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Exercise 1 (Concave functions). Let I be an interval, let f : I → R be a concave function
and let x1, . . . , xn ∈ I.

(a) Show that
n∑

i=1

f(xi)

n
≤ f

(
n∑

i=1

xi

n

)
.

(b) Conclude the inequality between the geometric and arithmetic average for xi > 0

n
√
x1 · ... · xn ≤

n∑
i=1

xi

n
.

(Hint: choose f = ln.)

Exercise 2 (Area). Let f, g : R → R be functions defined by f(x) = x3 + 1 and g(x) =
(x + 1)2. Determine the area between the two graphs of f and g, that is, the grey area in
the picture below.

Exercise 3 (Limits). (a) Show:

lim
x→0

2 cosx + ex + e−x − 4

x4
=

1

6
, lim

x→0

√
cos ax−

√
cos bx

x2
=

b2 − a2

4
for a, b ∈ R.

Compute the following limits, if existent:

(b) limx↘0
lnx
cotx

,

(c) limx→π
2

tan(3x)
tan(x)

,

(d) limx↘1

(
ln(x) · ln(1− x)

)
.

Exercise 4 (The Euler number). Show that limn→∞
(
n ln(1 + 1

n
)
)

= 1 and conclude that

lim
n→∞

(
1 +

1

n

)n
= e.


