Universität des Saarlandes

Fachbereich 9 – Mathematik

Mathematischer Preprint

Numerical solution of the Boltzmann Equation using fully conservative difference scheme based on the Fast Fourier Transform

A. Bobylev, S. Rjasanow

Preprint No. 2 Saarbrücken 1999

Universität des Saarlandes

Fachbereich 9 – Mathematik

Numerical solution of the Boltzmann Equation using fully conservative difference scheme based on the Fast Fourier Transform

A. Bobylev S. Rjasanow Keldysh Institute of Applied Mathematics Fachbereich 9 - Mathematik Russian Academy of Sciences Universität des Saarlandes Miusskaya Sq. 4 Postfach 151150 125047 Moscow 66041 Saarbrücken Russia Germany bobylev@phys.unit.no rjasanow@num.uni-sb.de

submitted: September 16, 1999

Preprint No. 2

Saarbrücken 1999

Edited by FB 9 – Mathematik Im Stadtwald D–66041 Saarbrücken Germany

Fax: + 49 681 302 4443 e-mail: preprint@math.uni-sb.de WWW: http://www.math.uni-sb.de/

Abstract

An effective deterministic method based on the Fast Fourier Transform (FFT) for the Boltzmann equation with Maxwell molecules is considered. The global existence, uniqueness and boundness of the discrete solution is proved. The analytical form of the first 13 moments of the solution is derived. An effective procedure for the conservation of the macroscopic quantities is described. The results of some numerical tests are presented.

Contents

1 Introduction 2

2 Fourier transform for the Boltzmann equation 3

3 The exact time evolution of the moments 13

4 Conservation properties 19

5 Numerical examples 22

1 Introduction

In this paper we continue the study of the numerical solution of the spatially homogeneous Boltzmann equation [4] with Maxwell molecules using a difference scheme which we have proposed in [2] (see also [9]). This scheme is based on the uniform discretisation of the velocity space and the Fast Fourier Transform (FFT) [5],[8]. The main advantage of this scheme is that it requires only O(N^{4/3}) arithmetical operations per time step, where N denotes the whole number of discrete velocities in use. However there are some difficulties. First of all our scheme is not completely conservative, only the conservation of mass is guaranteed automatically. The correction suggested in [2] leads to a scheme conserving some values which are connected to the usual macroscopic quantities via Fourier transform. Thus, the scheme does not conserve the momentum and energy exactly but also does not allow these quantities to vary much. The initial and asymptotic values for the temperature are correct but in-between we can observe some deviation. In the present paper we report a considerable theoretical and numerical progress achieved by using this scheme. The treatment of the problem consists of two main steps. First, we derive a large system of ordinary differential equations for the Fourier transform of the unknown function evaluated at some knots in the frequency space. We show that this system has the unique, global solution which is bounded from above by the numerical density. Furthermore, we prove the necessary and sufficient conditions for that the asymptotic solution of this system is discrete Maxwellian. After that we show how to force the system to be completely conservative. It is remarkable, that the additional numerical work due to conservative properties is only of the order O(N^{1/3}). Then we consider slightly implicit difference scheme for this system and show that it still has the above properties naturally adapted to the discrete case.

The paper is organised as follows. In Section 2, we give a brief description of the difference scheme suggested in[2] and prove its properties as we have formulated before. In Section 3, we derive the exact formulae for the time relaxation of the first 13 moments of the system. In Section 4, we use these formulae and discuss the conservation of momentum and energy. Finally, in Section 5, we present the results of some numerical experiments and draw some conclusions.

2 Fourier transform for the Boltzmann equation

We consider the following initial value problem for spatially homogeneous Boltzmann equation ∂f ∂t (v, t) = Q(f, f), t > 0, v ∈ R^3_v , f(v, 0) = f_0(v) > 0, (1)

where Q(f, f) = ∫ R^3_w ∫ S2 B(v, w, e) (f(v^′, t)f(w^′, t) − f(v, t)f(w, t)) dw de. (2) We use the following notions in (2)

− v, w ∈ R^3 are pre-collision velocities; − dw is the volume element in R^3_w ; − e ∈ S^2 ⊂ R^3 is a unit vector;

− de is the surface element on the unit sphere S^2; − u = v − w ∈ R^3 is the relative velocity of collision partners; − v^′, w^′ are post-collision velocities defined by

v^′ = U + 1 2 |u|e, w^′ = U − 1 2 |u|e, U = 1 2 (v + w);

− B(v, w, e) is the differential collision cross-section.

The differential collision cross-section depends on the physical model of interaction between particles. Here we consider the special case of so called pseudo-Maxwellian molecules with B(v, w, e) = g ( (u, e) |u| ) , where g(μ) is some on the interval [−1, 1] non-negative and piecewise continuous function. The most simple choice, which we will use, is B(v, w, e) = 1 4π .

One of the most important properties of the Boltzmann equation is conservation of the density ρ ρ(t) = ∫ R^3_v f(v, t)dv = ∫ R^3_v f_0(v)dv = ρ, (3) of the bulk velocity V ρ(t)V (t) = ∫ R^3_v vf(v, t)dv = ∫ R^3_v vf_0(v)dv = ρV, (4) and of the energy density per unit volume

W (t) = 1 2 ∫ R^3_v |v|^2f(v, t)dv = 1 2 ∫ R^3_v

|v|^2f_0(v)dv = W, (5) during the time evolution of the function f(v, t) from the initial function f_0(v) to the final Maxwell distribution

f_∞(v) = ρ (2πT )^{3/2} e^− |v − V |^2 2T . The Fourier transform of the function f(v, t) is defined as φ(ξ, t) = [Ff](ξ) = ∫ R^3_v f(v, t)eı(v, ξ)dv. (6) The inverse Fourier transform F^{−1} is then

f(v, t) = [F^{−1}φ](v) = 1 (2π)^3 ∫ R^3_v φ(ξ, t)e−ı(v, ξ)dv. The simplified Boltzmann equation (cf. [1]) for the function φ(ξ, t) is ∂φ ∂t (ξ, t) = 1 4π ∫ S2 ( φ ( ξ + |ξ|e 2 , t ) φ ( ξ − |ξ|e 2 , t ) − φ(0, t)φ(ξ, t) ) de. (7) This equation is subjected to the initial condition φ(ξ, 0) = ∫ R^3_v f_0(v)eı(v, ξ)dv = φ_0(ξ).

The formulation of conservation laws (3),(4) and (5) in terms of the function φ(ξ, t) is given by

ρ = φ(0, t) = φ_0(ξ) |_{ξ=0};

ρV = −ıgrad_ξφ(0, t) = −ıgrad_ξφ_0(ξ) |_{ξ=0}; W = − 1 2 Δ_ξφ(0, t) = − 1 2 Δ_ξφ_0(ξ) |_{ξ=0} .

Since the function f(v, t) is up the factor ρ a probability distribution function, the function φ(ξ, t) fulfils the following well known necessary conditions |φ(ξ, t)| ≤ φ(0, t) = ρ ∈ R, φ(ξ, t) = φ(−ξ, t), ∀ξ ∈ R^3 . We begin the numerical solution of the equation (7) by the restriction of the

R^3 space of the variable ξ to the lattice

h_ξZ^3 = { ξ_k ∈ R^3 , ξ_k = h_ξk, k ∈ Z^3 } . (8)

The next step is the numerical solution of the integral equation (7) over the unit sphere S^2. The main problem here is the following. For the given point ξ_k only some of e ∈ S^2 provide points ξ_+, ξ_− such that

ξ_+ = ξ_k + |ξ_k|e 2 , ξ_− = ξ_k − |ξ_k|e 2 again belong to the lattice (8). To be precise, we introduce an equivalence relation on the set Z^3

k ∼ m iff |k| = |m| and (k + m)/2 ∈ Z^3 (9)

and define the disjoint decomposition of Z^3 in the equivalence classes

Cl(k) = { m : m ∈ Z^3, m ∼ k } . (10)

The number of elements in the class Cl(k) will be denoted by n_k = #Cl(k). The approximation of the equation (7) on the lattice (8) can now be written as ∂φ_k(t) ∂t = 1 n_k ∑ m∈Cl(k) ( φ_{k+m2} (t)φ_{k−m2} (t) − ρφ_k(t) ) , k ∈ Z^3. (11)

The initial conditions for the infinite system of ordinary differential equations (11) are defined through the given function φ_0(ξ) and fulfil φ_k(0) = φ_0(ξ_k), (12) |φ_k(0)| ≤ φ_0(0) = ρ, (13) φ_k(0) = φ_{−k}(0), k ∈ Z^3. (14) We begin with the analytical study of the system (11) subjected to the initial conditions (12) having properties (13) and (14). Lemma 1 The system (11) conserves the values φ_0(t) = ρ, (15) φ_{ej} (t) = φ_{ej} (0) = φ_{−ej} (t) = φ_{−ej} (0), j = 1, 2, 3, (16) where e_j denotes the j−th column of the 3 × 3 identity matrix. Proof:

The equivalence class Cl(0) contains only one element, the vector 0 itself. Thus, we get from (11) the following initial value problem for the function φ_0(t) φ̇_0(t) = φ^2_0(t) − ρφ_0(t), φ_0(0) = ρ.

The unique solution of this problem is φ_0(t) = ρ and (15) is proved. The equivalence classes for the vectors e_j contain each exactly two elements Cl(e_j) = {e_j, −e_j} , j = 1, 2, 3. The corresponding initial value problems are φ̇_{±ej} (t) = 1 2 ( φ_{±ej} (t)φ_0(t) + φ_0(t)φ_{±ej} (t) − 2ρφ_{±ej} (t) ) = 0, because of (15). This proves the lemma.

Therefore three complex values and one real value are conserved by the system (11). Our next step is to introduce an appropriate substitution to this system. Let us denote the values φ_{±ej} by φ_{±ej} (t) = ρa_je^{ıhξuj} , j = 1, 2, 3, where the values a_j satisfy 0 ≤ a_j ≤ 1, j = 1, 2, 3 because of (12) and u = (u_1, u_2, u_3)^T is some real vector. The following substitution φ_k(t) = ρe^{ıhξ (u,k)}φ̃_k(t̃), t̃ = ρ t (17) transforms the system (11) to the form ∂φ̃_k(t̃) ∂t̃ = 1 n_k ∑ m∈Cl(k) ( φ̃_{k+m2} (t̃)φ̃_{k−m2} (t̃) − φ̃_k(t̃) ) , k ∈ Z^3, (18)

having the initial conditions φ̃_0(0) = 1, (19) φ̃_{±ej} (0) = a_j, j = 1, 2, 3 , (20) and the corresponding initial conditions for the other components satisfying |φ̃_k(0)| ≤ 1, (21) φ̃_k(0) = φ̃_{−k}(0) because of (13),(14). For simplicity we omit the both tilde symbols by φ̃_k(t̃) in order not to overload the formulae having in mind the substitution (17). There are several possibilities to prove the existence of global solution of the system (18). May be the most elegant is using the “Wild-Sum” [11]. Lemma 2 There is the global solution of the system (18) which satisfies |φ_k(t)| ≤ 1, t ≥ 0, k ∈ Z^3. (22) Proof:

If we substitute φ_k(t) = e^{−t}ψ_k(τ), τ = 1 − e^{−t}, τ ∈ [0, 1), k ∈ Z^3 then the system (18) transforms into ∂ψ_k(τ) ∂τ = 1 n_k ∑ m∈Cl(k) ψ_{k+m2} (τ)ψ_{k−m2} (τ) = S(ψ_k, ψ_k), k ∈ Z^3, (23) with obvious initial conditions ψ_k(0) = φ_k(0), k ∈ Z^3 and having the property (cf. (21)) |ψ_k(0)| ≤ 1, k ∈ Z^3.

The bilinear operator S(ψ_k, ζ_k) is defined as S(ψ_k, ζ_k) = 1 n_k ∑ m∈Cl(k) ψ_{k+m2} ζ_{k−m2} and satisfies |S(ψ_k, ζ_k)| ≤ 1 (24) for |ψ_k| ≤ 1, |ζ_k| ≤ 1. We will look for the solution of the system (23) in the form of power series

ψ_k(τ) = ∞∑ j=0 α^{(k)}_j τ^j, k ∈ Z^3 (25)

and remark that |α^{(k)}_0 | = |ψ_k(0)| ≤ 1. (26) The time derivative of the function ψ_k(τ) is of the form ∂ψ_k(τ) ∂τ = ∞∑ j=0 (j + 1)α^{(k)}_{j+1}τ^j, k ∈ Z^3 (27)

and we obtain from (23) and (27) the following recursive relation for the coefficients α^{(k)}_j

α^{(k)}_{j+1} = 1 j + 1 j∑ m=0 S(α^{(k)}_m , α^{(k)}_{j−m}), j = 1, 2, . . . . (28) Thus we get by induction from (26),(24) and (28) |α^{(k)}_j | ≤ 1, j = 0, 1, . . . , k ∈ Z^3. (29) The power series (25) converge therefore absolute for all τ ∈ [0, 1). This completes the proof.

Remark 1 The inequalities (29) imply also |φ_k(t)| = | | | | e^{−t} ∞∑ j=0 α^{(k)}_j (1 − e^{−t})^j | | | | ≤ e^{−t} ∞∑ j=0 (1 − e^{−t})^j = 1, k ∈ Z^3,

i.e. the initial property (21) remains valid for all t ≥ 0.

Remark 2 The initial property (14) also remains valid for all t ≥ 0

φ_k(t) = φ_{−k}(t), k ∈ Z^3,

because of Cl(k) = Cl(−k) and if m ∈ Cl(−k) then −m ∈ Cl(−k). Thus, the equations for φ_k(t) and φ_{−k}(t) are identical but the initial conditions are as in (14).

The form of the system (18) allows to construct the solution recursively using the classes (9),(10). There are some preliminary remarks necessary. The recursion will be according to the squared length of the integer vector k

M = |k|^2 = k^2_1 + k^2 + k^2_3.

The system is already solved for M = 0 and M = 1 (cf. (15),(16)). Corresponding to results of additive number theory obtained in [10],[7],[6] the number of integer solutions of equation

m^2_1 + m^2 + m^2_3 = k^2_1 + k^2 + k^2_3 = |k|^2 = M (30)

(i.e. the number of the elements in the equivalence class Cl(k)) tends to infinity with |k| → ∞ having almost the order O(|k|^{1−ϵ}) for any ϵ > 0. There are two exceptions. There is no solution of the equation (30) if

M = 4^i(8j + 7), i, j ∈ N. (31)

Such M cannot appear in our scheme because we have always at least two solutions (for |k| ≠ 0) of the equation (30) namely m = k and m = −k. The second exception is that the number of solutions (30) remains the same if we increase k by factor 2. This exception does not play any role for the recursive consideration of our scheme. Let M be some natural number not of the form (31) and the system (18) is solved for all classes Cl(k) with |k|^2 < M. We consider now the equation (18) for some k with |k|^2 = M and rewrite it using the properties ±k ∈ Cl(k), φ_0(t) = 1 as ∂φ_k(t) ∂t = − ( 1 − 2 n_k ) φ_k(t) + 1 n_k ∑ m∈Cl(k), m≠±k φ_{k+m2} (t)φ_{k−m2} (t). (32)

Since | | | k ± m 2 | | | < |k|, ∀m ∈ Cl(k), m ≠ ±k, (32) is a linear differential equation with a well defined right-hand side because of induction assumption. The unique solution of this initial value problem is therefore trivially guaranteed. Using the abbreviations

λ_k = 1 − 2 n_k , S_k(t) = 1 n_k ∑ m∈Cl(k), m≠±k φ_{k+m2} (t)φ_{k−m2} (t)

we rewrite the equation (32) as follows

φ̇_k(t) + λ_kφ_k(t) = S_k(t)

where the source S_k(t) is known. The solution of this equation is

φ_k(t) = φ_k(0)e^{−λkt} + ∫_t 0 e^{−λk(t−τ)}S_k(τ)dτ. If |φ_k(t)| ≤ 1 for |k| < M (this is true for M = 0, 1 because of (19),(20)) then |S_k(t)| ≤ n_k − 2 n_k = λ_k and therefore |φ_k(t)| ≤ |φ_k(0)|e^{−λkt} + ∫_t 0 e^{−λk(t−τ)}|S_k(τ)|dτ . ≤ e^{−λkt} + ( 1 − e^{−λkt} ) = 1 for |k| = M. Thus we again have proved the property (22). The solution φ_k(t) is in general a sum of negative exponents probably multiplied by some polynomials (if some resonance case occurs). Thus, we deduce that the asymptotic solutions φ_k = lim_{t→∞} φ_k(t), k ∈ Z^3 exist and fulfils the following system of algebraic equations φ_0 = 1, (33) φ_e�_j = a_j, j = 1, 2, 3, (34) φ_k = 1 n_k − 2 ∑ m∈Cl(k), m≠±k φ_{k+m2} φ_{k−m2} , |k| > 1. (35)

Note that this system is of triangle form, i.e. the solution is given by the initial values (33),(34) and the recursion (35). In the next lemma we prove an important criteria that the asymptotic solution is a discrete Maxwellian. Lemma 3 The solution of the algebraic system (33),(34),(35) is a discrete Maxwellian φ_k = e^{−s|k|2}, s ∈ R, s > 0, (36) if and only if a_1 = a_2 = a_3 = a, 0 < a < 1. (37) Proof:

The conditions (37) are trivially necessary because of the initial conditions (34). If (37) is fulfilled then we obtain a = φ_e�_j = e^{−s|e}�^{j |2} = e^{−s} and therefore s = − ln(a). Thus, the form (36) of the solution is true for M = 0, 1. For |k|^2 = M > 1 we get from the induction assumption, recursion (35) and using |k|^2 = |m|^2 φ_k = 1 n_k − 2 ∑ m∈Cl(k), m≠±k e^{−s}|^{k+m2} |^2 e^{−s}|^k

�m_2 |^2

= 1 n_k − 2 ∑ m∈Cl(k), m≠±k e^{−s|k|2} = e^{−s|k|2}.

The proof is herewith completed.

The next interesting question is to clearly the following question. Define some space of functions φ_k(t) : Z^3 → C so, that if the initial function φ_k(0) belongs to this space then the time evolution of this function corresponding to the system (18) will belong to the same space for all times. Definition 1 Let ε ≥ 0 be a non-negative number and the function φ_k fulfils φ_k : Z^3 → C , (38) φ_0 = 1. (39) Then the class A(ε) of functions (38),(39) is defined as A(ε) = { φ_k : |φ_k| ≤ e^{−ε|k|2} } . Now we are able to formulate the last result of this section. Lemma 4 The Cauchy problem ∂φ_k(t) ∂t = 1 n_k ∑ m∈Cl(k) φ_{k+m2} (t)φ_{k−m2} (t) − φ_k(t), k ∈ Z^3,

φ_k(0) ∈ A(ε) is uniquely solvable in A(ε) for all ε ≥ 0. Proof:

Using the substitution φ_k(t) = e^{−ε|k|2}ψ_k(t) we rewrite the system (40),(40) as ∂ψ_k(t) ∂t = 1 n_k ∑ m∈Cl(k) ψ_{k+m2} (t)ψ_{k−m2} (t) − ψ_k(t), k ∈ Z^3, |ψ_k(0)| ≤ 1 which is identical with (18). Thus, there is the global solution ψ_k(t) satisfying |ψ_k(t)| ≤ 1 or equivalently ψ_k(t) ∈ A(0). Then φ_k(t) ∈ A(ε).

3 The exact time evolution of the moments

If f(v) is a distribution function with ∫ R^3_v f(v) dv = 1 then we denote the weighted averaging of a given function g(v) as

< g(v) >_f = ∫ R^3_v g(v)f(v) dv. We consider the following Maxwell distribution function

f_M (v) = 1 (2πT )^{3/2} e^− |v − V |^2 2T . Its first 13 moments can be computed as

< 1 >_{fM} = 1; < v >_{fM} = V ; < vv^T >_{fM} = T I + V V^T ; < v|v|^2 >_{fM} = (5T + |V |^2)V I denotes here the 3 × 3 identity matrix. The following formulae are also useful

< v − V >_{fM} = 0; < (v − V )(v − V )^T >_{fM} = T I; < |v|^2 >_{fM} = tr < vv^T >_{fM} = 3T + |V |^2;

< |v − V |^2 >_{fM} = tr < (v − V )(v − V )^T >_{fM} = 3T ; < (v − V )|v − V |^2 >_{fM} = 0.

The moments of the solution of the equation (1) satisfy the initial value problem for the following system of ordinary differential equations d dt < 1 >_f (t) = 0; (40) d dt < v >_f (t) = 0; (41) d dt < vv^T >_f (t) = − 1 2 < vv^T >_f (t) + 1 2 ( T I + V V^T ) (42) d dt < v|v|^2 >_f (t) = − 1 3 < v|v|^2 >_f (t) (43) − 1 3 < vv^T >_f (t)V + 2 ( T + 1 3 |V |^2 ) V. The initial values of the moments are defined by the initial distribution f_0(v)

< 1 >_f (0) = < 1 >_{f0} = 1; < v >_f (0) = < v >_{f0} = V ;

< vv^T >_f (0) = < vv^T >_{f0} ; T = 1 3 tr < (v − V )(v − V )^T >_{f0} ;

< v|v|^2 >_f (0) = < v|v|^2 >_{f0} .

The derivation of the system (40)-(43) can be done using the following well known identity ∫ R^3 g(v)Q_+(f, f)(v)dv =<<< g(v^′) >_S2 >_{f(v)}>_{f(w)} . (44) where v^′ = 0.5(v + w + |v − w|e) is the post-collisional velocity, < g(e) >_S2 denotes the averaging of the function g(e) over the unit sphere

< g(e) >_S2 = 1 4π ∫ S2 g(e)de and Q_+(f, f)(v) denotes the gain part of the collision integral

Q_+(f, f)(v) = 1 4π ∫ R^3 ∫ S2 f(v^′)f(w^′)dw de. We remark that in our case the loss part of the collision integral leads to ∫ R^3 g(v)Q_−(f, f)(v)dv =< 1 >_f (t) < g(v) >_f (t) Therefore the averaging of the Boltzmann equation leads to d dt < g(v) >_f (t) = <<< g(v^′) >_S2 >_{f(v)}>_{f(w)} (t) − < 1 >_f (t) < g(v) >_f (t) Now we will use this equation for g(v) = 1 and obtain d dt < 1 >_f (t) =<<< 1 >_S2 >_{f(v)}>_{f(w)} (t)− < 1 >_f (t) < 1 >_f (t) = 0.

Thus we obtain the equation (40) and conclude that

< 1 >_f (t) =< 1 >_f (0) =< 1 >_{f0} = 1. (45) In the following we will need the following simple property

< e >_S2 = 0. (46) Using g(v) = v as well as (45) and 4.36 we obtain d dt < v >_f (t) = <<< 1 2 (v + w + |v − w|e) >_S2 >_{f(v)}>_{f(w)} (t)− < v >_f (t) = 1 2 < v >_{f(v,t)} + 1 2 < w >_{f(w,t)} − < v >_f (t) = 0. (47)

Thus we get

< v >_f (t) =< v >_f (0) =< v >_{f0} = V. (48) Before we derive the equation for g(v) = vv^T we will see that the averaging of g(v) = |v|^2 remains conserved.

< 1 4 |v + w + |v − w|e|^2 >_S2 = 1 4 < |v|^2 + |w|^2 + |v − w|^2 + 2(v, w) + 2|v − w|(v, e) + 2|v − w|(w, e) >_S2 = 1 2 (|v|^2 + |w|^2)

The space averaging leads to the equation d dt < |v|^2 >_f (t) = 0

and therefore to the expression

< |v|^2 >_f (t) =< |v|^2 >_{fM} = 3T + |V |^2. (49) Here we have used the Maxwell distribution

f_M (v) = lim_{t→∞} f(v, t). First nontrivial differential equation we will get for g(v) = vv^T . Here we will use that

< ee^T >_s2 = 1 3 I, (50)

where I denotes the 3 × 3 identity matrix. The function to be averaged over the unit sphere is now g ( 1 2 (v + w + |v − w|e) ) = 1 4 ( vv^T + vw^T + |v − w|(v + w)e^T (51) + wv^T + ww^T + + |v − w|e(v^T + w^T ) + |v − w|^2ee^T ) The averaging of the third and sixth summands in (51) over the unit sphere disappears corresponding to (46) and we get using (50)

< g ( 1 2 (v + w + |v − w|e) ) >_S2 = 1 4 ( vv^T + vw^T + wv^T + ww^T + 1 3 |v − w|^2I )

Thus we obtain after the double averaging over the space 1 2 ( < vv^T >_f (t) + < v >_f (t) < v >^T_f (t) + 1 3 (< |v|^2 >_f (t) − | < v >_f (t)|^2)I ) . (52)

Using (48) and (49) we get finally 1 2 ( < vv^T >_f (t) + V V^T + T I ) and therefore the equation (42). The derivation of the equation (43) is a bit longer but completely similar to the previous and we will omit this. Thus the solution of the system (40)-(43) is

< 1 >_f (t) = 1; < v >_f (t) = V ;

< vv^T >_f (t) = < vv^T >_{f0} e^{−t/2} + (T I + V V^T )(1 − e^{−t/2}); (53) < v|v|^2 >_f (t) = < v|v|^2 >_{f0} e^{−t/3} + (5T + |V |^2)V (1 − e^{−t/3}) + 2(< vv^T >_{f0} −V V^T − T I)V (e^{−t/2} − e^{−t/3}). (54)

As an example we consider the initial distribution f_0(v) as a mixture of two different Maxwell distributions

f_0(v) = αf_{M1} (v) + (1 − α)f_{M2} (v), 0 ≤ α ≤ 1.

The parameters of the Maxwell distributions are V_1, T_1 and V_2, T_2. In this case we obtain

< 1 >_{f0} = 1;

< v >_{f0} = V = αV_1 + (1 − α)V_2;

< vv^T >_{f0} = (αT_1 + (1 − α)T_2)I + αV_1V^T_1 + (1 − α)V_2V^T_2 ;

T = αT_1 + (1 − α)T_2 + 1 3 α(1 − α)|V_1 − V_2|^2;

< v|v|^2 >_{f0} = α(5T_1 + |V_1|^2)V_1 + (1 − α)(5T_2 + |V_2|^2)V_2.

The last formulae ere extremely useful for the numerical tests because they provide the explicite time evolution of the most important moments of the distribution function. For the following simple but nontrivial choice

V_1 = (−2, 2, 0)^T , V_2 = (2, 0, 0)^T , T_1 = T_2 = 1, α = 1/2

we obtain

< 1 >_f (t) = 1;

< v >_f (t) = V = 0 1 0 ;

< vv^T >_f (t) =

5 −2 0 −2 3 0 0 0 1 e^{−t/2} + 1 3 8 0 0 0 11 0 0 0 8

(1 − e^{−t/2});(55)

T = 8/3; < v|v|^2 >_f (t) = −4 13 0 e^{−t/3} + 1 3 0 43 0 (1 − e^{−t/3}) (56)

− 1 3 12 4 0 (e^{−t/2} − e^{−t/3}). 4 Conservation properties

In this section we propose a possible modification of our system of ordinary differential equations (11) for the knots ±e_l, l = 1, 2, 3 in order to conserve the macroscopic quantities ρ_h and V_h as well as to force the second moments (m_h(t))_{ll}, l = 1, 2, 3 to follow the exact curves (53). Then the conservation of the energy density W_h will also be guaranteed. Because of the obvious practical reasons we begin the numerics by the discretisation of the velocity space R^3_v . Let V_h be an approximation of the bulk velocity V which can be obtained numerically or exactly from the initial distribution f_0(v). Then we will need two discretisation parameters L > 0 and n ∈ N. The parameter L should be chosen so that it is possible to neglect the values of the distribution function f(v, t) in outside of the cube

{v : (V_h)_l − L ≤ v_l ≤ (V_h)_l + L, l = 1, 2, 3} , 2L = h_vn, h_v = 2L n . (57)

It is convenient to choose the parameter n as a power of two because of the especially efficient FFT procedure in this case. The set of discrete velocities is now {V_h + v_k = h_vk, k ∈ Q_n}, where Q_n denotes the set of three-dimensional integer vectors whose components belong to the set {−n/2 + 1, . . . , n/2}. If we denote f_k(t) as the approximation of f(v_k, t) then the numerical form of the macroscopic quantities is

ρ_h = h^3_v ∑ j∈Qn f_j(t), (58)

ρ_h(V_h)_l = h^3_v ∑ j∈Qn (v_j)_lf_j(t), l = 1, 2, 3, (59)

(m_h(t))_{ll} = h^3_v ∑ j∈Qn ((v_j)_l)^2f_j(t), l = 1, 2, 3, (60)

W_h = 1 2 ((m_h(t))_{11} + (m_h(t))_{22} + (m_h(t))_{33}) . (61)

Using the definition of the discrete velocities and the following numbering of its components (0, 1, . . . , n/2, −n/2 + 1, . . . , −1) first in x−, y− and finally in z−direction we represent these quantities as the following scalar products

ρ_h = h^3_v(g^{(0)}, f(t)), (62) g^{(0)} = e ⊗ e ⊗ e ∈ R^N , (63) ρ_h(V_h)_1 = h^3_v(V_h)_1(g^{(0)}, f(t)) + h^3_v(g^{(1)}, f(t)), (64) g^{(1)} = a ⊗ e ⊗ e ∈ R^N , (65) (m_h(t))_{11} = h^3_v((V_h)_1)^2(g^{(0)}, f(t)) + 2h^3_v(V_h)_1(g^{(1)}, f(t)) + h^3_v(g^{(2)}, f(t)),(66) g^{(2)} = b ⊗ e ⊗ e ∈ R^N . (67)

Here ⊗ denotes the Kronecker product. The n−dimensional vectors e, a and b are defined as follows

e = (1, 1, . . . , 1)^T ∈ R^n , (68) a = h_v(0, 1, . . . , n/2 − 1, 0, −n/2 + 1, . . . , −1)^T ∈ R^n , (69) b = h^2_v(0^2, 1^2, . . . , (n/2 − 1)^2, (n/2)^2, (−n/2 + 1)^2, . . . , (−1)^2)^T ∈ R^n .(70)

Using (62) in (64) and then (62),(64) in (66) we rewrite these conditions as

ρ_h = h^3_v(g^{(0)}, f(t)), (71) 0 = h^3_v(g^{(1)}, f(t)), (72) (m_h(t))_{11} − ρ_h(V_h)_1 = h^3_v(g^{(2)}, f(t)). (73)

The meshsizes h_v and h_ξ are connected via the relation h_vh_ξ = 2π/n. Then we are able to rewrite (71),(72) and (73) in terms of the discrete Fourier transform φ(t) of the vector f(t) φ(t) = h^3_vDF_3f(t), F_3 = F_1 ⊗ F_1 ⊗ F_1. (74) Here F_1 denotes the matrix of one-dimensional Fourier transform having the elements f_{lm} = eı^{2π}n lm, l, m = 0, . . . , n − 1. (75) Note the obvious property of these elements f_{lm} = f_{l,n−m}, m = 1, . . . , n/2. (76) D denotes in (74) the following diagonal matrix D = diag ( eıh^ξ(V^h, j), j ∈ Q_n ) . (77)

F_3F^∗_3 = n^3I, (78) we rewrite (74) as f(t) = 1 (2L)^3

F^∗_3 D^{−1}φ(t) (79) and the scalar products (71),(72) and (73) as ρ_h = 1 n^3

(g^{(0)}, F^∗_3 D^{−1}φ(t)) = 1 n^3

(F_3g^{(0)}, D^{−1}φ(t)),(80) 0 = 1 n^3

(g^{(1)}, F^∗_3 D^{−1}φ(t)) = 1 n^3

(F_3g^{(1)}, D^{−1}φ(t)),(81) (m_h(t))_{11} − ρ_h(V_h)_1 = 1 n^3

(g^{(2)}, F^∗_3 D^{−1}φ(t)) = 1 n^3

(F_3g^{(2)}, D^{−1}φ(t)).(82) The analytic form of the Fourier transforms of the vectors (63), (65) and (67) was obtained in our recent paper [3]. Here we give only the final result. Using

(81) and (82) we obtain the final formulae for the functions φ_{el} (t), l = 1, 2, 3

Im(D^{−1}φ)_{el} (t) = tan π n n/2−1∑

m=2 (−1)^m cot (π n m ) Im(D^{−1}φ)_{m el} (t), (83)

Re(D^{−1}φ)_{el} (t) = sin^2 π n ( − (m_h(t))_{11} − ρ_h(V_h)_1 h^2_v + n^2 + 2 12 ρ_h + 1 2 (D^{−1}φ)_{n/2 el} (t)

+ n/2−1∑

m=2 (−1)^m sin^{−2} (π n m ) Re(D^{−1}φ)_{m el} (t) , (84) (D^{−1}φ)_{−el} = (D^{−1}φ)_{el} , l = 1, 2, 3. (85)

Thus, the formulae (83),(84) and (85) allow to define the functions φ_{el} (t), l = 1, 2, 3 so, that all numerical moments of the distribution function are conserved during the computation. Remarkable is also very low computational work required by the formulae (83),(84) and (85), which is of the capital order O(n) because only the knots placed on the axeses are involved.

5 Numerical examples

In this section we solve the initial value problem (11),(12) in Q_n using the following slightly implicit scheme

φ^{j+1}_k = 1 1 + τρ φ^j_k + τ n_k(1 + τρ) ∑ m∈Cl(k) φ^j_{k+m} 2 φ^j_{k−m} 2 (86)

φ^0_k = φ_0(ξ_k), k ∈ Q_n. (87)

Here τ > 0 denotes the time discretisation parameter and φ^j_k the approximation of φ^(_kt_j = τ j). This scheme is obviously unconditionally stable and of the first order of approximation with respect to time step τ. For the numerical tests we consider the initial distribution f_0(v) as in (55),(55)

f_0(v) = 1 2(2π)^{3/2} ( exp ( − |v − V_1|^2 2 ) + exp ( − |v − V_2|^2 2 )) , where

V_1 = (2, 2, 0)^T , V_1 = (−2, 2, 0)^T .

The time evolution of the second and third moments of the distribution function f(v, t) is given in (55),(56). We remark that the moments of the numerical solution follow the time evolution of the main diagonal elements of the < vv^T >_f (t) tensor exactly. Therefore we concentrate our attention on the only non-trivial component ( < vv^T >_f ) 12 (t) of the tensor (55) and on the first component of the vector (56).

There are three discretisation parameters in our method: the size L of the cube (57), the number n of knots in one direction and the time step τ. The parameter L can be chosen using the initial distribution. First we compute the (conserved !) temperature which is T = 8/3 in our case. Then we use L = √ −2T ln(ε) in order to guarantee the accuracy ε by approximation of the final Maxwellian. This leads in our case for ε = 10^{−6} to the rough value L = 9. This very high accuracy should allow to see the role of two other parameters of discretisation more precisely.

In the next tables we present the maximal error by computing of ( < vv^T >_f ) 12 (t) and of (< v|v|^2 >_f )_1 (t) on the time interval (0, 12) which is sufficient for the almost complete relaxation. The number of time steps is denoted by N_τ there

N_τ n = 16 n = 32 n = 64 50 9.75 · 10^{−2} 9.39 · 10^{−2} 9.30 · 10^{−2} 100 4.54 · 10^{−2} 4.30 · 10^{−2} 4.24 · 10^{−2} 200 2.26 · 10^{−2} 2.13 · 10^{−2} 2.09 · 10^{−2} 400 1.31 · 10^{−2} 1.23 · 10^{−2} 1.21 · 10^{−2}

Table 1: The error for ( < vv^T >_f ) 12 (t).

N_τ n = 16 n = 32 n = 64 50 1.95 · 10^{−1} 1.87 · 10^{−1} 1.86 · 10^{−1} 100 9.07 · 10^{−2} 8.60 · 10^{−2} 8.48 · 10^{−2} 200 4.51 · 10^{−2} 4.26 · 10^{−2} 4.20 · 10^{−4} 400 2.62 · 10^{−2} 2.47 · 10^{−2} 2.44 · 10^{−4}

Table 2: The error for (< v|v|^2 >_f )_1 (t).

The above tables illustrate quite clear the first order of the scheme with respect to τ. On the other hand the increase of accuracy with respect to n is rather low. It is due to the very rough approximation of the integral over the unit sphere in (7) for small |ξ|. Thus, the equivalence class for (1, 1, 0)^T contains only four elements (±1, ±1, 0)^T independent of n. Corresponding to the asymptotic #Cl(k) = O(|k|^{1−ϵ}, the best accuracy we can expect here, is O(n^{−1/2}) even for |ξ| → ∞. Fortunately, the accuracy is very sufficient already for n = 16. The main reason for this is probably the fact that the points with small |ξ| are directly connected via (86) to the points ±e_j, j = 1, 2, 3 which are corrected corresponding to (83), (84).

It is possible to improve the accuracy with respect to τ using high order solvers (i.e. Runge-Kutta methods) for the system of ordinary differential equations (11) in Q_n. But this does not seem to be very reasonable because the numerical solution of the spatially homogeneous Boltzmann equation only makes sense in connection with the usual splitting procedure for the spatially inhomogeneous Boltzmann equation. This splitting is of the first order of accuracy with respect to the time step τ.

Finally we show the convergence history for above moments in the following figures. The thin solid lines indicate the numerical solutions obtained for N_τ = 50, 100, 200, 400 (from below) while the dashed line shows the analytical solution (55) in first and (56) in the second figure.

Figure 1 The analytical and numerical solutions for ( < vv^T >_f ) 12 (t) and N_τ = 50, 100, 200, 400.

Figure 2 The analytical and numerical solutions for (< v|v|^2 >_f )_1 (t) and N_τ = 50, 100, 200, 400

References

[1] A. Bobylev. Fourier transform method in the theory of the Boltzmann equation for Maxwell molecules. Doklady Akad. Nauk SSSR, 225 : 1041– 1044, 1975.

[2] A. Bobylev and S. Rjasanow. Difference scheme for the Boltzmann equation based on Fast Fourier Transform. Eur. J. Mech. B/Fluids, 16(2) : 293–306, 1997.

[3] A. Bobylev and S. Rjasanow. Fast deterministic method of solving the Boltzmann equation for hard spheres. 1998. submitted for publication.

[4] C. Cercignani, R. Illner, and M. Pulvirenti. The Mathematical Theory of Dilute Gases. Springer, New York, 1994.

[5] J. Cooley and J. Tukey. An algorithm for the machine calculation of complex Fourier series. Math. Comput., 19 : 297–301, 1965.

[6] W. Duke. Hyperbolic distribution problems and half-integer weight Maass forms. Inv. Math., 92 : 73–90, 1988.

[7] H. Iwaniec. Fourier coefficients of modular forms of half integral weight.

Inv. Math., 87 : 385–401, 1987.

[8] C. V. Loan. Computational frameworks for the Fast Fourier Transform.

SIAM, Philadelphia, 1992.

[9] L. Pareschi and B. Perthame. A Fourier spectral method for homogeneous Boltzmann equations. Transport Theory Statist. Phys., 25 : 369– 382, 1996.

[10] C. Siegel. Ueber die Klassenzahl quadratischer Zahlkoerper. Acta Arith., 1 : 83–86, 1935.

[11] E. Wild. On Boltzmann’s equation in the kinetic theory of gases. Proc.

Cambridge Phil. Soc., 47 : 602–609, 1951.