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Our Ansatz therefore predicts the existence of a famly
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Two of them (� = 0 and � = �) are symmetric:
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uy → 0, y → −∞,
uy = F2(η, u) + ξx, y = 0,

with F1(η, u) = ηxuy, F2(η, u) = ηxux + ηzuz − (η2x + η2z )uy, F3(η, u) = ηzuy

Write

K0ξ = F−1

k21
|k|

ξ̂


, L0ξ = F−1


k1k2
|k|

ξ̂


, M0ξ = F−1


k22
|k|

ξ̂



and
K1(η)η = −(ηηx)x − K0(ηK0η) − L0(ηL0η),

K2(η)η = K0(ηK0(ηK0η)) + K0(ηL0(ηL0η)) + L0(ηL0(ηK0η)) + L0(ηM0(ηL0η))

+ 1
2K0(η

2ηxx) +
1
2(η

2K0η)xx +
1
2L0(η

2ηxz) +
1
2(η

2L0η)xz

uξ = u0ξ + u1(η)ξ + u2(η)ξ + . . . :



EXPANSIONS
K(�) � 2(1 � %2)L(�) = 0

L(�) = �
1

2
(K(�)�)2 �

1

2
(L(�)�)2 +

(�x � �xK(�)� � �zL(�)�)2

2(1 + �2x + �2z )
+ K(�)�

We Ànd that
L1(�) = K0�,

L2(�) = 1
2

�
�2x � (K0�)

2 � (L0�)
2 � 2(�x�)x � 2K0(�K0�) � 2L0(�L0�)

�
,

L3(�) = K0�K0(�K0�) + K0� L0(�L0�) + L0� L0(�K0�) + L0�M0(�L0�)

+ K0(�K0(�K0�)) + K0(�L0(�L0�)) + L0(�L0(�K0�))

+ L0(�M0(�L0�)) + �(K0�)�xx + 1
2K0(�

2�xx) + 1
2 (�

2K0�)xx

+ �(L0�)�xz +
1
2L0(�

2�xz) +
1
2 (�

2L0�)xz
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with
η(x, z) ∼ 1

2ε
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ix + ζ1(εx, εz)e
−ix
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Seek a solution η of

K(η) − 2(1 − ε2)L(η) = 0

with
η(x, z) ∼ 1

2ε

ζ1(εx, εz)e

ix + ζ1(εx, εz)e
−ix

Write
η1 = "(D)η, η2 = (1 − "(D))η,

where " is the characteristic function of this set:

1−1 k1

k2

Consider
"(D)


K(η1 + η2) − 2(1 − ε2)L(η1 + η2)


= 0, (1)

(1 − "(D))

K(η1 + η2) − 2(1 − ε2)L(η1 + η2)


= 0 (2)
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Seek a solution η of

K(η) − 2(1 − ε2)L(η) = 0

with
η(x, z) ∼ 1

2ε

ζ1(εx, εz)e

ix + ζ1(εx, εz)e
−ix

Write
η1 = "(D)η, η2 = (1 − "(D))η,

where " is the characteristic function of this set:

1−1 k1

k2

Consider
"(D)


K(η1 + η2) − 2(1 − ε2)L(η1 + η2)


= 0, (1)

(1 − "(D))

K(η1 + η2) − 2(1 − ε2)L(η1 + η2)


= 0 (2)

Solve (2) for η2 = η2(η1) and insert into (1) to yield the reduced
equation

"(D)

K(η1 + η2(η1)) − 2(1 − ε2)L(η1 + η2(η1))


= 0
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1
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REDUCTION
Write

η1(x, z) =
1
2ε

ζ(εx, εz)eix + ζ(εx, εz)e−ix



The reduced equation is a full dispersion stationary NLS equation

ε−2F−1[g(1+ εk1, εk2)ζ̂] +2ζ +"0(εD)

− 11

8 |ζ|
2ζ + ε1/2O(nζn1)


= 0,
(B)

where
g(k) = 1 + |k|2 − 2

k21
|k|
,
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REDUCTION
Write

η1(x, z) =
1
2ε

ζ(εx, εz)eix + ζ(εx, εz)e−ix



The reduced equation is a full dispersion stationary NLS equation

ε−2F−1[g(1+ εk1, εk2)ζ̂] +2ζ +"0(εD)

− 11

8 |ζ|
2ζ + ε1/2O(nζn1)


= 0,
(B)

where
g(k) = 1 + |k|2 − 2

k21
|k|
,

for ζ 5 BR(0) � "0(εD)H1(R2)

Easier to replace ζ with "0(εD)ζ and work in the fixed space
H1(R2)

In the limit ε $ 0 we obtain the stationary NLS equation

− 1
2ζXX − ζZZ + ζ − 11

16 |ζ|
2ζ = 0

from (B)
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The two symmetric solutions ±�B of

� 1
2�XX � �ZZ + � � 11
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2� = 0

are non-degenerate in the class of solutions symmetric under
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EXISTENCE
The two symmetric solutions ±�B of

� 1
2�XX � �ZZ + � � 11

16 |�|
2� = 0

are non-degenerate in the class of solutions symmetric under
�(x, z) :� �(�x, z), �(x, z) :� �(x,�z)
The reduced equation (B) has this symmetry (inherited from the
symmetry �(x, z) :� �(�x, z), �(x, z) :� �(x,�z) of the original
problem)
Apply an implicit-function theorem argument to (B) in the space

H1
e (R2) = {� 5 H1(R2) : �(x, z) = �(�x, z), �(x, z) = �(x,�z)}

(B) has two symmetric solitary waves for small values of %
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Hence
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= nζBn2L2(R2) + · · · ,
so that the waves have small amplitude but finite energy
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We have found solitary waves of the form

η = η1 + η2, η1(x, z) =
1
2ε

ζ(εx, εz)eix + ζ(εx, εz)e−ix



Hence
nηn2L2(R2) = nζn

2
L2(R2) + · · · nηn4 = O(ε),

= nζBn2L2(R2) + · · · ,
so that the waves have small amplitude but finite energy
It is necessary to work with functions with finite H3(R2)-norm:

– Actually prove the analyticity of the Neumann-Dirichlet
operators at the origin in

Z = {η : nη1n4 + nη2nH3(R2) < 4}

and work in a neighbourhood

{η 5 H3(R2) : nηnZ < M}

of the origin in H3(R2)



‘SMALL’ SOLUTIONS
We have found solitary waves of the form

η = η1 + η2, η1(x, z) =
1
2ε

ζ(εx, εz)eix + ζ(εx, εz)e−ix



Hence
nηn2L2(R2) = nζn

2
L2(R2) + · · · nηn4 = O(ε),

= nζBn2L2(R2) + · · · ,
so that the waves have small amplitude but finite energy
It is necessary to work with functions with finite H3(R2)-norm:

– Actually prove the analyticity of the Neumann-Dirichlet
operators at the origin in

Z = {η : nη1n4 + nη2nH3(R2) < 4}

and work in a neighbourhood

{η 5 H3(R2) : nηnZ < M}

of the origin in H3(R2)

– Careful book-keeping
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