Universität des Saarlandes

Fachrichtung 6.1 – Mathematik

Preprint

Global distributions and special zeta values Linsheng Yin

Preprint No. 16 Saarbrücken 2000

Universität des Saarlandes

Fachrichtung 6.1 – Mathematik

Global distributions and special zeta values

Linsheng Yin

Saarland University Department of Mathematics Postfach 15 11 50 D–66041 Saarbrücken Germany E-Mail: lsyin@math.uni-sb.de

submitted: September 21, 2000

Preprint No. 16

Saarbrücken 2000

Edited by FR 6.1 – Mathematik Im Stadtwald D–66041 Saarbrücken Germany

Fax: + 49 681 302 4443 e-mail: preprint@math.uni-sb.de WWW: http://www.math.uni-sb.de/

GLOBAL DISTRIBUTIONS AND SPECIAL ZETA VALUES^∗

Abstract. In this paper, we develop the theory of global distributions (i.e. distributions of global fields) and apply it to the study of special values of abelian L-functions of a number field and division points of rank one Drinfeld modules. We introduce the concept of ϵ-distributions and give examples by ϵ-partial zeta functions. We determine the ranks of level groups of various kinds of universal distributions of a global field k, such as universal ϵ-, punctured, punctured even and odd distributions of k. We show the universality of several distributions derived from special values of the ϵ-partial zeta functions by studying Q-linear independence of some special values. We also propose a conjecture and a question about the universality of ϵ-distributions of special values of ϵ-partial zeta functions.

Introduction.

In classical number theory, ordinary distributions on Q/Z, as well as higher dimensional versions or p-adic versions, were studied extensively and were used to describe the relations of various special values such as Dirichlet L-functions, modular functions and Γ-functions, see [Chaps.2 and 6, La], [Chap.12, Wa], [LK] and [Ko], and some references there. These special values are of great arithmetic interest in the classical cyclotomic or the complex multiplication theory. Many distributions, e.g., those derived from the cyclotomic numbers or the Siegel (modular) functions, are universal up to torsion, and some, e.g., special Γ-values, are conjectured to be universal. Recently, the study of the universal ordinary distribution on Q/Z has become active again, see [Da] and [Ou], since Anderson [An] invented a new method to compute its ±-cohomology and constructed a canonical F_2 -basis for the cohomology. Thus the concept of distributions on Q/Z is an important device in the study of some arithmetic quantities. In [Yi1], the author extended the concept of the classical distributions to global fields and determined the ranks of the universal level groups. Quite recently, Belliard and Oukhaba [BO] gave detailed information about the torsion of the level groups. We [BGY] have also applied the distribution method to the study of the classical and characteristic-p Γ-monomials. In this paper, we further develop the theory of global distributions and apply it to the study of special values of abelian L-functions over global fields.

Let k be a number field with r_1 real places and r_2 pairs of conjugate complex places. Let ϵ = (ϵ_1, · · · , ϵ_{r1} ), where ϵ_i = 0 or 1. We first classify the ordinary distributions of k into ϵ-distributions. The case ϵ = 0 (i.e. all ϵ_i = 0) corresponds to the concept of even (or real) distributions defined in [Yi1]. We then introduce ϵ-partial zeta functions Z^ϵ_m(s, a), where a and m are non-zero integral ideals of k. They generalize the classical partial zeta functions corresponding to wide (i.e. ϵ = 0) or narrow (i.e. ϵ = 1) ray ideal classes. Let |ϵ| = ∑ i ϵ_i and let ϵ̄ = r_1 + r_2 − |ϵ|. We show that the order of vanishing of Z^ϵ_m(s, a) at s = 0 is greater than or equal to ϵ̄ (we assume m ∤ a when ϵ = 0). Let f^ϵ(am^{−1}) be the coefficient of s^{ϵ̄} in the Taylor series expansion of Z^ϵ_m(s, a) at s = 0. Then f^ϵ is a function from the set of non-zero fractional ideals (non-integral if ϵ = 0) of k to C . According to the conjecture of Stark (cf. [St] and [Ta]) or its generalization by Rubin [Ru], these functions, especially the one denoted by f^+ in the case ϵ = 0, encode important information about the class fields of k. Also the values at s = 1 of idele class L-functions of k can be expressed as finite sums by these functions. Thus they are of great arithmetic interest. We show that f^ϵ is an ϵ-distribution (f^+ is punctured) and that the Stickelberger distribution F^ϵ (with some modification in the case |ϵ| ≤ 1) associated to f^ϵ is a universal ϵ-distributions up to torsion. For the distributions f^ϵ (where |ϵ| ≥ 1) themselves, we propose the question that for which number field k and for which ϵ they are universal.

We consider punctured distributions in section 3. We first give a sufficient and necessary condition when a punctured distribution can be completed to a non-punctured distribution, using which we get an upper bound for the rank of level m group of a universal punctured distribution. We prove that the rank of level m group of the distribution F^0 = ∑ ϵ F^{0ϵ} is equal to the upper bound, where F^{0ϵ} is the punctured reduction of F^ϵ. To get this result, we need to study Q-linear independence of some special

* Supported in part by Alexander von Humboldt Foundation and by Distinguished Young Grant in China.

Typeset by AMS-TEX 1

values of f^+ (we show more). We have conjectured that f^+ is a universal punctured even distribution up to torsion [Conj.3.1, BGY]. It is equivalent to a conjecture on the Galois action of some special values of f^+ by the results we get in this paper. The latter conjecture also implies that the complex numbers f^+(ap^{−1}) for all primes p and all integral ideals a with p ∤ a are Q-linear independent. In the cases when k = Q and when k is imaginary quadratic, the conjecture can be proved easily by the explicit reciprocity law via the obvious expression of f^+. Our conjecture could be interpreted as a weak analytic version of the (unkown) explicit reciprocity law of k. There are many conjectures on special values of L-functions, see, for example, [Hu] and [Za], but only few of them have satisfactory answers. Our conjecture is the first towards distributions. Could it be proved directly by analytic method? We expect an answer.

In the last section of the paper, we consider the case when k is a function field. In this case, the even distribution f^+ can be expressed in the obvious manner as the valuations at a fixed place of the division points of sign-normalized rank one Drinfeld modules [Ha2, Sect.6]. It takes rational values up to a constant factor, and thus we have no the result on Q-linear independence. Also the conjecture is not meaningful in this case. But the division points themselves form a multiplicative punctured even distribution, which satisfies the multiplicative version of Q-linear independence and of the conjecture. Thus we can determine the rank of the level m group of the universal punctured even distribution and show the universality of the multiplicative distribution. The results here describe almost all Z-linear relations satisfied by these division points and by the Stickelberger elements introduced in [Yi3]. This is the principal motivation for the author to introduce the concept of global distributions. In the rational number field case, similar results were obtained by several people, see [Ba], [Mi] and [Sc]. Finally, we mention that the two parts about number fields and about function fields in the paper are relatively independent.

1. ϵ-distributions.

In this section, we further perfect the definition of distributions of a number field given in [Sect.1, Yi1]. We also introduce the concept of ϵ-distributions.

Let k be a number field. We think of k as our base field. Let A be the integral closure of Z in k. Let v_1, · · · , v_{r1} be all the real places of k. In the paper, we always fix this order of the real places. Let ϵ = (ϵ_1, · · · , ϵ_{r1} ) be an r_1-vector with entries in the field F_2 of two elements. Let T_0 (resp. T̄_0) be the set of non-zero integral (resp. fractional) ideals of A . Fix m ∈ T_0. We call integral ideals a, b ϵ-equivalent modulo m and write a ∼^ϵ_m b if there exists x ∈ 1 + a^{−1}m, v_i(x) > 0 when ϵ_i = 1 such that b = xa. Let T^ϵ_m be the set of equivalence classes of T_0 under ∼^ϵ_m. Let G^ϵ_m be the set of equivalence classes of the ideals coprime to m. We call it the ϵ-ray class group of k of conductor m. The equivalence relation ∼^ϵ_m has the following properties.

Lemma 1.1. Let a, b, c and m be non-zero integral ideals of k. We have 1) If a ∼^ϵ_m b, then the gcds of a with m and b with m are equal, i.e. (a, m) = (b, m). 2) Assume c and m are coprime. Then ac ∼^ϵ_m bc if and only if a ∼^ϵ_m b. 3) T^ϵ_m is a disjiont union of copies of G^ϵ_n, where n runs over all divisors of m.

Proof. Assume b = xa for some x ∈ 1 + a^{−1}m. Let integral ideal d ⊇ m. Then (x − 1)a ⊆ m ⊆ d. If d ⊇ a, then b = xa ⊆ d. The inverse is also valid since ∼^ϵ_m is an equivalence relation. We get 1). Assume ac ∼^ϵ_m bc. There exists x ∈ 1 + (ac)^{−1}m such that bc = xac, which implies b = xa and x ∈ a^{−1}. Thus (x − 1)a is an integral ideal. Since m | (x − 1)ac and c, m are coprime, we get x ∈ 1 + a^{−1}m. This shows 2). The proof of 3) is easy.

In the case ϵ = 1 (i.e. all ϵ_i = 1), we denote ∼^ϵ_m, T^ϵ_m and G^ϵ_m by ∼_m, T_m and G_m respectively. We also interpret G_m as the Galois group over k of the narrow ray class field K_m of conductor m via Artin morphism. In the obvious way, the set {T_m | m ∈ T_0} is a projective system of finite sets ordered by divisibility. In the case ϵ = 0 we write ∼^+_m=∼^ϵ_m and G^+_m = G^ϵ_m, which is the wide ray class group of A modulo m.

Let u, v ∈ T̄_0. Assume v ⊂ u. Let U and U^+ be the unit group and totally positive unit group of k respectively. Let w(u/v) ⊂ 1 + u be a complete set of representatives of (1 + (u/v))/U^+. We may assume that each x in w(u/v) is totally positive. In this paper, we always make this assumption.

By Mazur’s abstract definition [Sect.7.1, MSd] of distributions on a projective system of finite sets, a distribution on {T_m} is a family of functions {f_m : T_0 −→ V | m ∈ T_0}, where V is an abelian group and f_m factors through T_0 → T_0/ ∼_m, and subject to the conditions whenever n | m we have

f_n(a) = ∑ b∼_na bmod∼_m

f_m(b) = ∑ x∈w f_m(xa) (1.1)

for all a ∈ T_0, where w = w(a^{−1}n/a^{−1}m). There are several equivalent definitions of distributions on a projective system, see [Chap.2, La] or [Chap.12, Wa].

One can also use the projective system {T^ϵ_m} to define distributions. But these distributions are special case of those on {T_m}. The family {f_m} is called a punctured distribution if for each m the function f_m is not defined at the integral ideals divisible by m and they satisfy Eqs.(1.1) for all a with n ∤ a. Notice that, by Lem.1.1(1), if n ∤ a and b ∼_n a then n ∤ b and thus m ∤ b for n | m. Let G = lim_← G_m. For σ ∈ G, let σ_b ∈ G_m be the image of σ under the natural map G → G_m, where σ_b is the Artin morphism associated to the integral ideal b. We define the action of G on the distribution {f_m} by σf_m(a) = f_m(ba). From Lem.1.1(2) we see that the family {σf_m} is also a distribution on the system.

In T̄_0, we define an equivalence relation ∼ as follows: u ∼ v if and only if v = xu for some totally positive x ∈ 1 + u^{−1}. We mention that if u = am^{−1} and v = bn^{−1} are the coprime fractional expressions, then u ∼ v if and only if m = n and a ∼_m b.

The distribution {f_m} is called ordinary if whenever am^{−1} = bn^{−1} we have f_m(a) = f_n(b). In this case, the map f_m for each m can be obtained by composing the map T_0 −→ T̄_0 multiplying by m^{−1} with a map f : T̄_0 −→ V which factors through T̄_0 → T̄_0/ ∼. Thus an ordinary distribution of k can be replaced by a single function f on T̄_0 modulo ∼, which satisfies the relations, from (1.1),

f(u) = ∑ v∼u vn^{−1} mod∼

f(vn^{−1}) = ∑ x∈w(u^{−1}/u^{−1} n)

f(xun^{−1}) (1.2)

for all u ∈ T̄_0 and n ∈ T_0. Sometimes we call f a distribution of the field k for simplicity.

The action of G on {f_m} induces an action of G on f. Clearly σf for σ ∈ G is also an ordinary distribution. If {f_m} is punctured, then f is only defined on T̄_0 \ T_0. In this case, we call f punctured.

Let J_m be the subgroup of G_m consisting of the ∼_m-equivalence classes of ideals of the form (a) for some a ∈ A such that a ≡ 1( mod m). The sign-subgroup is defined to be J = lim_← J_m ⊂ G. We now describe it more clearly, cf. [2.24, DR]. Let v be one of r_1 real places of k. Take α ∈ 1 + m such that it is negative at v and positive at each real places of k different from v. The class σ^m_v of (α) in G_m is independent of α and has order 1 or 2. It is trivial if and only if α may be chosen to be a unit. In fact, σ^m_v is the complex conjugation after we choose an embedding K_m → C which induces v on k. The subgroup J_m of G_m is generated by all σ^m_{vi} . Let σ_v = (σ^m_v )_m ∈ G. Then each σ_v has order 2. The sign-subgroup J of G is generated by all σ_v . Thus J is an elementary 2-group of order 2^{r1} .

Let ϵ = (ϵ_1, · · · , ϵ_{r1} ), where ϵ_i = 0 or 1. An ordinary distribution f is called an ϵ-distribution if for all 1 ≤ i ≤ r_1 and all u ∈ T̄_0 (u ∉ T_0 if f is punctured) one has

σ_{vi} f(u) = (−1)^{ϵi} f(u). (1.3)

We can construct ϵ-distributions as follows. Let f be an ordinary distribution. Set

α^ϵ = ∏ ϵ_i=0

(1 + σ_{vi} ) ∏ ϵ_i=1

(1 − σ_{vi} ). (1.4)

Then f^ϵ = α^ϵf is an ϵ-distribution. We mention that the concept of ϵ-distributions can be defined for general distributions on {T_m}, not only the ordinary ones. In the general case it would be more natural to introduce some concepts such as G-action if we used another definition of a distribution as a locally constant function on the compact space lim_← T_m.

For an integral ideal m, we set ϵ^m = (ϵ^m_1 , · · · , ϵ^m_{r1} ), where ϵ^m_i = 0 if ϵ_i = 0 or if the image σ^m_{vi} of σ_{vi} in J_m is trivial and ϵ^m_i = 1 otherwise. We call it m-reduction of ϵ. If f is an ϵ-distribution and if ϵ^m ≠ ϵ, then f(am^{−1}) must be 2-torsion for all a ∈ T_0 by Eq.(1.3).

Lemma 1.2. The equivalence relations ∼^ϵ_m and ∼^{ϵm}_m are the same. Further we have G^ϵ_m ≃ G_m/ < σ^m_{vi} | ϵ_i = 0 >.

Proof. Clearly if a ∼^ϵ_m b for integral ideals a and b, then a ∼^{ϵm}_m b. Conversely, we assume ϵ^′ = (0, ϵ_2, · · · ) and σ^m_{v1} = 1. If a ∼^{ϵ′}_m b, then b = xa for some x ∈ 1 + a^{−1}m such that v_i(x) > 0 when ϵ_i = 1. Let ϵ = (1, ϵ_2, · · · ). If v_1(x) > 0, then a ∼^ϵ_m b. If v_1(x) < 0, take a unit α ∈ 1 + m such that v_1(α) < 0 and v_i(α) > 0 for i > 1. Since σ^m_{v1} = 1, there does exist such α. We have b = αxa, αx ∈ 1 + a^{−1}m, v_1(αx) > 0 and v_i(αx)/v_i(x) > 0 for i > 1. Thus also a ∼^ϵ_m b. Continuing this process, one shows the first claim in the lemma. The homomorphism G_m → G^ϵ_m defined by amod ∼→ amod ∼^ϵ is surjective and has kernel < σ^m_{vi} | ϵ_i = 0 >. This shows the second claim.

Recall that the distribution f is called even if J acts on it trivially and odd if s(J)f is the trivial distribution, where s(J) = ∑ τ ∈J τ. An ϵ-distribution is even if ϵ = 0 and is odd otherwise. If f

takes values in a ring on which 2 is invertible, then f can be uniquely expressed as a sum of even and odd distributions, and as a sum of ϵ-distributions. In fact, we have |J|f = s(J)f + (|J| − s(J))f and |J|f = ∑ ϵ f^ϵ, where f^ϵ is defined as above and the sum is over all vectors in F^{r1}_2 . The latter equality is induced from ∑ ϵ α^ϵ = |J| The level m group of an V -valued distribution f is defined to be the subgroup of V generated by f(am^{−1}) with a ∈ T_0 (and m ∤ a if f is punctured). Since σf for σ ∈ G is also a distribution, the level m group is a G_m-module via the action of G on f. If f = f^+ + f^− is the even-odd decomposition of f, then the rank of level m group of f is the sum of those of f^+ and f^−. The same is true for the ϵ-decomposition.

The V -valued distribution f is called universal if for any distribution g : T̄_0 → W there exists a unique homomorphism h : V → W such that g = h ∘ f. In this case we must have V = Imf. We often ignore this easily satisfied condition. If the universal condition holds for all g with torsion free values, we call f universal with values in torsion free abelian groups or universal up to torsion. We denote the level m group of a universal ordinary (resp. ϵ-, even(odd), punctured, punctured even(odd)) distribution by A_m (resp. A^ϵ_m, A^±_m, A^0_m, A^{0±}_m ), and call them the universal level m groups of k. They are G_m-modules. A distribution f is universal up to torsion if and only if the rank of level m group of f is equal to that of A_m for all integral ideals m. We have showed rankA_m = |G_m|, see [Th.3.4, Yi1]. In this paper, we will determine all other ranks. The following lemma is useful, whose proof is easy.

Lemma 1.3. Assume that f = ∑ ϵ f^ϵ is the ϵ-decomposition of the (punctured) distribution f. Then f is a universal ordinary (punctured) distribution up to torsion if and only if f^ϵ is a universal (punctured) ϵ-distribution up to torsion.

Let Ω = lim_→ C [G_m ]. Let f be a distribution with complex values. The Stickelberger distribution associated to f is defined to be St(f) : T̄_0 −→ Ω, and for u = am^{−1} ∈ T̄_0,

St(f)(u) = ∑ b∈G_m f(ub)σ^{−1}_b ,

where the sum over b ∈ G_m means that b runs over a complete set of representatives of the classes in G_m. We will often use this notation in the paper for simplicity.

2. ϵ-partial zeta function.

In this section, we introduce ϵ-partial zeta functions to give examples of ϵ-distributions. We determine the ranks of the universal level m groups A^ϵ_m and A^±_m. We also prove the universality of some distributions derived from the ϵ-partial zeta functions.

The notations are as those in last section. Let [k : Q] = r_1 + 2r_2 be the degree. Let v_1, · · · , v_{r1} be all the real places of k. Fix an r_1-vector ϵ = (ϵ_1, · · · , ϵ_{r1} ), where ϵ_i = 0 or 1. Let N : T̄_0 → Q be the absolute norm. For x ∈ k^∗, write ‖ x ‖= NxA . Let a, m ∈ T_0. Set m_1 = m(a, m)^{−1}. Let U^+_{m1} be the totally positive unit group in 1 + m_1 and let U^ϵ_{m1} be the unit group in 1 + m_1 whose elements are positive at v_i when ϵ_i = 1. For Re(s) > 1 we define

Z^ϵ_m(s, a) = Na^{−s} ∑ 0≠x∈(1+a^{−1}m)/U^+ v_i(x)>0 when ϵ_i=1

‖ x ‖^{−s}= [U^ϵ_{m1} : U^+_{m1} ] ∑ b∼^ϵ_ma Nb^{−s}, and call it ϵ-partial zeta function of the class of a modulo ∼^ϵ_m. It can be extended to the whole complex plane and is holomorphic except for a simple pole at s = 1. Furthermore, the following equality, for n | m and all s ≠ 1, ∑

0≠x∈(1+a^{−1}n)/U^+ v_i(x)>0 when ϵ_i=1 ‖ x ‖^{−s}= ∑ y∈w ∑ 0≠z∈(y+a^{−1}m)/U^+ v_i(z)>0 when ϵ_i=1 ‖ z ‖^{−s},

where w = w(a^{−1}n/a^{−1}m), implies the following

Proposition 2.1. For each s ≠ 1, the family of functions {Z^ϵ_m(s, ∗) | m ∈ T_0} on T_0 is a distribution on the system {T_m}.

We now prepare to give some information about the order of vanishing of Z^ϵ_m(s, ∗) at s = 0. Write |ϵ| = ∑ i ϵ_i. Let ϵ^m be the m-reduction of ϵ.

Lemma 2.2. Let a, m ∈ T_0. We have Z^ϵ_m(s, a) = 2^{|ϵm|−|ϵ|}Z^{ϵm}_m (s, a). Thus Z^ϵ_m(s, a) and Z^{ϵm}_m (s, a) have the same order of vanishing at s = 0.

Proof. Without loss of generality, we assume ϵ = (1, ϵ_2, · · · ) and σ^m_{v1} = 1. Write ϵ^′ = (0, ϵ_2, · · · ). Take a unit α ∈ 1 + m such that v_1(α) < 0 and v_i(α) > 0 when i > 1. Then

2Z^ϵ_m(s, a) = Z^ϵ_m(s, a) + Z^ϵ_m(s, αa) = Z^{ϵ′}_m (s, a).

Continuing this process, we get the lemma.

An idele class character χ of conductor f is called an ϵ-character if for all 1 ≤ i ≤ r_1 we have χ(σ_{vi} ) := χ(σ^f_{vi} ) = (−1)^{ϵi} . In this case one must have ϵ = ϵ^f. Such a character induces a primitive character of G^ϵ_f by Lem.1.2. We denote it also by χ. For a ∈ T_0, we define χ(a) = 0 if (f, a) ≠ e and χ(a) = χ(σ_a) otherwise, where σ_a ∈ G^ϵ_f is the class of a modulo ∼^ϵ_f . Let Ĝ_m = Hom(G_m, C ) be the complex character group of G_m. Let u : T̄_0 → C be a function defined modulo ∼. For a character χ of conductor dividing m, we set u_m(χ) = ∑ a∈G_m χ(a)u(am^{−1}). (2.1)

In [Prop.3.1, Yi1], we showed the following result.

Lemma 2.3. Assume u : T̄_0 → C is defined modulo ∼. Then u is an ordinary distribution if and only if for all m ∈ T_0 and all χ ∈ Ĝ_m of conductor f_χ one has

u_m(χ) = ∏ p|m (1 − χ(p)) · u_{fχ} (χ),

where the product is over all prime divisors of m.

Write ϵ̄ = r_1 + r_2 − |ϵ|. We have

Proposition 2.4. Assume |ϵ| ≠ 0. The order of vanishing of Z^ϵ_m(s, a) at s = 0 is greater than or equal to ϵ̄. Assume |ϵ| = 0. This order is equal to r_1 + r_2 if m ∤ a and to r_1 + r_2 − 1 if m | a.

Proof. Before the proof, we first mention a basic fact. Let A be a finite abelian group and let Â = Hom(A, C^∗ ). Then the determinant of the matrix (χ(a))_{χ∈Â,a∈A} is not zero.

The order in the case |ϵ| = 0 has been determined in [Prop.2.2, Yi1]. We mainly consider the case |ϵ| ≠ 0 here. Let l ≥ 0 be the minimal order of vanishing of Z^ϵ_m(s, a) at s = 0 for all integral ideals m and a. Let f^ϵ(am^{−1}) be the coefficient of s^l in the Taylor expansion of Z^ϵ_m(s, a) at s = 0. By Prop.2.1, the function f^ϵ : T̄ → C is a distribution. Suppose ord_{s=0}Z^ϵ_{m0} (s, a_0) = l. We can assume that a_0 and m_0 are coprime. Let χ ∈ Ĝ^ϵ_{m0} be of conductor f. Then χ induces a character of G^ϵ_f . The L-function L(s, χ) can be expressed as L(s, χ) = ∑ a∈G^ϵ_f χ(a) ∑ b∼^ϵ_f a

Nb^{−s} = 1 [U^ϵ_f : U^+_f ] ∑ a∈G^ϵ_f χ(a)Z^ϵ_f (s, a). (2.2)

Determine ϵ^χ_i = 0 or 1 by the condition χ(σ_{vi} ) = (−1)^{ϵχi} . Set ϵ_χ = (ϵ^χ_1 , · · · , ϵ^χ_{r1} ). By the well-known function equation of L-functions, see for example [Chap.8, CF], we know that the order of vanishing of L(s, χ) at s = 0 is equal to ϵ̄_χ. Assume |ϵ| ≠ 0 and assume l < ϵ̄. Since ϵ̄_χ ≥ ϵ̄ > l, we have ∑ a∈G^ϵ_f χ(a)f

ϵ(af^{−1}) = 0 by Eq.2.2. Because f^ϵ is a distribution, by Lem.2.3 we see that for all χ ∈ Ĝ^ϵ_{m0} the following equality holds ∑

a∈G^ϵ_{m0}

χ(a)f^ϵ(am^{−1}_0 ) = 0.

Thus f^ϵ(am^{−1}_0 ) = 0 for all a coprime to m_0. This is a contradiction.

Since the order of vanishing of L(s, χ_0) at s = 0, where χ_0 is the trivial character, is equal to r_1 +r_2 −1, not r_1 + r_2, one must modify the discussion above in the case |ϵ| = 0.

We guess that the order of Z^ϵ_m(s, a) at s = 0 is equal to ϵ̄^m if a, m are coprime. Let f^ϵ(am^{−1}) be the coefficient of s^{ϵ̄} in the Taylor expansion of Z^ϵ_m(s, a) at s = 0. Here we assume m ∤ a if ϵ = 0. By Props.2.1 and 2.4, the function f^ϵ is an ordinary distribution, but it is punctured in the case ϵ = 0. Let χ be an idele class character of conductor f = f_χ. Let ϵ_χ be defined as above. Then χ is an ϵ_χ-character of G_f. The character χ is called real if ϵ_χ = 0 and non-real otherwise. In the real case, we assume χ is ramified. The ϵ̄_χ-th derivative of L(s, χ) at s = 0 can be expressed as, by Eq.(2.2),

L^{(ϵ̄χ)}(0, χ) = 1 [U^{ϵχ}_f : U^+_f ] ∑ a∈G^{ϵχ}_f χ(a)f^{ϵχ} (af^{−1}) = |G^{ϵχ}_f | [U^{ϵχ}_f : U^+_f ]|G_f| ∑ a∈G_f χ(a)f^{ϵχ} (af^{−1}). (2.3)

Let f^+_e (a) be the coefficient of s^{r1+r2} in the expansion of Z^+_e (s, a) at s = 0. Here Z^+ is the ϵ-partial zeta function in the case ϵ = 0 and e is the unit ideal of A . When χ ≠ 1 is real and unramified, we have

L^{(r1+r2)}(0, χ) = 1 [U : U^+] ∑ a∈G^+_e

χ(a)f^+_e (a) =

|G^+_e | [U : U^+]|G_e| ∑ a∈G_e χ(a)f^+_e (a). (2.4)

By the function equation of L-functions, the two equalities above give an expression of the value L(1, χ) as a finite summation for each non-trivial idele class character χ. Since for each ϵ ∈ F^{r1}_2 there exist idele class characters χ such that ϵ_χ = ϵ, the distribution f^ϵ is non-trivial. We denote f^ϵ by f^+ in the case ϵ = 0. It is punctured and is even. We now consider the case ϵ ≠ 0.

Let 1 ≤ j ≤ r_1. Let α_j ∈ 1 + m be a number such that α_j is negative at v_j and positive at each real places of k different from v_j . Assume u = am^{−1}. If ϵ_j = 0 we have

σ_{vj} Z^ϵ_m(s, a) = Z^ϵ_m(s, α_j a) = Z^ϵ_m(s, a),

and thus σ_{vj} f^ϵ(u) = f^ϵ(u). If ϵ_j = 1, we denote ϵ(j) the r_1-vector by replacing the j-component of ϵ by 0. We have (1 + σ_{vj} )Z^ϵ_m(s, a) = Z^ϵ_m(s, a) + Z^ϵ_m(s, α_j a) = Z^{ϵ(j)}_m (s, a). (2.5)

¿From Prop.2.4, we see σ_{vj} f^ϵ(u) = −f^ϵ(u) except for the case when m = e and |ϵ(j)| = 0. Thus f^ϵ is an ϵ-distribution when |ϵ| ≥ 2 and a punctured ϵ-distribution when |ϵ| = 1. In the latter case, we can make f^ϵ become a non-punctured ϵ-distribution by redefining its values at integral ideals. In fact, for any distribution g we can redefine its value at e freely. For any α define ḡ(a) = g(a) − g(e) + α if a ∈ T_0 and ḡ(u) = g(u) if u ∈ T̄_0 \ T_0. Then ḡ is also a distribution. Assume |ϵ| = 1. We define f̄^ϵ(a) = f^ϵ(a) − f^ϵ(e) if a ∈ T_0 and f̄^ϵ(u) = f^ϵ(u) if u /∈ T_0. Then f̄^ϵ is a non-punctured ϵ-distribution. Finally, we get

Theorem 2.5. If |ϵ| ≥ 2, f^ϵ is an ϵ-distribution. If |ϵ| = 1, f^ϵ is a punctured ϵ-distribution, but we can make it become a non-punctured ϵ-distribution f̄^ϵ by redefining its values at integral ideals. If |ϵ| = 0, f^+ is punctured and even.

In the next section, we will see that in any case f^+ can not be made to be non-punctured. Let F^ϵ = St(f^ϵ) be the Stickelberger distribution associated to f^ϵ. Then F^ϵ is punctured when |ϵ| ≤ 1. Set Ω^′ = lim_→ C [G_m ]/(s(G_m)). Let F^ϵ take values in Ω^′ via the natural map Ω → Ω^′. The first non-zero coefficient in the expansion of Z^+_e (s, a) at s = 0 is a constant. In fact, it is equal to −R/w, where R and w are the regulator and the number of roots of unity of k, respectively. When |ϵ| = 1, we see from Eq.(2.5) that F^ϵ becomes a non-punctured ϵ-distribution. Actually F^ϵ is the composition of St(f̄^ϵ) with Ω → Ω^′. When |ϵ| = 0, we write F^+ = F^ϵ and define for a ∈ T_0

F^+(a) = ∑ b∈G_m (f^+_e (ab) − −f^+_e (b))σ^{−1}_b ,

which is independent of m as an element in Ω^′. Then F^+ becomes a non-punctured even distribution [Prop.2.4, Yi1]. Note that F^+(e) = 0.

Our next purpose is to determine the ranks of A^ϵ_m and A^±_m and to prove the universility of F^ϵ. We need some preparations. We first recall the definition of Iwasawa distribution introduced in [Sect.3, Yi1].

There exists a unique function u_0 : T̄_0 → Q defined modulo ∼ such that for all m ∈ T_0 and all χ ∈ Ĝ_m one has ∑ a∈G_m χ(a)u_0(am^{−1}) = ∏ p|m (1 − χ(p)), (2.6)

where the product is over all prime divisors of m. By Lem.2.3 u_0 is a distribution. The Stickelberger distribution I = St(u_0) of u_0 is called the Iwasawa distribution of the field k. It is universal up to torsion [Th.3.4, Yi1]. Set I^ϵ = α^ϵI/|J|, where α^ϵ is defined in Eq.(1.4). We have ϵ-decomposition I = ∑ ϵ I^ϵ.

By Lemma 1.3, I^ϵ is a universal ϵ-distribution up to torsion. We call it Iwasawa ϵ-distribution of k. For χ ∈ Ĝ_m, We extend the definition of χ linearly to C [G_m ]. Let r^ϵ_m be the number of ϵ-characters of G_m.

Theorem 2.6. rankA^ϵ_m = r^ϵ_m. Especially, rankA^+_m = |G^+_m| and rankA^−_m = |G_m| − |G^+_m|.

Proof. Let I^ϵ_m be the level m group of I^ϵ. By Thm.3.1 in Chap.1 in [KL], we have

rankA^ϵ_m = rankI^ϵ_m = dim_C C ⊗_ZI^ϵ_m = #{χ ∈ Ĝ_m | χ(I^ϵ_m) ≠ 0}.

Let χ ∈ Ĝ_m be of conductor f. If χ is an ϵ-character, we have χ(I^ϵ(f)) = χ(I(f)) ≠ 0. If χ is not an ϵ-character, we claim χ(I^ϵ_m) = 0. Since I^ϵ_m is generated as G_m-modules by I^ϵ(n^{−1}) with n | m, we only need to show χ(I^ϵ(n^{−1})) = 0 for all n | m. We first assume f ∤ n. Since Gal(K_n/k) ≃ G_m/Gal(K_m/K_n), there exists σ ∈ Gal(K_m/K_n) such that χ(σ) ≠ 1. Thus χ(I^ϵ(n^{−1})) = 0 as σI^ϵ(n^{−1}) = I^ϵ(n^{−1}). Now we assume f | n. By Lem.2.3 it is enough to show χ(I^ϵ(f^{−1})) = 0. Since χ is not an ϵ-character, there exists i such that χ(σ_{vi} ) ≠ (−1)^{ϵi} . But we have σ_{vi} I^ϵ(f^{−1}) = (−1)^{ϵi} I^ϵ(f^{−1}). Thus χ(I^ϵ(f^{−1})) = 0. This shows the claim. Therefore, χ(I^ϵ_m) ≠ 0 if and only if χ is an ϵ-character of G_m. We complete the proof.

Let u be a complex valued distribution and let χ ∈ Ĝ_m be of conductor f_χ, we set

ω_m = ω_m(u) = ∑ χ∈Ĝ_m u(χ̄)e_χ ∈ C [G_m ],

where χ̄ is the inverse of χ, u(χ̄) = u_{fχ} (χ̄) is defined in Eq.(2.1) and e_χ is the idempotent element of χ in C [G_m ]. Let U = St(u). Let U_m and I_m be the level m groups of U and I respectively. The following lemma will be useful in next section.

Lemma 2.7. Assume that u is an ϵ-distribution. Then U_m = ω_mI_m = ω_mI^ϵ_m.

Proof. Since u is an ϵ-distribution, we have α^ϵU = |J|U. Thus the first equality implies the second. To show the first, we will prove U(n^{−1}) = ω_mI(n^{−1}) for all n | m. It is enough to prove

χ(U(n^{−1})) = χ(ω_mI(n^{−1})) (2.7)

for all χ ∈ Ĝ_m. Let f = f_χ be the conductor of χ. If f ∤ n, we see that both sides of Eq.(2.7) are zero as in the proof of Th.2.6. If f | n, using Lem.2.3, one can show Eq.(2.7) easily.

Now we show the following

Theorem 2.8. F^+ is a universal even distribution subject to the condition F^+(e) = 0 and F^ϵ (where ϵ ≠ 0) is a universal ϵ-distribution, up to torsion.

Proof. We denote F^ϵ_m the level m group of F^ϵ. We need to show rankF^+_m = |G^+_m| − 1 and rankF^ϵ_m = r^ϵ_m. Let S^ϵ_m be the level m group of F^ϵ with values in Ω. For M ⊆ G_m, write s(M) = ∑ σ∈M σ. Then F^ϵ_m = S^ϵ_m/s(G_m)S^ϵ_m. We have

rankF^ϵ_m = #{χ ∈ Ĝ_m | χ(F^ϵ_m) ≠ 0} = #{1 ≠ χ ∈ Ĝ_m | χ(S^ϵ_m) ≠ 0}.

Let χ be a non-trivial ϵ-character of G_m of conductor f. When χ is real, we assume f ≠ e. We have, by Eq.(2.3),

χ(F^ϵ(f^{−1})) = ∑ a∈G_m f^ϵ(af^{−1})χ̄(a) =

[U^ϵ_f : U^+_f ]|G_m| |G^ϵ_f | L^{(ϵ̄)}(0, χ̄) ≠ 0.

Composing with Th.2.6, we get rankF^ϵ_m = r^ϵ_m when ϵ ≠ 0.

When χ ≠ 1 is real and f = e, let a ∈ T_0 be such that χ(a) ≠ 1. We have, by Eq.(2.4),

χ(F^+(a)) =

[U : U^+]|G_m| |G^+_e |

(χ(a) − 1) · L^{(r1+r2 )}(0, χ̄) ≠ 0.

We showed rankF^+_m = |G^+_m| − 1.

It is easy to supplement F^+ to obtain a universal even distribution F̄^ϵ with no restriction on the value at e, using the method ahead Th.2.5. Let F^− = ∑ ϵ≠0 F ϵ and let F = F̄^+ + F^−. Then F is a universal ordinary distribution and F^− is a universal odd distribution with values in torsion free abelian groups.

Here we give no information about the torsion of A^±_m and A^ϵ_m. In [Th.3.4, Yi1] we showed that A_m has no p-torsion if the prime p does not divide |G_m|. Recently, Belliard and Oukhaba [BO] gave another sufficient condition when A_m is p-torsion free (better than ours). Their results [Prop.3, BO] imply that if prime p does not divide the order of Gal(K_m/K_e) then A_m has no p-torsion. Especially when k is imaginary quadratic, they gave more detailed information about the torsion. In the case k = Q, the group A = lim_→ A_m is free [Ku1], and the torsion of A^±_m was first determined by Yamamoto [Ya] and later by Sinnott [Si] using the cohomology method. In the function field case, these results were given by Anderson [An] by double complex method. For a general number field k, the difficulty to determine the torsion of A_m, compared to cases k = Q and a function field, arises mainly from the totally positive units of k. In the following, we explain some arithmetic meaning of the torsion.

Let A = lim_→ A_m and A^ϵ = lim_→ A^ϵ_m. We first give a clear description of A and A^ϵ. Let A = A(k) be the

free abelian group generated by all the classes [u] in T̄_0/ ∼. We define the action of G on A as before. We identify A with the quotient of A by the subgroup generated by all elements in A of the form

[u] − ∑ x∈w(u^{−1}/u^{−1} n)

[(1 + x)un^{−1}] (2.8)

for n ∈ T_0 and u ∈ T̄_0. We identify A^ϵ with the quotient of A by the subgroups generated by all elements of A of the form (2.8), along with those of the form [u] − σ_{vi} [u] when ϵ_i = 0 and [u] + σ_{vi} [u] when ϵ_i = 1. Let a= ∑ i m_i[u_i] be an element in A and let m be the lcm of the fractional parts of the u_i. If a ∈ T_0, we set f^+(a) = f^+_e (a). We have the following criteria.

Corollary 2.9. a= ∑ i m_i[u_i] ∈ tor(A^ϵ) if and only if ∑ i m_if^ϵ(bu_i) is independent of integral ideals b coprime to m. In the case ϵ = 0 we must have ∑ j m_j = 0, where the summation is over all j such that u_j is integral.

Proof. When ϵ ≠ 0 we have the exact sequence, by Th.2.8,

0 −→ tor(A^ϵ) −→ A^ϵ −→ lim_→ F^ϵ_m −→ 0.

Thus a= ∑ i m_i[u_i] ∈ tor(A^ϵ) if and only if ∑ i m_iF^ϵ(u_i) = 0 in Ω^′, i.e., ∑ i m_if^ϵ(bu_i) is independent of integral ideals b, where b runs over the representatives of G_m. In the case ϵ = 0, replaceing F^+ by F̄^+, we still have the exact sequence. Similarly we get the criterion when a∈ tor(A^+). In the even case, since F̄ +(e) = α is Z-linear independent with all the values of F +, we get ∑_j m_j = 0, the sum over all j such that u_j is integral.

We know that f^ϵ itself is an ϵ-distribution when |ϵ| ≥ 2. The proof of Th.2.8 implies that the ϵdistribution F^ϵ = St(f^ϵ) with values in Ω, not in Ω^′, is universal up to torsion. As the proof of Cor.2.9, we have

Corollary 2.10. Assume |ϵ| ≥ 2. Then a= ∑ i m_i[u_i] ∈ tor(A^ϵ) if and only if for all b coprime to m one has ∑ i m_if^ϵ(bu_i) = 0 .

A natural question is whether these f^ϵ themselves are universal up to torsion. Let f^ϵ_m be the level m group of f^ϵ. If f^ϵ has the property that ∑ i m_if^ϵ(a_ibm^{−1}) = 0 for all integral ideals b coprime to m whenever ∑ i m_if^ϵ(a_im^{−1}) = 0, where m_i ∈ Z, then rankf^ϵ_m = rankF^ϵ_m and thus f^ϵ is universal up to torsion. Conversely, if f^ϵ is universal up to torsion, we have the exact sequence, for all integral ideals m,

0 −→ tor(A^ϵ_m) −→ A^ϵ_m −→ f^ϵ_m −→ 0. If ∑ i m_if^ϵ(a_im^{−1}) = 0, where m_i ∈ Z, then ∑ i m_i[a_im^{−1}] ∈ tor(A^ϵ_m). By Cor.2.10 (or since tor(A^ϵ_m) is an G_m-submodule of A^ϵ_m), we have ∑ i m_if^ϵ(a_ibm^{−1}) = 0 for all integral ideals b coprime to m. In the case |ϵ| = 1, if we replace f^ϵ by f̄^ϵ defined ahead Th.2.5, the discussions above are also valid.

It is impossible that f^ϵ are universal up to torsion for all number field k and all ϵ with |ϵ| ≥ 2. For example, when k is totally real, by Siegel’s results, see [Si] or [DR], we know that f^ϵ takes rational values for ϵ = 1 and thus it is not universal. We do not know whether there exist some ϵ such that f^ϵ is universal. So we propose the following question. Write c = ∑ j m_j f^ϵ(e), the sum over j such that m | a_j .

Question 2.11. For which number field k and for which ϵ with |ϵ| ≥ 2 (resp. |ϵ| = 1), f^ϵ (resp. f̄ ϵ) is a universal ϵ-distribution up to torsion? Or equivalently, when does f ϵ have the property that ∑ i m_if^ϵ(a_im^{−1}) = 0 (resp. = c) implies ∑ i m_if^ϵ(a_ibm^{−1}) = 0 (resp. = c) for all integral ideals b coprime to m? where m_i ∈ Z.

3. Punctured distributions.

In this section, we first give a sufficient and necenssary condition when a punctured distribution can be completed to a non-punctured distribution, which implies an upper bound for the rank of A^0_m. We then construct punctured even and odd distributions whose sum of ranks of level m groups is equal to the upper bound. To obtain this result, we need to study Z-linear independence of some values of f^+. We conjectured that f^+ is universal up to torsion in [Conj.3.1, BGY]. This motivates a conjecture on the Galois action of some special values of f^+. In the cases when k = Q and is imaginary quadratic, the conjecture can be proved easily by the explicit reciprocity law via the obvious expression of f^+.

Let g : T̄_0 −→ V be a distribution. If we only consider g on T̄_0 \ T_0, we get a punctured distribution and call it the punctured reduction of g. When can a punctured distribution be got in this way? Or equivalently, when can it be completed to a non-punctured distribution? The answer is the follows.

Theorem 3.1. Punctured distribution g can be completed to a non-punctured distribution if and only if ∑ 0≠x∈w(A/x_0 A) g(xx −1 0 A ) = 0 for all totally positive x_0 ∈ A \ U^+. Furthermore, this non-punctured distribution is unique up to its value at the unit ideal e.

Proof. Assume that g can be completed to a non-punctured distribution, denoted also by g. Let x_0 ∈ A \ U^+ be totally positive. We have

g(e) − g(x_0e) = ∑ 0≠x∈w(A/x_0 A) g(xx^{−1}_0 A ) = 0.

Conversely, we define g(e) = 0. Let a ∈ T_0. Take m ∈ T_0 such that am = (x_0) for some totally positive x_0. We define g(a) = − ∑ 0≠x∈w(A/m) g(xm^{−1}) = − ∑ 0≠x∈w(A/x_0 a^{−1}) g(xx^{−1}_0 a).

Using the condition in the theorem and the distribution relations of g at fractional ideals, we have

g(a) = − ∑ 0≠x∈w(A/x_0 a^{−1}) ∑ y∈w(x^{−1}x_0a^{−1}/x^{−1}x_0A) g(xyx^{−1}_0 A ) = − ∑ 0≠x∈(A/x_0 a^{−1})/U^+ ∑ z∈(x+(x_0a^{−1}/x_0A))/U^+

g(zx^{−1}_0 A ) = − ∑ 0≠x∈w(A/x_0 A) g(xx^{−1}_0 A ) + ∑ 0≠x∈(x_0a^{−1} /x_0A)/U^+

g(xx^{−1}_0 A ) = ∑ 0≠y∈w(a^{−1}/A) g(yA ).

(3.1)

Thus g(a) is independent of the choice of m or x_0 and g factors through T_0 → T_0/ ∼.

Now we show that g satisfies the distribution relations (1.2) at integral ideals. Let a = x_0m^{−1} be as above and let e ≠ n ∈ T_0. Let y_0 ∈ n be totally positive. By the definition of g at integral ideals and the distribution relations of g at fractional ideals, we have

g(a) − g(y_0an^{−1}) = ∑ 0≠y∈w(A/mn) g(ym^{−1}n^{−1}) − − ∑ 0≠x∈w(A/m) g(xm^{−1}) = ∑ 0≠y∈w(A/mn) g(ym^{−1}n^{−1}) − − ∑ 0≠x∈(A/m)/U^+ ∑ z∈(x+(m/mn))/U^+ g(zm^{−1}n^{−1}) = ∑ 0≠z∈(m/mn)/U^+ g(zm^{−1}n^{−1}) = ∑ 0≠y∈w(a^{−1}/a^{−1} n)

g(yan^{−1}).

(3.2)

This is the distribution relation we required. From the distribution relations (1.2) we can see that the completed non-punctured distribution is unique up to its values at e.

The condition in the theorem is hard to deal with. We wish to replace it in some cases by a weaker but simpler condition. We mention that the condition in the theorem implies ∑ a∈T_m,m∤a g(am

−1) = 0 for all m ∈ T_0 and m ≠ e since the latter holds if g is a non-punctured distribution, where the sum over a ∈ T_m, m ∤ a means that a runs over all representatives of the classes in T_m such that m ∤ a. Note that the condition m ∤ a is independent of the choice of the representative in the class by Lem.1.1(1).

Proposition 3.2. Let g be a punctured distribution. Assume m ≠ e. We have (1) Both ∑ a∈T_m,m∤a g(am

−1) and ∑ a∈G_m g(am

−1) are Z-linear combinations of the elements ∑ a∈G_p g(ap

−1), where p are prime divisors of m.

(2) Assume m = αA , where α is totally positive. Write T_{αA} = T_α. Then ∑ a∈T_α,α∤a g(aα^{−1}) = |G_e| ∑ 0≠x∈w(A/αA ) g(xα^{−1}A ).

Proof. (1) Assume m = pn, where p is prime and n ≠ e. Since ap ∼_m bp if and only if a ∼_n b, we have ∑ a∈T_m m∤a g(am^{−1}) = ∑ a∈T_m p|a,m∤a g(am^{−1}) + ∑ a∈T_m p∤a g(am^{−1})

= ∑ a∈T_n n∤a g(an^{−1}) + ∑ b∈T_p p∤b ∑ a∼_pb amod∼_m

g(am^{−1}) = ∑ a∈T_n n∤a g(an^{−1}) + ∑ a∈G_p g(ap^{−1}).

Continuing this process, we get the result on ∑ a∈T_m,m∤a g(am

−1). Furthermore, using the Mobius inversion formula to the following equality ∑ a∈T_m m∤a g(am^{−1}) = ∑ d|m d≠m ∑ a∈T_m (a,m)=d

g(am^{−1}) = ∑ n|m n≠e ∑ b∈G_n g(bn^{−1}), (3.3) we get the result on ∑ a∈G_m g(am

−1).

(2) Let a ∈ T_0. For totally positive x_0 ∈ a, set g_{x0} (a) = − ∑ 0≠x∈w(A/x_0 a^{−1} ) g(xx −1 0 a). On one hand, we have by taking n = αA in Eqs.(3.2)

g_{x0} (a) − g_{x0α}(a) = ∑ 0≠y∈w(a^{−1}/αa^{−1}) g(yaα^{−1}).

On the other hand, from the third equality of Eqs.(3.1) we see

g_{x0} (a) − g_{x0α}(a) = − ∑ 0≠x∈w(A/x_0 A) g(xx^{−1}_0 A ) + ∑ 0≠x∈w(A/x_0 αA ) g(xx^{−1}_0 α^{−1}A ) = ∑ 0≠x∈w(A/αA ) g(xα^{−1}A ).

Here the second equality was got by the method in the proof of Eqs.(3.1). Thus we have ∑ a∈T_α,α∤a g(α^{−1}a) = ∑ a∈G_e ∑ 0≠x∈w(a^{−1}/αa^{−1}) g(xα^{−1}a) = |G_e| ∑ 0≠x∈w(A/αA ) g(xα^{−1}A ).

We complete the proof.

Corollary 3.3. Assume ϵ ≠ 0. Any punctured ϵ-distribution with values in a group on which 2 and |G_e| are invertible can be completed to a unique non-punctured ϵ-distribution with value 0 at the unit ideal e.

Proof. Let g be such a punctured distribution. By the two results above, it is enough to show ∑ a∈G_p g(ap

−1) = 0 for all primes p. Assume ϵ_i = 1. Take α_i ∈ 1 + p such that v_i(α_i) < 0 and v_j (α_i) > 0 for j ≠ i. We have − ∑ a∈G_p g(ap^{−1}) = ∑ a∈G_p σ_{vi} g(ap^{−1}) = ∑ a∈G_p g(α_iap^{−1}) = ∑ a∈G_p g(ap^{−1}).

Since 2 is invertible, we get the result.

Applying Th.3.1 and Prop.3.2, we can give an upper bound of the rank of A^0_m. Let N_m (resp. N^+_m ) be the subgroup of G_e (resp. G^+_e ) generated by the classes including p in G_e (resp. G^+_e ) with p | m. Let t = [G_e : N_m] and t^+ = [G^+_e : N^+_m ] be the indices. Let s be the number of distinct prime divisors of m.

Let g : T̄_0 \ T_0 → V be a punctured distribution. Let W and R be the subgroups of V generated by ∑ 0≠x∈w(A/αA ) g(xα −1A ) with all totally positive α ∈ A \ U^+ and by ∑ a∈G_p g(ap

−1) with all primes p, respectively. We have |G_e|W ⊆ R by Prop.3.2. Let g_m be the level m group of g. Let W_m = W ∩ g_m and let R_m = R ∩ g_m. The latter is generated by ∑ a∈G_p g(ap

−1) with primes p | m. We have R_m ⊇ |G_e|W ∩ g_m ⊇ |G_e|W_m.

Let g take values in V/W via the natural map V → V/W . Then g can be completed to a nonpunctured distribution, say ḡ, by Th.3.1. It takes values in the group generated by V/W and by ḡ(a) with a ∈ T_0. Let ḡ_m be the level m group of ḡ. In the level case, the values of ḡ at some integral ideals can be determined by the values of ḡ at the other integral ideals and the values of ḡ at fractional ideals (i.e. the elements in g_m/W_m). Let p̄ = α_0p^{−1}, where α_0 ∈ p is totally positive. If we gave the value of ḡ(e), then ḡ(p̄^i) would be determined for all prime divisors p of m and all i ≥ 1 by applying the distribution relations (1.2) at the unit ideal e and the integral ideal p̄ repeatedly. Let N^′_m be the subgroup of G_e generated by the classes including p̄ in G_e with p | m. Then N^′_m and N_m have the same order. Let integral ideals a_1 = e, a_2, · · · , a_t represent all the classes in G_e/N^′_m. To determine the values of ḡ at all integral ideals, it is enough to add generaters ḡ(a_i) to g_m/W_m with 1 ≤ i ≤ t. We can assume that the ḡ(a_i) themselves and they with the elements in g_m are Z-linear independent. We obtain an exact sequence

0 −→ W_m −→ g_m ⊕ (⊕^t_{i=1}Zḡ(a_i)) −→ ḡ_m −→ 0. (3.4)

Since rank W_m = rank |G_e|W_m ≤ rank R_m ≤ s and rank ḡ_m ≤ |G_m|, we get

Proposition 3.4. For any punctured distribution g we have rank g_m ≤ |G_m| + s − t.

We will construct a punctured distribution whose rank of level m group is equal to the upper bound. We need a long preparation.

Let I be the Iwasawa distribution of k and let I^0 be the punctured reduction of I. Let I^0 = I^{0+} + I^{0−} be the even-odd decomposition of I^0. Let I^0_m, I^{0+}_m and I^{0−}_m be their respective level m group. Lemma 3.5. rankI^{0+}_m = |G^+_m| − t^+ and rankI^{0−}_m = (|G_m| − t) − (|G^+_m| − t^+). Proof. As in the proof of theorem 2.6 we have rank I^0_m = #{χ ∈ Ĝ_m | χ(I^0_m) ≠ 0}.

If χ is ramified, clearly χ(I^0_m) ≠ 0. If χ is unramified, we have, for n | m and n ≠ e,

χ(I(n^{−1})) = |G_m| |G_n| · ∏ p|n (1 − χ(p)).

Here we regard I(n^{−1}) as an element in C [G_m ]. Thus χ(I(n^{−1})) ≠ 0 if and only if χ(p) ≠ 1 for all p | n. We get {χ | χ(I^0_m) ≠ 0} = Ĝ_m − Ĝ_e/N_m, which implies rankI^0_m = |G_m| − t. In the same way as above, we can show rank I^{0+}_m = |G^+_m| − t^+. This completes the proof.

Let f^+ and f^ϵ (where ϵ ≠ 0) be the distributions defined in last section. We know f^+ is punctured. Let f^{0ϵ} be the punctured reduction of f^ϵ. Let f^− = ∑ ϵ≠0 f 0ϵ. Let F^{0+} = St(f^+) and F^{0ϵ} = St(f^{0ϵ}) be their respective Stickelberger distribution. Now they take values in Ω, not in Ω^′. Let F^{0−} = ∑ ϵ≠0 F 0ϵ and let F^0 = F^{0+} + F^{0−}. Let F^0_m, F^+_m and F^{0−}_m be their respective level m group. The G_m-module structures of these level groups defined before are the same as those multiplying by the elements in G_m. Let e_m = s(G_m)/|G_m|.

Lemma 3.6. rankF^{0−}_m = (|G_m| − t) − (|G^+_m| − t^+) and rank(1 − e_m)F^{0+}_m = |G^+_m| − t^+. Proof. From f^+ we construct a new distribution f̄^+ by f̄^+(am^{−1}) = (1 − e_m)f^+(am^{−1}), which is independent of the fractional part m. Since ∑ a∈G_p (1 − ep)f

+(ap^{−1}) = 0 for all primes p and |G_e| is invertible in Ω, f̄^+ can be completed to a unique non-punctured even distribution with value 0 at e by Th.3.1 and Prop.3.2. We denote it also by f̄^+. By Th.2.5 or Cor.3.3, f^− can also be completed to a unique non-punctured odd distribution, say f̄^−, with value 0 at e. Let F̄^± = St(f̄^±). Then F^{0±} above are the punctured reductions of F̄^±, respectively. Let χ ∈ Ĝ_m be of conductor f_χ. We define f̄ ±(χ) = ∑_{a∈Gfχ} χ(a)f̄ ±(af−1_χ ) as in Eq.(2.1). When χ = 1 we have f̄ +(χ) = ∑_{a∈Ge} (1 − e_e)f +(a) = 0. Set ω^±_m = ∑ χ∈Ĝ_m f̄^±(χ̄)e_χ ∈ C [G_m ],

respectively. By Lem.2.7, we have, for n | m, F̄^±(n^{−1}) = ω^±_m I(n^{−1}) = ω^±_m I^±(n^{−1}),

where the second equality comes from the fact that s(J)F̄^+ = |J|F̄^+ and s(J)F̄^− = 0. Thus F^{0−}_m = ω^−_m I^{0−}_m and (1 − e_m)F^{0+}_m = ω^+_mI^{0+}_m . Since χ(ω^+_m) ≠ 0 if χ ≠ 1 is real (note χ(I^{0+}_m ) = 0 when χ = 1) and χ(ω^−_m ) ≠ 0 if χ is non-real by the proof of Th.2.8, we get the ranks of (1 − e_m)F^{0+}_m and F^{0−}_m from last lemma.

We now consider the rank of the whole F^{0+}_m . We have by the lemma above rank F^{0+}_m = rank(1 − e_m)F^{0+}_m + rank e_mF^{0+}_m = rank e_mF^{0+}_m + |G^+_m| − t^+. (3.5) Here e_mF^{0+}_m is generated by s(G_m) ∑ b∈G_m f

+(abm^{−1})/|G_m| with a ∈ T_0 and m ∤ a. Let R_m is the Zsubmodule of C generated by ∑ a∈G_p f

+(ap^{−1}) with p | m. By Prop.3.2(1), the rank of e_mF^{0+}_m is equal to that of R_m. To determine this rank, we need to study Q-linear independence of some special values of f^+. We will do more.

Let Z(s) = ∑ a∈T_0 (Na)

−s be the Dedekind zeta function of k. It is well-known that the order of vanishing of Z(s) at s = 0 is equal to r_1 + r_2 − 1. Let c be the coefficient of s^{r1+r2−1} in the Taylor expansion of Z(s) at s = 0. Let T^+_m = T^ϵ_m be the set of equivalence classes of T_0 under ∼^ϵ_m in the case ϵ = 0 (see Sect.1). Define Λ : T_0 → C by Λ(m) = log Np if m is a power of the prime p and Λ(m) = 0 otherwise.

Theorem 3.7. Let m ∈ T_0 and assume m ≠ e. We have ∑ a∈T^+_m ,m∤a

f^+(am^{−1}) = c · log Nm and ∑ a∈G^+_m

f^+(am^{−1}) = c · Λ(m).

Thus ∑ a∈G_p f

+(ap^{−1}) are Q-linear independent for all primes p of k. Furthermore, if ϵ ≠ 0 we have ∑ a∈T^ϵ_m,m∤a

f^ϵ(am^{−1}) = ∑ a∈G^ϵ_m f^ϵ(am^{−1}) = 0.

Proof. Write r = r_1 + r_2. We have ∑ a∈T^+_m ,m∤a

f^+(am^{−1}) = ∑ a∈T^+_m ,m∤a

d^r ds^r ∑ b∼^+_ma Nb^{−s} s=0 = d^r ds^r ∑ b∈T_0,m∤b Nb^{−s} s=0 = d^r ds^r (Z(s) − (Nm)^{−s}Z(s))|_{s=0} = c · log Nm.

Let μ(m) be the Mobius function defined on T_0, that is, μ(m) = (−1)^r if m is a product of r distinct primes and μ(m) = 0 otherwise. By the equality above and by Mobius inversion formula (cf. Eq.(3.3) and [Sect.6.4, Hua]), we have ∑ a∈G^+_m

f^+(am^{−1}) = c · ∑ d|m μ(md^{−1}) log Nd = c · Λ(m).

The last equality comes from the following fact, write m = p^{e1}_1 · · · p^{es}_s , ∑ d|m Λ(d) =

e_1∑

l_1=1 · · · e_s∑

l_s=1

Λ(p^{l1}_1 · · · p^{ls}_s ) =

e_1∑

l_1=1

Λ(p^{l1}_1 ) + · · · + e_s∑

l_s=1

Λ(p^{ls}_s ) = log Nm.

We get the two equalities on f^+. Notice that^{dϵ̄}_{dsϵ̄} (Z(s) − (Nm)^{−s}Z(s))|_{s=0} = 0 since ϵ̄ < r. We get the result on f^ϵ in the same way.

For a prime ideal p of k, let f_p be the residue class degree of p in the extension k/Q. Let p be the rational prime lying down p. Then Np = p^{fp} . The second equality in the theorem on f^+ implies ∑ a∈G_p f

+(ap^{−1}) = c|J_p|f_p · log p and thus they are Q-linear independent for all prime ideals p.

We remark that in the case k = Q, the function Λ(m) on positive integers is the well-known Mangoldt’s function, see [Sect.6.1, Hua], which is useful in the study of primes. Here we gave another description of the function using the cyclotomic units. We mention that Ths.3.1 and 3.7 and Prop.3.2 imply that f^+ can not be completed to a non-punctured distribution.

We have rank F^{0+}_m = |G^+_m| + s − t^+ for all m ≠ e by Eq.(3.5) and Th.3.7. Furthermore, by Prop.3.4, Lem.3.6 and this equality, we get

Theorem 3.8. rank A^{0+}_m = |G^+_m|+s−t^+ and rank A^{0−}_m = (|G_m|−t)−(|G^+_m|−t^+). The distributions F^{0+} and F^{0−} are universal punctured even and odd distributions with values in torsion free abelian groups, respectively.

We also have rank A^0_m = |G_m| + s − t and that F^0 = F^{0+} + F^{0−} is a universal punctured distribution up to torsion. By Lemma 1.3 I^{0ϵ} and F^{0ϵ} for ϵ ≠ 0 are universal ϵ-distributions up to torsion. The following result is a direct corollary of the theorem.

Corollary 3.9. Let a= ∑ i n_i[u_i] be an element in the free abelian group generated by (T̄_0 \ T_0)/ ∼. Let m be the lcm of the fractional parts of the u_i. Then a∈ tor(A^{0±}) if and only if ∑ i n_if^±(bu_i) = 0 for all integral ideals b coprime to m, respectively.

We have conjectured that f^+ is a universal punctured even distribution up to torsion [Conj.3.1, BGY]. It requires the equality rank f^+_m = rank F^{0+}_m , where f^+_m is the level m group of f^+. As the discussion at the end of last section, the conjecture is equivalent to the following conjecture on Galois action of some values of f^+.

Conjecture 3.10. Assume k is a number field. Let e ≠ m ∈ T_0. If ∑ i n_if^+(a_im^{−1}) = 0, where n_i ∈ Z and m ∤ a_i, then ∑ i n_if^+(a_ibm^{−1}) = 0 for all integral ideals b coprime to m.

This conjecture would imply that the complex numbers f^+(ap^{−1}) for all primes p and all integral ideals a with p ∤ a are Q-linear independent. In fact, if ∑ i n_if^+(a_ip^{−1}_i ) = 0, where n_i ∈ Z, p_i ∤ a_i and p_i are diferent primes, we set m = ∏ i p_i. By the conjecture, we have ∑ i n_if^+(ba_ip^{−1}_i ) = 0 for all b coprime to m, which shows ∑ b∈G_m ∑ i n_if^+(ba_ip^{−1}_i ) = ∑ i n_i |G_m| |G_{pi} | ∑ b∈G_{pi} f^+(bp^{−1}_i ) = 0,

and thus n_i = 0 by Th.3.7.

In some sense, Stark’s conjecture [St] (or its generalization by Rubin [Ru]) predicts the existence of global units over k encoded in the special values of L-functions of k. Theorem 3.7 implies evidence for this conjecture. If conjecture 3.10 is right, then the level m group f^+_m of f^+ has rank |G^+_m|+s−t^+. Here s comes from the part s(G_m)f^+_m and |G^+_m| − t^+ from the part (|G_m| − s(G_m))f^+_m . The latter encodes global units of K_m. It is reasonable to conjecture that f^+_m encodes a unit subgroup of K_m of rank |G^+_m| − t^+. In the cases k = Q, imaginary quadratic and a function field, we will see this fact later.

Are there some ϵ ≠ 0 such that f^{0ϵ} are universal punctured ϵ-distributions up to torsion? The following result transfers this question to Question 2.11 in last section.

Proposition 3.11. Assume ϵ ≠ 0 and u is a universal ϵ-distribution up to torsion. Then the punctured reduction u^0 of u is a universal punctured ϵ-distribution up to torsion.

Proof. Assume that u takes values in the group V . Composing u with the homomorphisms V −→ V/tor(V ) −→ (V/tor(V )) ⊗_ZQ, (3.6) we get a distribution ū. Let ū^0 be the punctured reduction of ū. The ranks of level m groups of u and ū are equal since the second map in (3.6) is injective. The same is true for u^0 and ū^0. Thus we can assume V ⊂ C . Let U = St(u) and U^0 = St(u^0). The latter is the punctured reduction of the former. Let u^0_m and U^0_m be their respective level m group. By the proof of Lem.2.7 we have U^0_m = ω_mI^{0ϵ}_m . The universality of u implies that of U. Thus χ(ω_m) ≠ 0 for all ϵ-characters χ of G_m. This fact implies rankU^0_m = rankI^{0ϵ}_m and thus U^0 is universal up to torsion. If ∑ i n_iu^0(a_im^{−1})(= ∑ i n_iu(a_im^{−1})) = 0, where n_i ∈ Z and m ∤ a_i, then ∑ i n_i[a_im^{−1}] ∈ tor(A^ϵ_m) since u is universal up to torsion. Thus ∑ i n_iu(a_ibm^{−1}) = ∑ i n_iu^0(a_ibm^{−1}) = 0 for all b coprime to m as tor(A^ϵ_m) is an G_m-submodule of A^ϵ_m. We get ranku^0_m = rankU^0_m. This completes the proof.

Finally, we consider the conjecture in the cases when k = Q and is imaginary quadratic. In these cases, f^+ has an obvious expression. In fact, we have f^+(am^{−1}) = log |Φ_m(a)| up to a constant factor, where Φ_m(a) = 1 − exp(2πai/m) if am^{−1} =^a_m Z, when k = Q, and Φ_m(a) is the Remachandra invariant of the ideal class a mod m, see [Sects.4-6, Ra] or [Sect.7, GR], when k is imaginary quadratic. Notice that Φ_m(a) is an algebraic integer in the ray class field K_m. The following well-known result is a direct conclusion of theorem 3.7.

Corollary 3.12. Assume a, m are coprime. Then Φ_m(a) is a unit in K_m if m has two or more prime factors and is a p-unit if m is a power of the prime p.

The conjecture in these two cases can be proved easily by the explicit reciprocity law. Recall that Φ_m(a)^{σb} = Φ_m(ab), where σ_b ∈ G^+_m is the Artin symbol of the integral ideal b. If ∑ i n_if^+(a_im^{−1}) = 0, where n_i ∈ Z, m ∤ a_i, we have ∏ i |Φ_m(a_i)|^{ni} = 1. The explicit reciprocity law implies that ∑ i n_if^+(a_ibm^{−1}) = 0 for all integral ideals b coprime to m. Thus our conjecture could be regarded as a weak analytic version of the explicit reciprocity law. The subgroup of K^∗_m generated by Φ_m(a) with all a ∈ T_0 has rank |G^+_m| + s − t^+ by Th.3.7 and the unit subgroup in it has rank |G^+_m| − t^+ by Lem.3.6. We showed

Theorem 3.13. Assume k = Q or imaginary quadratic. Then conjecture 3.10 is valid, and thus f^+ is a universal punctured even distribution up to torsion. Furthermore, the subgroup of K^∗_m generated by Φ_m(a) with a ∈ T_0 contains a unit subgroup of K_m of rank |G^+_m| − t^+.

When k = Q, this is the Bass’ theorem [Ba] (conjectured by Milnor) in the classical cyclotomic theory. But Bass did not consider the torsion. The fact that 2-torsion must be considered in Bass’ theorem was first recognized by Ennola [En]. The torsion of A^{0±}_m in the rational case has been determined by Schmidt [Sc]. When k is imaginary quadratic, the result here is new. For the torsion of A^{0+}_m (= A^0_m) in this case, we refer the reader to [BO]. We will give the analogue result in the function field case in next section.

4. Division points of rank one Drinfeld modules.

In this last section, we consider the function field case. We show that the level m group of the universal punctured even distribution also has rank |G^+_m| + s − t^+ by the division points of sign-normalized rank one Drinfeld modules.

Assume that k is the function field of a projective smooth irreducible curve C over the finite field F_q of q elements. Fix a closed point ∞ ∈ C. Let A be the ring of entire functions on C \ {∞}. Let k_∞ be the completion of k at ∞. Fix a sign-function sgn: k^∗_∞ → F^∗_∞ , where F_∞ is the residue class field of k at ∞. For the definition of sign-functions, we refer the reader to [Def.2.1 in Ch.4, Ge]. An element x ∈ k is called (totally) positive if sgn (x) = 1. The sign-subgroup J of k is isomorphic to F^∗_∞ . All the concepts about distributions in sections 1-2 can be made for the triple (k, ∞, sgn). But in this case, we only classify the distributions into even and odd parts since k has only one “real” place ∞. We remark that we can also fix a finite set {∞_1, · · · , ∞_r} of places of k and fix sign-functions {sgn_1, · · · , sgn_r} at each place ∞_i. Let A be the Dedekind subring of k of functions regular outside of all ∞_i. Then all the concepts before about distributions can be extended to the general case. Now the ϵ should be a vector in the space F^∗_{∞1} × · · · × F^∗_{∞r} . In this paper we only consider the simple case of a single place.

By Weil’s theorem or the Riemann-Roch theorem, the function f^+, which is defined in the same way as that in the number field case, takes rational values up to the factor log q. Thus the values ∑ a∈G_p f +(ap^{−1}) for primes p are not Q-independent. Also Conjecture 3.9 is not meaningful in the function field case. However, we will see that the function f^+ encodes a (mutiplicative) even distribution we expect. We first recall the division points of sgn-normalized rank one Drinfeld modules.

Let C_k be the completion of an algebraic closure of k_∞. A rank 1 Drinfeld A -module ρ of generic characteristic is called sgn-normalized, if for all x ∈ A the coefficient μ_ρ(x) of the highest term of ρ_x is a twisting of the sign function sgn, i.e., there exists σ ∈ Gal(F_∞ /F_q ) such that μ_ρ = σ ∘ sgn. For u ∈ T̄_0, let ξ(u) ∈ C_k be the ξ-invariant of u, which is characterized by the condition that the rank one A -lattice ξ(u)u corresponds to some sgn-nomalized rank one Drinfeld A -module. By a general result of Yu, we know that ξ(u) is transcendence over k [Yu]. Let e_u(z) = z ∏ 0≠x∈u(1 − z/x) be the exponential function

associated to u. Hayes [Sect.5, Ha2] showed that the set of m-division points of ρ, where ρ corresponds to the lattice ξ(m)m, is equal to ξ(m)e_m(A ) and λ_m = ξ(m)e_m(1) is a generator. The Galois action is λ^{σa}_m = ξ(a^{−1}m)e_a−1_m(1), where (a, m) = e. Hayes [Ha2, Thm 6.1] also showed that, for u ∈ T̄_0 \ T_0,

f^+(u) = deg ∞ · log q · v_∞(ξ(u^{−1})e_u−1 (1)),

where v_∞ is the extension to C_k of the normalized valuation of k_∞ at ∞. Thus the valuations of these division points at ∞ satisfy the distribution relations. In fact, the division points themselves satisfy the relations. Define g^+ : T̄_0 \ T_0 → C^∗_k /tor(C^∗_k ) by g^+(u) = ξ(u^{−1})e_u−1 (1). Then g^+ is a (multiplicative) punctured even distribution, see [Prop.7.1, BGY].

We next consider the rank of the level m group g^+_m of g^+. By the definition, it is generated by ξ(a^{−1}m)e_a−1_m(1) with a ∈ T_0, m ∤ a. The group g^+_m is nothing but the group of cyclotomic numbers of the cyclotomic extension K_m of k of conductor m defined in [Def.1.1, Yi2]. Let C_m be the unit subgroup in g^+_m. We have the following exact sequence, see the proof of [Th.A, Yi2],

0 −→ C_m −→ g^+_m −→ Z^s −→ 0, (4.1)

where s is the number of distinct prime divisors of m. In [Th.A, Yi2] we have showed rank C_m = |G^+_m|−t^+. Thus rank g^+_m = |G^+_m|+s−t^+. The sequence (4.1) comes from the fact that λ^{s(Gp)}_p are Z-linear independent (in multiplicative) for all primes p. This is a multiplicative version of Th.3.7.

Let f^− be the function defined in section 2 by taking ϵ = 1. We know that it is a punctured odd distribution. Let F^{0−} be the corresponding Stickelberger distribution with values in Ω. The level m group F^{0−}_m is the Stickelberger ideal defined in [Yi3] and has rank (|G_m| − t) − (|G^+_m| − t^+) by Lem.3.6. We have by Prop.3.4

Theorem 4.1. rankA^{0+}_m = |G^+_m| + s − t^+ and rankA^{0−}_m = (|G_m| − t) − (|G^+_m| − t^+).

We mention that g^+ satisfies the multiplicative version of the conjecture 3.9. In fact, if ∏ i g^+(a_im^{−1})^{ni} = 1, the explicit reciprocity law implies ∏ i g^+(a_ibm^{−1})^{ni} = 1 for any integral ideal b coprime to m.

Let F^0 = g^+ ⊕ F^{0−}. Let F^0_m be the level m group. It is a free abelian group of rank |G_m| + s − t. We claim that F^0 is universal with values in abelian groups on which |G_e| is invertible. Let g : T̄_0 \T_0 → V be a punctured distribution. Assume |G_e| is invertible on V . By Prop. 3.2 the condition ∑ a∈G_p g(ap

−1) = 0 for all primes p implies the condition ∑ 0≠x∈w(A/αA ) g(xα −1A ) = 0 for all totally positive α ∈ A \ U^+.

Thus the exact sequence (3.4) is also valid if we replace W_m by R_m. Since there exist |G_m| elements which generate A_m [Prop. 4.1, Yi1], g_m requires at most |G_m| + s − t generators and thus is a quotient of F^0_m. This shows the claim. Thus we have

Proposition 4.2. A^0_m has rank |G_m| + s − t. If prime p does not divide |G_e|, there is no p-torsion in A^0_m.

In the theory of global distributions we developed in this paper, a basic question unsolved is how to determine the torsion of various kinds of universal level groups of a global field k. The results will describe the arithmetic, especially the unit groups, of the ray class fields of k. Up to now, we have truly satisfactory answer on this question only in the case k = Q, see [Ya], [Sin], [Ku2], [An], [Sc] and [Th.12.18, Wa], and we have partial results in the two cases when k is imaginary quadratic and when k is a fuction field, see [BO] and [An] respectively. For a general number field, the author thinks that it is a hard question.

Acknowledgments: I would like to express my hearty thanks to Professor E.-U. Gekeler for his kind hospitality in the university of the Saarland where the paper was written, and for his interest on the subject in the paper.

References

[An] G.Anderson, A double complex for computing the sign-cohomology of the universal ordinary distribution, Contemp.

Math. 224 (1999), 1-27.

[Ba] H.Bass, Generators and relations of cyclotomic units, Nagoya Math. J. 27 (1966), 401-407. [BGY] S.Bae, E.-U.Gekeler, L.Yin, Distributions and Γ-monomials, submitted for publication. [BO] J.-R.Belliard and H.Oukhaba, Sur la torsion de la distribution ordinaire universelle attachee a un corps de nombres, Preprint, 2000.

[CF] J.W.S.Cassels and A.Frohlich, Algebraic Number Theory, Academic Press, London and New York, 1967. [Da] P.Das, Algebraic gamma monomials and double covering of cyclotomic fields, Tran. AMS (to appear). [DR] P.Deligne and K.A.Ribet, Values of abelian L-functions at negative integers over totally real fields, Invent. Math.

59 (1980), 227-286.

[En] V.Ennola, On relations between cyclotomic units, J. Number Theory 4 (1972), 236-247. [GaR] S.Galovich and M.Rosen, Distributions on rational function fields, Math. Ann. 256 (1981), 549-560. [Ge] E.-U.Gekeler, Drinfeld Modular Curves, LNM 1231, Springer-Verlag, 1987. [GK] H.Gross and N.Koblitz, Gauss sums and p-adic Γ-function, Ann. of Math. 109 (1979), 569-581. [GR] B.Gross and M.Rosen, Fourier series and the special values of L-function, Advanced in Math. 69 (1988), 1-31. [Ha1] D.Hayes, A brief introduction to Drinfeld modules, in “The Arithmetic of Function Fields” (D.Goss, D.Hayes and M.Rosen, Eds) (1992), de Gruyter, Berlin, 1-32.

[Ha2] D.Hayes, Stickelberger elements in function fields, Compositio Math. 55 (1985), 209-235. [Hu] W.Hulsbergen, Conjectures in Arithmetic Algebraic Geometry, 2nd Ed., Braunschweig/Wiesbaden, 1994. [Hua] L.K.Hua, Introduction to Number Theory, Springer-Verlag, Berlin Heidelberg New York, 1982. [KL] D.Kubert and S.Lang, Modular Units, Springer-Verlag, New York-Heidelberg-Berlin, 1981. [Ko] N.Koblitz, p-adic eigen-functions for Kubert distributions, Canad. J. Math. 35 (1983), 674-686. [Ku1] D.Kubert, The universal ordinary distribution, Bull. Soc. Math. France 107 (1979), 179-202. [Ku2] D.Kubert, The Z/2Z-cohomology of the universal ordinary distribution, Bull. Soc. Math. France 107 (1979), 203- 224.

[La] S.Lang, Cyclotomic Fields, GTM59, Springer-Verlag, New York-Heidelberg-Berlin, 1978. [Mi] J.Milnor, On polylogarithms, Hurwitz zeta functions, and Kubert identities, Enseign. Math. 29 (1983), 281-322. [MSd] B.Mazur and H.P.F.Swinnerton-Dyer, Arithmetic of Weil curves, Invent. Math. 25 (1974), 1-61. [Ou] Y.Ouyang, Group cohomology of the universal ordinary distribution, J. reine angew. Math. (to appear). [Ru] K.Rubin, A Stark conjecture “over Z” for abelian L-functions with multiple zeros, Ann. Inst. Fourier, Grenoble 46 (1996), 33-62.

[Sc] C.-G. Schmidt, Die relationenfaktorgruppen von Stickelberger-elementen und kreiszahlem, J. reine angew. Math.

315 (1980), 60-72.

[Si] C.L., Uber die Fourierschen Koeffizienten von Modulformen, Gott. Nach. 3 (1970), 15-56. [Sin] W.Sinnott, On the Stickelberger ideals and the circular units of a cyclotomic field, Ann. of Math. 108 (1978), 107-134.

[St] H.Stark, L-functions at s = 1. IV. First derivatives at s = 0, Advanced in Math. 35 (1980), 197-235. [Ta] J.Tate, Les Conjectures de Stark sur les fonctions L d’Artin en s = 0, Birkhauser-Verlag, Boston, 1984. [Wa] L.Washington, Introduction to Cyclotomic Fields, GTM83, Springer-Verlag, New York-Heidelberg-Berlin, 1982. [Ya] K.Yamamoto, The gap group of multiplicative relationships of Gaussian sums, Symp. Math. 15 (1975), 427-440. [Yi1] L.Yin, Distributions on a global field, J. Number Theory 80 (2000), 154-167. [Yi2] L.Yin, Index-class number formulas over global function fields, Compositio Math. 109 (1997), 49-66. [Yi3] L.Yin, Stickelberger ideals and relative class numbers in function fields, J. Number Theory 81 (2000), 162-169. [Yi4] L.Yin, Stickelberger ideals and divisor class numbers, Math. Zeit. (to appear). [Yu] J.Yu, Transcendence and Drinfeld modules, Invent. Math. 83 (1986), 507-517.

[Za] D.Zagier, Polylogarithms, Dedekind zeta functions and the algebraic K-theory of fields, in: Arithmetic Algebraic Geometry (G.v.d.Geer, F.Oort and J.Steenbrink, eds.) Progr. Math., Vol 89 (1991), Birkhauser, Boston, 392-430.