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Exercise 1 (1.5.12). Let I, J be ideals of a ring R. Show:

(1) rad(IJ) = rad(I ∩ J) = radI ∩ radJ.

(2) rad(I + J) = rad(radI + radJ).

(3) radI = 〈1〉 ⇐⇒ I = 〈1〉.

(4) If radI, radJ are coprime, then I, J are coprime as well. Two ideals I, J ⊂ R are
called coprime if I + J = 〈1〉.

Exercise 2 (1.6.5). Let I ⊂ k[x1, . . . , xn] be an ideal, and let k be the algebraic closure of
k. Show that the following are equivalent:

(1) The locus of zeros of I in An(k) is a finite set of points (or empty).
(2) For each i, 1 ≤ i ≤ n, there is a nonzero polynomial in I ∩ k[xi].
(3) The k-vector space k[x1, . . . , xn]/I has finite dimension.

Exercise 3 (1.9.3). Let R be a Noetherian ring, let m be a maximal ideal of R, and let I
be any ideal of R. Show that the following are equivalent:

(1) I is m-primary.
(2) radI = m.
(3) m ⊃ I ⊃ mk for some k ≥ 1.

Exercise 4 (2.1.2 Gordan’s Lemma). By induction on the number of variables, show that
any nonempty set X of monomials in k[x1, . . . , xn] has only finitely many minimal elements
in the partial order given by divisibility (xα ≥ xβ iff α − β ∈ Nn). Conclude that any
monomial ideal of k[x1, . . . , xn] has finitely many monomial generators.


