM;�>�VOK�EF=\G�;R
Si∩S ′

j

;EFK�; v4a ;�EZK�;�R?;�|QILPFVO;�i�RXN<NOPF= Σ � EZK�=Xi�;�=?f[K�G�;RX;�NOPF=?f\>�K�V[PZ;�EF@BA Σ
���Dw�NW=�K&EF@BADC

=?;�EZK�G�NOR a c]x>&R§����EZ=?CU;K�Mt=Xf~;�EZK�;�R-]x;RXPF;V[>�K�V&8t� b R�;�EZK�;tILPZV[;�i�RXN Σ
� a$b R A, B ∈ Σ

>�K�G
B ⊂ A

EZ=?C
A − B ∈ Σ c ®K�=Xi�;�= c EF= C A = B∪̇(A − B) c de;�=XA�NOPFigG b R a CX;^;=ep�PFNOR=?;�EZK_�_G9NO=?= ` NWKqwQ;V[;�K |X| < ∞

G�;�K~��NO> ` X
K9NO@BA�>�K�G}K9NW@BA~EZK}K�EF@BADCXPF;�;RX;W�

T�N[NOR?w¡;�EZ=X;sG&EF=$n?>&K�pDCU;\�g;K�V[;KgNW>�=
Σ
M�;RXPF;V[;�K!p�NOK&K_�&G�EZ;LEZA�RX;RX=X;EZCX=�K�EF@BADC�w¡;�ErCU;R

M;�R?PF;�VOi9NORj=XEZK�G c dLEZ;�= ` >�=?=l;�EFK&;H]x;RXPZ;�V[>�K&V�wlEF;\EFKtG�;RlmQ;�A9NW>�T&CU>&K�VJ;RXV[;i�;K c
¦O;�CUM�CHwQNORHK�f+@BA¥V[; a f[RXG�;R?C��"G�EZ;JILK&M�NOA�P�G�;R�®=Xf ` f[R?T�A�EF;p�P�NO=?=X;�K*Y[f[K2IePFV[;i�RX;KNW> a X

M�>*M��OA&PF;�K c ]�w¡;�E�IePFV[;i�RX;K*=?EFK�G~fOh�;�K�i9NOR\V[;K9NO>{G�NOK�K~EF=Xf ` f[R?T�A_� a NOPZPF=EZA�RX;QM�>�V[;A k R?EFV[;K-]x;�RXPZ;�V[>&K�V[;�K�YOf[K X
>&K�CX;�R5G�;R � T�;�RXNWCUEZf[KHYOf[K Sm

EFK�;EFK9NWK�G�;�R
b i�;R a$b A�R C�wQ;RXG�;KÝp k K�K�;K c �gEZC-NWK�G�;�R?;�K�y{fOR?CU;K_8tdLEZ;!ILK�M�NOA�PjG�;R�®=Xf ` f[R �T&A�EF;p+PFNO=X=?;�KtY[f[K�ILPZV[;�i&RX;�KgNO> a X

EF=?ClVOPF;�EZ@BAtG�;�RlILK&M�NOA�P
p(m)

G�;ReÞ�NOR?CXEZCXEFf[K�;K
G&;�R�]_NOA�P

m c
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n ` EZC�V[;�K9NW> k
��> `�` NOK�G�;K§V[PF;EF@BA§G�;�R5IeK�M�NWA�P9G�;�R�Þ�NOR?CXEZCUEZf[K�;K�Y[f[K

n +

(

k

2

) EFKtV[;�K�NO>
k
YO;�R?=X@BA�EZ;�G�;K�;§��> `-` NOK�G�;K�EZ=?C cyuEZR�V[;i�;Kg;EFK�;.mQEon?;�pDCUEZf[K!MwlEZ=X@BA�;KqG�;K��g;K�V[;K

A : = {(a1, a2, ..., ak) : ai ∈ N, a1 ≥ a2 ≥ ... ≥ ak

>&K�G ∑

ai = n}
>�K�G

B : =

{

(b1, b2, ..., bk) : bi ∈ N, b1 > b2 > ... > bk

>�K�G ∑

bi = n +

(

k

2

)}

NWK c mQ;CXRUNO@BADCX;^G�EZ;<ILi�i&EFPFG&>�K�V A → B
V[;V[;�i�;�K�G�>�R?@BA

(a1, a2, ..., ak) 7→ (a1 + k, a2 + (k − 1), ..., ak + 0) .

� h�;�K�=?EF@BADCUPZEF@BA�EF=?C�G9NW=Q;�EZK�;�=Xf[PZ@BA�;smQEon?;�pDCUEZf[K c dsN ` EZC a f[PFVWC¡G&EF;emQ;�A9NW>�T&CU>&K�V�G�;RIe> a VDNOi�; c
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