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Exercise 1. Let I ⊂ K[x1, . . . , xn] be an ideal. Prove

V (I) ⊂ An is finite ⇐⇒ K[x1, . . . , xn]/I is a finite dimensional K-vector space.

Exercise 2. Consider the ideal I = (xy(x + y) + 1) ⊂ F2[x, y]. Determine coordinates
in which I satisfies the extra hypothesis of the projection theorem. Show that the extra
hypothesis cannot be achieved by means of a linear change of coordinates.

Exercise 3. A binomial f ∈ K[x1, . . . , xn] is a polynomial with has exactly two terms

f = axα − bxβ.

A binomial ideal is an ideal generated by binomials and monomials. Prove:
Binomial ideals have a Gröbner basis consisting of binomials and monomials.

Exercise 4. (Key property of >lex.)

(1) Let f ∈ K[x1, . . . , xn] and 1 ≤ j ≤ n− 1.

Ltlex(f) ∈ K[xj+1, . . . , xn] ⇐⇒ f ∈ K[xj+1, . . . , xn]

(2) Let f1, . . . , fr be a Gröbner basis of I ⊂ K[x1, . . . , xn] with respect to >lex. Then

{fs | Ltlex(fs) ∈ K[xj+1, . . . , xn]}
is a Gröbner basis of Ij = I ∩K[xj+1, . . . , xn].


