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Abstract

We consider local minimizers u: R? > Q — RY of variational integrals like
Jol(1+ |01u|2)P/? + (14 |02ul|?)?/?] dz or its degenerate variant Joll01ulP 4 02u|?] dx:
with exponents 2 < p < ¢ < oo which do not fall in the category studied in [BF2].
We prove interior C1%- respectively Cl-regularity of u under the condition that
q < 2p. For decomposable variational integrals of arbitrary order a similar result is
established by the way extending the work [BF3].

1 Introduction

This paper is devoted to the study of the interior regularity of local minimizers u: R? D
Q) — RY of anisotropic variational integrals of the form

(1.1) J[u,Q]:/Qf(Vu)d:c,

where  denotes a bounded open set in the plane and where the energy density f: R?Y —
R satisfies the estimate

(1.2) alZIP —b < f(Z2) < A|Z|"+ B forall ZcR*™Y

with exponents 2 < p < ¢ < oo and constants a, A > 0, b, B > 0. Due to (1.2) it is natural
to discuss J on the local Sobolev space W,,,.(€;RY) (see, e.g., [Ad] for a definition of
these spaces) and to call a function u from this class a local J-minimizer iff J[u, Y] < oo
and J[u, Q] < J[v, ] for all v € W), (Q;RY) such that spt(u — v) C €, where Q' is
any subdomain of  with compact closure in €. As a matter of fact, (1.2) is not sufficient
for building up a regularity theory for locally J-minimizing functions, in place of (1.2) a
suitable ellipticity condition is needed: for example, the validity of

(1.3) ML+ [XP) T Y] < DPAX)(Y,Y) <AL+ |XP)T |y

for all X, Y € R*V with constants A\, A > 0 guarantees the strict convexity of f and
clearly implies (1.2). Then, if u is a local J-minimizer and if for the moment 2 is a
domain in some R", n > 2, (1.3) ensures the following regularity results:

i.) (full interior regularity in the scalar case) If N = 1, then u is of class C1*(Q) for
any o < 1.

ii.) (partial regularity in the vector case) If N > 1, then there is an open subset € of
Q such that u € CH¥(Qy; RY) for any 0 < a < 1. Moreover, Q — € is of Lebesgue
measure 0.
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We refer the reader, for instance, to the papers of Esposito, Leonetti and Mingione
[ELM1]-[ELM3], of Marcellini [Mal]-[Ma3], of Acerbi and Fusco [AF], of Fusco and Sbor-
done [FS] and of the authors [BF1]. We also mention the monograph [Bi], where one can
find further references. We wish to emphasize that all these results are valid either under
a condition of the form

(1.4) qg<c(n)p, c¢(n)—1 asn— oo,
or they require bounds like
(1.5) g<p+2

together with the assumption u € L2 (Q; RY) and with additional structural hypothesis
imposed on f. It is also important to remark that counterexamples of Giaquinta [Gi2]
and (later) Hong [Ho| show that the smoothness of local minimizers can only be expected
if ¢ and p are not too far apart, i.e. some variant of (1.4) is necessary for local regularity.
Of course the “two-dimensional vector case” (i.e. n =2, N > 1) is included in ii.) but

for this particular situation we proved in [BF2]:

iii.) f n = 2 and N > 1, then (1.3) together with ¢ < 2p implies u € C1*(Q;RY),
0<a<l

The counterexamples of Giaquinta [Gi2] and Hong [Ho| as well as the papers of Acerbi and
Fusco [AF] and of Fusco and Sbordone [F'S] also suggest to study classes of anisotropic in-
tegrands, which are in some sense decomposable, which means that in our two-dimensional
case we have f(Vu) = F(O1u) + G(dyu) for functions F, G: RY — R of class C* which
satisfy separately the isotropic ellipticity conditions

(1.6) AL+IXP)T Y < DPFXO(Y.Y) S AL+ |XP)7 VP,
(L.7) ALHIXP)TYP < DPGRO(YY) S AL+IXP) TP

for all X, Y € RY. Note that (1.6) and (1.7) imply the (p, q)-growth of f stated in (1.2).
Clearly (1.3) does not give (1.6), (1.7), we just get the anisotropic versions of (1.6), (1.7)
with exponent p on the Lh. sides and exponent ¢ the r.h. sides. If we start from (1.6)

and (1.7), then we arrive at (1.3) but with exponent 2 instead of p on the Lh.s., and iii.)
implies the weak result:

iv.) If (1.6), (1.7) hold with exponents 2 < p < ¢ < 4, then any local minimizer has
Holder continuous first derivatives in the interior of 2.

The first goal of our paper is to improve iv.) in the spirit of iii.), i.e. we like to show that
even under the new hypothesis on f the condition ¢ < 2p gives the regularity of local
minimizers, more precisely:

THEOREM 1.1. Suppose that u € WI}JOC(Q; RY) locally minimizes the energy J defined
in (1.1) (with @ C R?) and let

f(X1X5) = F(X)) +G(Xy), X, Xy € RY,
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with functions F' and G satisfying (1.6) and (1.7). Then, if 2 < p < q¢ < oo and if in
addition

(1.8) q<2p
holds, we have u € CY(Q;RY) for all 0 < a < 1.

REMARK 1.1. In [BFZ2] we recently showed that this result holds in the scalar case
even if ¢ = 2p, and that the statement also can be extended to domains 2 C R™, n > 3,

provided we know v € L2.(Q). Earlier results in this spirit are due to Ural’tseva and
Urdaletova [UU].

REMARK 1.2. [t is not hard to prove Theorem 1.1 in the subquadratic case, we leave
the details to the reader.

REMARK 1.3. Of course it would also be possible to replace (1.6) as well as (1.7)
by anisotropic conditions with exponents p1 < qi in (1.6) and ps < qy in (1.7). Then
appropriate relations between p; and q; will imply reqularity.

REMARK 1.4. In [Mal], Theorem A, Marcellini considers a class of decomposable
integrals defined for scalar functions. Then, if p = 2 and Q = R2, he obtains reqularity
without any restriction on q. It would be interesting to see if this result can be extended
to two-dimensional vector problems.

Next we formulate an extension of Theorem 1.1 to the higher order case, i.e. we replace
(1.1) by the functional

(1.9) Ju, Q) ::/Qf(vku)dx

for functions u: R?2 D Q — RY. Here k > 2 is a fixed integer and VkuNdenotes the
tensor of all weak partial derivatives of order k. In [BF3] we showed: if f satisfies an

ellipticity condition analogous to (1.3) and if u is a local J-minimizer (from the natural
class Wk (©;RY)), then we have u € C**(Q; R") for all o € (0,1) provided

p,loc
(1.10) g < min{p + 2, 2p}.

As in [BF3] it is easy to check that it is sufficient to study the case k = 2 together with
N = 1. Then V?u(x) can be seen as an element of R* and we will select [ fixed entries,
1 <1<3,of F €R*and denote this vector in R! by E;, whereas E;; € R4~ denotes the
vector of the remaining components. Then we assume that

(1.11) f(E) = F(E)+G(Ey), EeRY

with functions F: Rl — R, G: R* of class C? satisfying

(1.12) M1+ X)) V[P < D2F(X)(Y,Y) < AL+ X2 Y],
(1.13) ML+[UP)TIVE < DXGU)(V, V) < AL+ [UP) T [V

for all X, Y € RY, U, V € R*! with constants A\, A > 0.
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THEOREM 1.2. Suppose that f satisfies (1.11)-(1.13) for exponents 2 < p < q < oo,
and let u € W} ,.(Q) denote a local J-minimizer. Then u is of class C**(Q) for any
a € (0,1) provided

(1.14) q < 2p.

REMARK 1.5. If k > 2, then under comparable conditions on the decomposition of f,
we get u € C*(Q) if again (1.14) is satisfied.

REMARK 1.6. In contrast to (1.10), (1.14) does not require the additional bound q <
p+ 2.

Our paper is organized as follows: in Section 2 we introduce a suitable local regu-
larization and recall some results on uniform local higher integrability and higher weak
differentiability, where we can follow the lines of, e.g., [BF1], [BF2] with minor modifica-
tions. Then it is no longer possible to benefit from the paper [BF2]: the approach towards
regularity based on techniques introduced by Frehse and Seregin [FrS|, which was carried
out in [BF2], does not work if (1.3) is replaced by (1.6) and (1.7). In Section 3 we apply a
new tool, namely a lemma on the higher integrability of functions established in [BFZ1],
to overcome this difficulty and to complete the proof of Theorem 1.1. In Section 4 we
briefly indicate how to adjust the foregoing arguments in order to handle the situation
described in Theorem 1.2, and in Section 5 we give some comments concerning the de-
generate case. In the appendix we state the above mentioned (Gehring-type) lemma in a
form valid for any dimension.

2 Preparations for the proof of Theorem 1.1

Suppose that the assumptions of Theorem 1.1 are satisfied and consider a local J-
minimizer u. Fix two subdomains €2y, {25 s.t. 1 € )y € (2, and denote by w,,, m € N,
the mollification of v with radius 1/m, in particular |[%, — ullwi,) — 0 as m — co. We
let

—1
P = [ — ullwi,) [/ (1 + |V, |*)1? d:c]
Q2
and introduce the functional

o, 0] = pm/ (1 + Vw2 dz + Jfw, O],

Q2

Finally, we consider the sequence u,, € W, (€2;RY) of solutions of the minimization
problem

Il Q2] = min - in W, + I/f/’é(QQ;RN).
The following facts have been established for example in [BF1]-[BF3]:
LEMMA 2.1. We have as m — oo:



i) Unm — uw in W) (Qg; RY),
ii) o / (1 + [V )2 do — 0,
Q2

iii) f(Vup)de — [ f(Vu)daz.

Qg Q2
From [BF1], Lemma 2.3, we deduce:

LEMMA 2.2. Let P € R*N and define u?,(z) := uy(x)— Px. Then, for anyn € C°(Qy)
and for v =1, 2, it holds that

D2 £ (V) (05 Vi, 04V )* d
Qo

(2.1) < ¢ [ D*fu(Vu,)(Vn®ou,, Vn® ouk,) dz,
Qo
¢ being a positive constant independent of m.

In (2.1) ® denotes the tensor product of vectors. We use (2.1) to prove
LEMMA 2.3. For any finite t we have that Vu,, € Lt _(Q; R uniformly w.r.t. to m.

loc

Proof. We use the interpolation and hole-filling trick originating in [ELM1]. Let Ay, :=
(1 + |Ovttm )P/, By = (1 + |Ooum|?)¥*, fix a disc Bog = Bag(xg) € Qy, select radii
r € (R,3R), p € (0,R/2) and choose n € C§°(B,1,2), 1 = 1 on By, |Vn| < ¢/p,
0 <7 < 1. Finally, we let o := £y with x sufficiently large. Then, if we take the sum
w.r.t. v in (2.1) and choose P = 0, we get (by Sobolev’s inequality with ¢ € (1,2) defined
through 2y = 7)

/ (1 + [0t |*)™ dx +/ (14 |Oot|?)* dr
T BT

< / (nhym)* d:z:+/ (nham)* da
Bar

_</BQR IV(nﬁLm)ltdx> + </Bm |V(nﬁ2,m)|tdx>

B X
/ ‘v<77ill,m)‘2 dx + / ‘v<77il2,m)‘2 dx]
Bsog Bar

2x 2x
t t

IA
o

|

IA
o

¢ / P2, do + / VP2, de
Bar

Bar

IN

X
+/ n2|V7117m\2d:c+/ 02|V ho | dz:
Bar Bar
X

C

IN

1 . -
5| Gt det [ D () (V1 0,0, T0@ 0] da
Baogr

Bryp—Br



If we estimate | By roughly through

shown that

(1 + [Vuy[*)¥? dz, then we have

1
B, p? fBr-Fp*B

/ (1 + |V, |[H)* dr

' X
1 - -
(2.2) < o [/ (K% + h3 ) dz +/ (1 + |V, |*)9? d:p] :
P Bar Byyp—Br

By Lemma 2.1 the first integral on the r.h.s. of (2.2) can be estimated by a local constant
independent of m. If we choose x to satisfy py > ¢, then with © € (0,1) we can write
% = % + %, hence

[Vtm||ze < ||VUM||?PHVumH1L;>?>
where the norms are calculated w.r.t. T, , := B,;, — B,, and therefore

q

Qq/ (1-©)5%
|V, |? da:) ! p(/ |V, |PX d:c) .
Tpp

Now from (1.8) it follows that (1—©)! < 1, provided we choose x > p/(2p—q). Then we
can apply Young’s inequality on the r.h.s. of (2.3) with the result (s, so denoting positive

exponents)
1/x
/ |V, [PX dx )
Tpp

Using (2.4) in inequality (2.2) and “filling the hole”, it follows that Vu,, € L3 (Qy; R?Y)

loc
uniformly in m. But a can be chosen arbitrary large, and Lemma 2.3 is established. [

1 1
. _ \/ q < —

Trp TP

2
1

(2.4) - |V,|!de < cp™™ / |Vt,|P dx
P Jr,, Bag

+c

From Lemma 2.3 combined with (2.1) (and the choice P = 0) we immediately deduce
that

(2.5) Py, hom € W3 10e(Q2)  uniformly w.r.t. m,
since by (2.1)

| (19l 4 19| da
Qo
< c|Vnl% [pm/ (1+|Vum|2)%dx+/ | D*F (01t || Vi |* do
Qo sptn

+/ | D?G Oyt |Vum|2dx] < ¢(n) < oo.
sptn

Clearly the same argument gives in addition to (2.5)
1 .
(2.6) p2(1+ |V )T =: hs,m € W21710C(QQ) uniformly w.r.t. m.
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Since we assume p > 2, the ellipticity estimates (1.6) and (1.7) imply that
A Jo, P (IVO1um[? + [VOsunm[?) do is bounded from above by the Lh.s. of (2.1), thus with
a repetition of the above argument we get as a further consequence of (2.1)

(2.7) Uy, € W;loc(ﬂg; RY) uniformly w.r.t. m.

Since we already know u,, — u in WI}(QQ; RY), we may pass to a subsequence to deduce
from (2.7)

(2.8) Vi, = Vu a.e. on (.

We wish to remark that (2.8) extends to the case that p < 2. The reader will find the
necessary adjustments in [BF1].

3 Proof of Theorem 1.1

We continue to use the notation introduced in the previous section and recall from [BF1]
the inequality

D? (Vi) (05 Vi, 05 Vi )? d
Q2

(3.1) < —2/ ND? for (Vi) (0 Vi, O, @ V) dz, 1 € C3°(Q),
Q2

where from now on summation w.r.t. to v is used. Note that (3.1) implies (2.1) with
the help of the Cauchy-Schwarz inequality applied to the bilinear form D?f,,(Vu,,). Let
Byr = Bagr(xo) € € and choose n € C§°(Bag) according to n = 1 on Bg, |Vn| < ¢/R,
0 <n < 1. We further introduce the following auxiliary functions:
H? = D?fn(Vun)(0,Vy,, 0,Vu,)
= pnD*9(Vun) (0, VU, 0,V Uy,) + D?F (011, (95011, 0501,
+D2G(82um)(6y82um), ayazum),

where g(Z) := (1 +|Z|*)%? for Z € R?>", moreover
him = (14 |7,

hom = (14 [Osum]?)'T,
ham = (14 |Vun|?)T /om.

Recalling (2.1) and Lemma 2.3 one more time we get

(3.2) H,, € L} (Q) uniform w.r.t. m,

loc



moreover, the ellipticity estimates (1.6) and (1.7) show that

&1 [ (1 + |Vt T [V + (1 + [0y |*) T [V Oyt

q—2

(3.3) +(1 4+ |00t |?) F | VOou,,|*| < H? < cy].. ]

holds with constants ¢y, co > 0 being independent of m. With this observation we deduce

from (3.1)

H?dx < —2/ N[pmD? (V) (0, Vi, Oyul, @ Vn)
Bar

Br

+D?F (91t ) (0501, D10 ul,) + D*G (Dot ) (0 Oatim, 82n8,yufn)} dx

c =2
[ om0+ V) T[T [V P
Bar

IN

F(1 A+ [D1um|2) 2 |Vt |Vt — P
+(1+ |0t 2) 7 |V Ootiyy || Vi, — P|] dae

63 < [ Hn [V — Pl{im + hom + ham} do
R Bar
(3.4) < S| Huho|Vun, — P|dz,
R Bar

where hp, := (h3,, + h3,, + h%vm)l/? Let s = 4/3 and apply Holder’s inequality as well as
the Sobolev-Poincaré inequality to the last line of (3.4) in order to deduce from (3.4)

(3.5) ][ H2 dr < c[ ][ (Hmhm)sda:r ][ \Vzum\sd:c] %.

Bar Bar

Here By, €tc. denotes the mean value, and in (3.4) we take P := f Bop ¥ Um d. Finally
we observe using p > 2 and (3.3)

V2| = (101 Vi |? + [0Vt |?) 1 < cHpp < cHpphi,

thus (3.5) implies

(3.6) [ ][ H? dx

and if for example we require Bog C €2y, then cis uniform in Bsp and also in m. In order
to apply Lemma A.1 we let d := 2/s = 3/2, f := H?, g := h?, in this lemma, so that

é<c[ ][(hmHm)de] B

Bar
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(3.6) can be rewritten as

1/d
][fd da:] <c ][ fgdx.
Br Bar

From (3.2) we get f € L (), and it remains to check if exp(8g?) € LL.(s) for
arbitrary g > 0, i.e. if

(3.7) exp(hy,) € Lige(C2)

(of course everything is meant uniform in m). To prove (3.7) we let h,, = (ﬁ%m + il%m +
ﬁg’m)l/ % and observe that

- 1 /- - - - - -
Vil < = (Ranl Vsl + hagn [Vl 4 s nl Vsl

m

< Vhim| + Vgl + [Vhsml,

and (2.5), (2.6) give |Vh,| € L2 (Q,) uniformly w.r.t. m. This implies by Trudinger’s
inequality (see [GT], Theorem 7.15)

(3.9) /B exp (Bo2,) dz < c(p) < oo

for disks B, € Q, with 8, depending on the Wy (B,)-norm of h,,. From the definition of
the function h,, it is immediate that

W2 < 212/

so that by (3.8) for any § > 0
/ exp(Bh2)dz < / exp (cﬁﬁ%l_wq)> dz
B, B,
< / exp (ﬁoﬁib + c(ﬁ)) dx < o0,
BP
and (3.7) follows. Lemma A.1 implies
(3.9) [ o e+ ) do < (5. ).
BP

Let 01, := DF(01uy,). Then
|V‘71,m|2 = av(DF@lum)) - 0y01m
DQF(Olum)(avalum, 870'17”1)

(14 [O1um|?) T [VOitm| Vo m]
& Hmhl,m|val,m |7

IA A
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and we get |Voi,| < cHphim < cHphy,. But as demonstrated in [BFZ1] (compare
the calculations after inequality (2.11)) the latter estimate together with (3.9) and the

inequality [ B, exp(Bh2,) dx < ¢(3, p) implies

(3.10) IVo1m[*log® (e + |Voim]) do < c(a, p),
By

and (3.10) also holds with oy ,, replaced by o9, := DG (0qu,y,), where « is arbitrary large.
If & > 1, (3.10) shows that the vectors oy,,, 0., are continuous uniformly w.r.t. m,
see, e.g., [KKM], Example 5.3. Alternatively, we may use Lemma A.2 (choose E as a
disc of radius p and apply a scaled version of (A3)) combined with the variant of the
Dirichlet-growth theorem given by Frehse [Fr], p.287, to deduce the uniform continuity
of o1, and 09,,. Since DF and DG are isomorphisms RY — RY we get the uniform
continuity of 0yu,, Ost,y,, hence the sequence {Vu,,} is uniformly continuous. Recalling
(2.8) and using Arcela’s theorem, we have shown that u is in the space C!(Qy; RY). If we
let w= 0,u, v =1,2, then

0= / D?f(Vu)(Va, V) dr for allp € C5° (4 RY)
Q

is an elliptic system for T with coefficients D?f(Vu) of class C°, thus w € C%*(Q; RY),
0 < a < 1, follows from classical results (see e.g. [Gil]). O

4 Proof of Theorem 1.2

In accordance with [BF3] we now let

—1
_ _ 2
pm = |[m — ullwz(e,) [/Q (1+ |V2um|2)q/] ;
2

Imfw, Qa] = pm/ (1+|V2w|2)%dx+J[w,Qg]
Qo

for functions w € W7(€s), and denote by u, the Jin|- Qo]-minimizer in @,,+ I/f/g(QQ),
where u,, is defined as in Section 2. Lemma 2.1 remains valid with obvious modifications

and as a substitute for (2.1) we get (compare the inequality stated in Step 4 of Section 2
of [BF3))

/ nGDQfm(VQum)(&YVZum, &YVZum) dx
Qo
(4.1) < - ) D? [ (VU ) (05 Vi, V%0 0, + 2V @ VO, ul,).

Here n € C§°(Q2y) is arbitrary and u},(x) := u(x) — k(z), where k(x) is any polynomial of
degree < 2. Choosing k£ = 0 in (2.1) we can adjust Step 3 in Section 2 of [BF3] along the

10



lines of Section 2 to deduce V?u,, € L} .(€2) uniformly w.r.t. m for any ¢ < co. During
this procedure the quantities Oiu,,, dou,, have to be replaced by (VZuu)r, (VZun)ir,
respectively, for example we now have Ay, = (1 4 |(V2u,,)]?)?/%, etc. In the same spirit
we deduce (2.5) and (2.6), (2.7) has to be replaced by u,, € W3,.(€) uniformly w.r.t. to
m, and (2.8) now reads V?u,, — V?u a.e. on Q. In Section 3 we replace the old function
H,, by

H? = D2 f, (V) (05 VU, 0V u,),

and get from (4.1) (with an obvious new meaning of Ay, hom, R3m, fm)

(4.2) H? dx < c Hyphin [|[V20°] |V, — VE| + V0| |V, — VK] da.

Bgr Bar
This is exactly (2.18) in [BF3], and with the same calculations as in this paper we get from
(4.2) after appropriate choice of k the validity of (3.6). The hypothesis of Lemma A.1
are still valid, so that we can deduce (3.9). Next we let o7, := Dﬁ((VQUm)I),ale =
Dé((VQum)H) and get the uniform continuity of o7 ,,, 0r7m, from which now the con-

tinuity of V2u follows. For the higher regularity of v we can quote Section 2, Step 5, of
[BF3].

5 Remarks on the degenerate case

In order to simplify our exposition and to benefit from our earlier work we have stated our
results for the non-degenerate case by the way excluding the example [,,[|01u|P+[0:u|dz,
2 < p < q < oo, or more general densities f(Vu) = F(01u) + G(02u) for which

p—2

(5.1) ANX[PZ2Y? < D*FX)(Y,Y) S AL +IXP) =T VP,
(5.2) AX2Y]? < DXG(X)(Y,Y) < AL+ X)) |V

is true with constants A, A > 0 and for all X, Y € R". Under these assumptions we have

a regularity result which is slightly weaker than the conclusion formulated in Theorem
1.1

THEOREM 5.1. Suppose that u € W;loc(Q;RN) locally minimizes the energy J from
(1.1) and let (X1 X5) = F(X1)+G(Xs), X1, Xo € RN, with F and G satisfying (5.1) and
(5.2) for exponents 2 < p < q < oo. Then, if (1.8) holds, u is continuously differentiable

in €).

REMARK 5.1. Of course a corresponding version of Theorem 1.2 is valid, if we replace
(1.12) and (1.13) by their degenerate variants.

Sketch of the proof of Theorem 5.1. The following calculations have to be made precise
by approximation, which we leave to the reader. We have (compare (3.1))

(5.3) /Q D?f(Vu)(0,Vu,d,Vu)n* dr < —2 /Q D?f(Vu)(0,Vu, d,u* @ Vn) dx

11



for any n € C§°(€2). Again we use summation w.r.t. 7. In (5.3) u* denotes the function
u — Pz for a matrix P € R*. We let

H? = D?f(Vu)(9,Vu,d,Vu),

b= (1+ 0w,
hy = (1+ |0hul?)'T,
ho= (K24 K2z

and get from (5.3), if n = 1 on a disc Bgr = Bgr(x), n = 0 outside of Bop € 2, 0<n <1
and |Vn| < ¢/R (see (3.4))

(5.4) H2de < S | HhVu— P|dx.
Br R Bar

Clearly (5.4) implies the “starting inequality” (compare (3.6))

o firal < famial

Bar

and in order to combine (5.5) with the lemma from the appendix we have to check
the validity of (3.7) for the function % in place of h,,. Introducing hy := |9iul"/?,
hy = |0ou|?? and h := (h} + h3)'/* we have as before |[Vh| < |Vhi| + |Vhe|, and

since the functions hy, hy are of class Wy, we arrive at (3.8) for the function h,

which implies (3.7) with minor changes in the calculation. The same arguments as
used in Section 3 then give continuity of d;u and dyu, so that we deduce u € CH(Q; RY). O

REMARK 5.2. Due to the degeneracy of the problem we cannot use the hole-filling
argument originating in [FrS] and successfully applied in [BF4] in order to deduce from
Vu € CO(Q; R the local Holder continuity of the gradient for some exponent 0 < o < 1.

Appendix. A lemma on the higher integrability of
functions

The following result has been established in [BFZ1], Lemma 1.2.
LEMMA A.1. Letd > 1, 3 > 0 be given numbers. Consider functions f, g, h from a
domain G C R™, n > 2, being non-negative and satisfying

7 e LflOC<G>7 eXp(/Bgd) E L110C<G>7 E E LflOC<G)'

Suppose further that there is a constant C' > 0 such that

][ 7’ dx] :

Bar

i
gC][ngx+C

(A1) [f?d dx |

Bar
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holds for all balls Bor = Bag(xo) € G. Then there exists a real number ¢y = co(n,d, C)
as follows: if

(A.2) B log™ (e +h) € LL.(G),
then the same is true for f.

It follows from Lemma A.1 (see Corollary 1.3 in [BFZ1])

LEMMA A.2. Suppose that f, g, h are the same as in Lemma A.1, and that (A.1) is

true for all balls Byr = Bagr(xo) € B1(0) C R"™. Suppose also that 7’ log®’(e + h) €
Li . (B1(0)), where ¢q is as in Lemma A.1. Then

loc

(A.3) /E?ddxgclog_coﬁ <6+£"1E)>

for all measurable sets E C By/5(0), where the constant ¢ depends only onn, d, C, 3, 1,

g and h but not on the set E, and L™(E) denotes the n-dimensional Lebesque measure of
the set E.
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