Universität des Saarlandes

Fachrichtung 6.1 – Mathematik

Preprint

On a Class of Variational Integrals with Linear Growth Satisfying the Condition of μ–Ellipticity

Michael Bildhauer and Martin Fuchs

Preprint No. 20 Saarbrücken 2000

Universität des Saarlandes

Fachrichtung 6.1 – Mathematik

On a Class of Variational Integrals with Linear Growth Satisfying the Condition of μ–Ellipticity

Michael Bildhauer

Saarland University Department of Mathematics Postfach 15 11 50 D–66041 Saarbrücken Germany E-Mail: bibi@math.uni-sb.de

Martin Fuchs

Saarland University Department of Mathematics Postfach 15 11 50 D–66041 Saarbrücken Germany E-Mail: fuchs@math.uni-sb.de

submitted: October 12

Preprint No. 20

Saarbrücken 2000

Edited by FR 6.1 – Mathematik Im Stadtwald D–66041 Saarbrücken Germany

Fax: + 49 681 302 4443 e-mail: preprint@math.uni-sb.de WWW: http://www.math.uni-sb.de/

Abstract

We consider variational integrals J(u) = ∫ Ω f(∇u) dx with convex integrand f of linear growth satisfying an ellipticity condition of the form D^2f(X)(Y, Y ) ≥ λ ( 1 + |X|^2

)_− μ_2 |Y |^2 with exponent 1 < μ < 1 + 2/n, n = dim Ω, where in the vectorvalued case the structure condition f(∇u) = g(|∇u|^2) is assumed. We prove Hölder continuity of the dual solution of the problem J → min in u_0+^∘W_1^1(Ω, R^M ) and establish — using De Giorgi type arguments — C^{1,α}–regularity of weak limits of J–minimizing sequences. Moreover, it is shown that weak cluster points of minimizing sequences are unique up to a constant. For twodimensional domains Ω these results are partially extended to the limit case μ = 2.

AMS Subject Classification: 49N60, 49N15, 49M29, 35J Key words: linear growth, minimizers, regularity, duality, BV–functions

1 Introduction and statement of the main results

Consider a bounded Lipschitz domain Ω ⊂ R^n and let J(u) = ∫ Ω f(∇u) dx , (1.1) where ∇u = (∂_αu^i) denotes the Jacobi matrix of the vectorial function u: Ω → R^M . We assume that f ≥ 0 is of class C^2(R^{nM} ) (of course f ≥ c for some c > −∞ is also sufficient) satisfying the following set of hypotheses: a|X| − b ≤ f(X) ; (1.2) |∇f(X)| ≤ A ; (1.3) |D^2f(X)| ≤ Λ ( 1 + |X|^2

)_− 1_2 ; (1.4) D^2f(X)(Y, Y ) ≥ λ ( 1 + |X|^2

)_− μ_2 |Y |^2 . (1.5)

Here a, b, A, λ, Λ denote positive constants, μ > 1 is some fixed exponent, and (1.2)–(1.5) are valid for any choice of X, Y ∈ R^{nM} . Note that (1.3) immediately implies the linear growth condition a|X| − b ≤ f(X) ≤ ã|X| + b̃ (1.6) with suitable constants ã, b̃ > 0. Combining (1.4) and (1.6) we see that f is “balanced” in the sense that |D^2f(X)||X|^2 ≤ const ( f(X) + 1 ) (1.7)

holds. Finally, the μ–ellipticity condition (1.5) gives strict convexity of our integrand f.

It is easily seen that f(X) = ∫_{|X|} 0 ∫_s 0 ( 1 + t^2

)_− μ_2 dt ds , X ∈ R^{nM} , satisfies (1.3)–(1.5) (compare [BFM] for details). For (1.2) let us write f(X) = φ(|X|) with convex function φ. Then, if t = |X| ≥ 1, we get

f(X) = φ(t) ≥ φ(1) + φ^′(1) ( |X| − 1 ) with

φ^′(1) =

∫_1 0 ( 1 + |t|^2

)_− μ_2 dt > 0 . In the vectorial case M > 1 we suppose in addition to (1.2)–(1.5) that f is of “special structure” in the sense that f(X) = g ( |X|^2 ) , X ∈ R^{nM} , (1.8) holds with g: [0, ∞) → [0, ∞) of class C^2(R). Note that this implies

∂^2f ∂X^i_α ∂X^j_β (X) = 4g^{′′} ( |X|^2 ) X^i_αX^j_β + 2g^′ ( |X|^2 ) δ^{ij} δ_{αβ} . We also assume in case M > 1 that there are real numbers α ∈ (0, 1], K > 0 satisfying^1 | D^2f(X) − D^2f(X̃) | ≤ K |X − X̃|^α . (1.9) The above example is easily adjusted to (1.9) (and in fact to much stronger conditions) by letting

f̃(X) = ∫ √_{ε+|X|}2 0 ∫_s 0 ( 1 + |t|^2

)_− μ_2 dt ds , ε > 0 . 1Although not explicitely mentioned, some Hölder condition of this type is also assumed in [FM] if M > 1.

Next consider a given function u_0 ∈ W^1_p (Ω, R^M ) for some p > 1. (By considering a suitable approximation it is also possible to include the limit case p = 1, we refer to [BF1].) As a role the variational problem

to minimize J(u) = ∫ Ω f(∇u) dx in u_0+^∘W_1^1 ( Ω, R^M ) (V) in general may fail to have solutions in the non–reflexive space W^1_1 (Ω, R^M ). For this reason one either studies suitable relaxations or passes to the dual variational problem. In our note we try to handle both aspects: first of all, due to (1.6), any minimizing sequence u_m ∈ u_0+^∘W_1^1(Ω, R^M ) is bounded in the space BV (Ω, R^M ), hence there is a subsequence and a function u in BV (Ω, R^M ) such that u_{mk} → u in L^1(Ω, R^M ), and we define the set of all generalized minimizers of problem (V) as M = { u ∈ BV ( Ω, R^M ) : u is the L^1–limit of a J–minimizing sequence

from u_0+^∘W_1^1(Ω, R^M ) } . Now let us write (see [ET])

J(u) = sup τ ∈L^∞(Ω,R^{nM} ) {∫ Ω τ : ∇u dx − ∫ Ω f^∗(τ) dx } , (1.10)

u ∈ u_0+^∘W_1^1(Ω, R^M ) , where f^∗ is the conjugate function of f. We define the

Lagrangian l(u, τ) for (u, τ) = (u_0 +φ, τ) ∈ ( u_0+^∘W_1^1(Ω, R^M ) ) ×L^∞(Ω, R^{nM} ) through the formula l(u, τ) := ∫ Ω τ : ∇u dx − ∫ Ω f^∗(τ) dx = l(u_0, τ) + ∫ Ω τ : ∇φ dx . Then the dual functional is by definition R : L^∞ ( Ω, R^{nM} ) → R ,

R(τ) := inf

u∈u_0+^∘W_1(Ω,R^M ) l(u, τ) = −∞ , if div τ ≠ 0

l(u_0, τ) , if div τ = 0 ,

and the dual problem reads

to maximize R among all functions in L^∞ ( Ω, R^{nM} ) . (V^∗)

It is well known (see, again [ET]) that inf u∈u_0+^∘W_1(Ω,R^M )

J(u) = sup τ ∈L^∞(Ω,R^{nM} ) R(τ) , moreover, (V^∗) admits a unique maximizer σ (compare [BI] for a uniqueness theorem valid under much more general conditions and not formulated in terms of the conjugate function). Let us first assume that

μ < 1 + 2 n . (1.11)

Then our main results are summarized in

THEOREM 1.1 Let (1.2)–(1.5), (1.11) hold and assume in addition that in case M > 1 (1.8) and (1.9) are valid.

a) The dual solution σ is of class C^{0,α}(Ω, R^{nM} ) for any 0 < α < 1. Moreover, σ has weak derivatives in the space L^2_{loc}(Ω, R^{nM} ).

b) Any generalized minimizer u ∈ M is in the space C^{1,α}(Ω, R^M ), 0 < α < 1. c) For u, v ∈ M we have ∇u = ∇v, i.e. up to a constant uniqueness of generalized minimizers holds true.

We like to remark that for functionals with linear growth arising in the theory of perfect plasticity partial regularity of σ was established in the papers [SE1]–[SE3] (see also [FS] for an exhaustive list of references), whereas the general vectorial setting of Theorem 1.1 with only partial regularity results was studied in [BF1]. (Note that in [BF1] μ–ellipticity is replaced by a much weaker condition.) The case of functionals with linear growth satisfying an ellipticity condition of minimal–surface type was investigated in [GMS], see also [BF2].

Let us now look at the limit case μ = 1 + 2/n which unfortunately we could include only for n = 2. An example satisfying (1.2)–(1.5) with μ = 2 is given by f(X) = ∫_{|X|} 0 arctan s ds = |X| arctan |X| − 1 2 ln ( 1 + |X|^2 ) , and we have

THEOREM 1.2 Let n = 2, let (1.2)–(1.5) hold with μ = 2. In case M > 1 we also assume that (1.8) and (1.9) are valid. Then there exists an at most countable subset Σ of Ω with no interior accumulation points such that the following is true:

a) The dual solution σ is of class C^{0,α}(Ω − Σ, R^{2M} ) for any 0 < α < 1 (still having weak derivatives in the space L^2_{loc}(Ω, R^{2M} )).

b) Any u ∈ M is of class C^{1,α}(Ω − Σ, R^M ), 0 < α < 1.

c) For u, v ∈ M we have u = v + const a.e. on Ω.

Corollary 1.3 Under the assumptions of Theorem 1.2 we have u ∈ W^1_{t,loc}(Ω, R^M ) for u ∈ M and any t < ∞. In particular, u is locally Hölder continuous with any exponent α < 1.

Our paper is organized as follows: in Section 2 we first replace (V) by a sequence (V_δ) of approximate problems with regular solutions u_δ being convergent to some u^∗ ∈ M. In Section 3 we apply De Giorgi type arguments to show that this particular generalized minimizer is smooth provided the assumptions of Theorem 1.1 hold. The regularity of σ then follows from the duality relation σ = ∇f(∇u^∗). Section 5 contains the proof of the remaining results from Theorem 1.1, in Section 6 we discuss the case n = 2 together with μ = 2.

2 Regularization of the original problem and weak differentiability of the dual solution

Let the assumptions of Theorem 1.1 or 1.2 hold. We fix some real number 1 < q < 2 satisfying q < p and in addition for n ≥ 3 (recall (1.11)) q < (2 − μ) n n − 2 . (2.1)

For any 0 < δ ≤ 1 we define

J_δ(w) := δ ∫ Ω ( 1 + |∇w|^2 ) q_2 dx + J(w) , w ∈ u_0+^∘W_q^1 ( Ω, R^M ) , and denote by u_δ the unique solution of

to minimize J_δ(w) in the class u_0+^∘W_q^1 ( Ω, R^M ) . (V_δ)

Thus, letting f_δ(·) = δ ( 1 + | · |^2 ) q_2 + f(·), we obtain ∫ Ω ∇f_δ(∇u_δ) : ∇φ dx = 0 for all φ ∈^∘W_q^1 ( Ω, R^M ) . (2.2)

Moreover, the following lemma is seen to be true:

LEMMA 2.1 There is a real number c_1 > 0 such that for any η ∈ C^∞_0 (Ω) ∫ Ω η^2 D^2f_δ(∇u_δ)(∂_s∇u_δ, ∂_s∇u_δ) dx ≤ c_1 ‖∇η‖^2_∞ ∫ Ω | |D^2f_δ(∇u_δ) | ||∇u_δ|^2 dx , (2.3)

where we always take the sum w.r.t. s = 1, . . . , n.

Proof. The idea is to choose the test function φ = ∂_s (η^2 ∂_su_δ) in equation (2.2). However, in the vectorial case M > 1 it is not immediately obvious if φ is admissible in (2.2). In the paper [BF3], Lemma 3.1, we overcame this difficulty by some technical approximation argument leading to inequality (2.3). We like to remark that now we do not need the full strength of the arguments used in [BF3], Lemma 3.1, since the structural condition (1.8) together with [AF], Proposition 2.7, already implies u_δ ∈ W^2_{2,loc}(Ω, R^M ) (compare (3.4)).

Let us look at the scalar case. Then, from standard arguments (see, e.g. [LU], Chapter 4, Theorem 5.2) we get u_δ ∈ W^2_{2,loc}(Ω) ∩ W^1_{∞,loc}(Ω) using also the fact that u_δ is locally bounded which is proved under very weak assumptions in [GG]. Alternatively we may quote [DB] or [EV] to get u_δ ∈ C^{1,ᾱ}(Ω) for some ᾱ > 0. Let us fix a subdomain Ω^′ ⋐ Ω and let K = 2‖∇u_δ‖_L∞_{(Ω}′_). Following [KS], p. 97, we replace ∇f_δ by a coercive vectorfield A of class C^1 in such a way that A(X) = ∇f_δ(X) for |X| ≤ 2K. From (2.2) we get ∫ Ω^′

A(∇u_δ) · ∇φ dx = 0 for all φ ∈ C^1_0 (Ω^′) ,

and the well known difference quotient technique implies u_δ ∈ W^2_{2,loc}(Ω). Let us fix a coordinate direction γ ∈ {1, . . . , n}. Then ∫ Ω^′

a_{αβ}(x)∂_α(∂_γ u_δ)∂_β φ dx = 0 for all φ ∈ C^1_0 (Ω^′)

with elliptic coefficients a_{αβ} =^{∂Aβ}_{∂Qα} (∇u_δ) of class C^0(Ω^′). Quoting “L^p– theory” for equations with continuous coefficients (see [MO], Theorem 5.5.3, or [GI], Chapter 4.3, pp. 71) we get ∂_γ u_δ ∈ W^1_{t,loc}(Ω^′) for any finite t. Thus we have u_δ ∈ W^2_{t,loc}(Ω) and ∂_s (η^2 ∂_su_δ) is admissible in (2.2), the claim follows after partial integration and using the Cauchy–Schwarz inequality for the bilinear form D^2f_δ(∇u_δ) (compare [BFM], Lemma 2.3, and [FM] for similar calculations). ■

REMARK 2.2 In the papers [BFM] and [BF3] the bound (1.11) was imposed but obviously the statement of Lemma 2.3 can be obtained for any positive μ.

For the study of the dual variational problem we let

τ_δ := ∇f(∇u_δ) , σ_δ := δ X_δ + τ_δ = ∇f_δ(∇u_δ) ,

X_δ := q ( 1 + |∇u_δ|^2 ) q−2_2 ∇u_δ . Note that σ_δ ∈ W^1_{2,loc}(Ω, R^{nM} ) which for M > 1 follows from [AF], Proposition 2.7. Next we argue as in [BF1], where the case q = 2 was considered: since J_δ(u_δ) ≤ J_δ(u_0) ≤ J_1(u_0), the existence of a real number c_2 > 0 is ensured such that δ ∫ Ω ( 1 + |∇u_δ|^2 ) q_2 dx ≤ c_2 , ∫ Ω f(∇u_δ) dx ≤ c_2 , ‖τ_δ‖_∞ ≤ c_2 . (2.4)

The first inequality implies ‖ ‖δ^{q−1}q X_δ ‖ ‖_{L qq−1 (Ω,RnM )} ≤ c_3 , hence δ X_δ ⇁ 0 in L^qq−1 (Ω, R^{nM} ) (2.5)

as δ → 0. Here and in the following we always pass to subsequences if necessary. By (2.4) and (2.5) it is possible to define σ ∈ L^{qq−1} (Ω, R^{nM} ) via τ_δ , σ_δ ⇁ : σ in L^{qq−1} ( Ω, R^{nM} ) as δ → 0 . (2.6)

In addition, div σ = 0 (in the sense of distributions) is a consequence of div σ_δ = 0. We now claim that the weak limit σ is the unique maximizer of the dual problem (V^∗). To prove this, we recall the duality relation (compare [ET])

τ_δ : ∇u_δ − f^∗(τ_δ) = f(∇u_δ) ,

which together with the definition of σ_δ and with div σ_δ = 0 gives

J_δ(u_δ) = δ ∫ Ω ( 1 + |∇u_δ|^2 ) q_2 dx + ∫ Ω ( σ_δ : ∇u_0 − f^∗(τ_δ ) ) dx −δ q ∫ Ω ( 1 + |∇u_δ|^2 ) q−2_2 |∇u_δ|^2 dx . This yields for any κ ∈ L^∞(Ω, R^{nM} )

R(κ) ≤ inf

u∈u_0+^∘W_1(Ω,R^M ) J(u) ≤ J(u_δ) ≤ J_δ(u_δ) = ∫ Ω ( τ_δ : ∇u_0 − f^∗(τ_δ) ) dx + δ ∫ Ω X_δ : ∇u_0 dx +(1 − q)δ ∫ Ω ( 1 + |∇u_δ|^2 ) q_2 dx + δ q ∫ Ω ( 1 + |∇u_δ|^2 ) q−2_2 dx , (2.7)

and, passing to the limit δ → 0, the second and the last integral on the right– hand side vanish according to (2.5) and since q < 2. Finally, lower semicontinuity of ∫ Ω f^∗(·) dx w.r.t. weak–∗ convergence proves the claim R(κ) ≤ R(σ) as well as δ ∫ Ω ( 1 + |∇u_δ|^2 ) q_2 dx → 0 as δ → 0 . (2.8)

To proceed further, we observe that the left–hand side of (2.3) is estimated via Young’s inequality

|∇σ_δ|^2 ≤ c_4 D^2f_δ(∇u_δ)(∂_s∇u_δ, ∂_s∇u_δ) ,

whereas (1.7), (2.4) and (2.8) prove the right–hand side to be bounded by:

c_5 ( δ ∫ Ω ( 1 + |∇u_δ|^2 ) q_2 dx + ∫ Ω ( f(∇u_δ) + 1 ) dx ) ≤ c_6 .

Summarizing the results have established:

LEMMA 2.3 Let σ be the weak limit defined in (2.6). Then div σ = 0, σ is the unique maximizer of the dual variational problem (V^∗) and we have σ ∈ W^1_{2,loc}(Ω, R^{nM} ). 3 Construction of a smooth generalized minimizer

In this section we again concentrate on the original problem (V): (2.7) proves {u_δ} to be a J–minimizing sequence, and, by definition, each L^1–cluster point of {u_δ} is seen to be a generalized minimizer.

LEMMA 3.1 Let the assumptions of Theorem 1.1 hold.

a) There is a real number c_7 > 0, independent of δ, such that ‖∇u_δ‖_L∞_{loc(Ω,R}nM_) ≤ c_7 . b) Let u^∗ denote a L^1–cluster point of the sequence {u_δ}. Then u^∗ is of class C^{1,α}(Ω, R^M ) for any 0 < α < 1.

REMARK 3.2 With Lemma 3.1 the results of [BFM] formulated for the unconstrained case are also seen to be true in the vectorial setting M > 1 assuming the hypotheses (1.8) and (1.9).

Proof. As in [BFM], Lemma 2.4, we first use Lemma 2.1 to prove that we have local higher integrability of ∇u_δ which holds uniformly w.r.t. δ. For simplicity let us first assume that n ≥ 3 and let χ = n/(n − 2). Moreover, fix a ball B_r satisfying B_{2r} ⋐ Ω and choose η ∈ C^∞_0 (B_{2r}), 0 ≤ η ≤ 1, η ≡ 1 on B_r. Then, by Sobolev’s inequality, ∫ B_r ( 1 + |∇u_δ|^2 ) (2−μ)χ_2 dx ≤ ∫ B_{2r} ( η ( 1 + |∇u_δ|^2

) (2−μ)_4 )2χ dx ≤ c_8 (∫ B_{2r} |∇η|^2 ( 1 + |∇u_δ|^2

)^{(2−μ)}_2 dx + ∫ B_{2r} η^2 ( 1 + |∇u_δ|^2

)_− μ_2 |∇^2u_δ|^2 dx )_χ . Hence, Lemma 2.1 and (1.7) imply the bound (observe (2−μ)χ > q by (2.1)) ∫ B_r ( 1 + |∇u_δ|^2

)^{(2−μ)χ}_2 dx ≤ c_9(r) , (3.1)

which corresponds to Lemma 2.4 of [BFM]. If n = 2, we let χ denote some number > 1 such that (2 − μ)χ > q. Writing as before (∫ B_r ( 1 + |∇u_δ|^2 ) (2−μ)χ_2 dx ) 1_{2χ} ≤ (∫ B_{2r} ( η ( 1 + |∇u_δ|^2

) (2−μ)_4 )2χ dx ) 1_{2χ}

we may estimate the right–hand side by Sobolev’s inequality (∫ B_{2r} ( η ( 1 + |∇u_δ|^2

) (2−μ)_4 )2χ dx ) 1_{2χ}

≤ c_{10} (∫ B_{2r} | |∇(η (1 + |∇u_δ|_2)^{(2−μ)}_4 ) | |^s dx ) 1_s , s being defined through 2χ = 2s/(2 − s). Applying Hölder’s inequality we get as before ∫ B_r ( 1 + |∇u_δ|^2 ) (2−μ)χ_2 dx ≤ c_{11}(r) (∫ B_{2r} | |∇ ( η ( 1 + |∇u_δ|^2 ) (2−μ)_4 )| |^2 dx )_χ

and (3.1) follows also in case n = 2 with a different constant c_{12} depending also on the chosen value for χ.

In the scalar case we may now exactly follow the lines of [BFM], Lemma 2.5, Lemma 2.6 and Step 5 (conclusion) to get a) of Lemma 3.1. We have to show that Lemma 2.5 of [BFM] remains also valid in the vectorial case with the additional assumption (1.8), i.e. we claim that there is a real number c_{13} < ∞, depending only on the data and not on δ such that for any k ≥ 0 ∫ A(k,R) ( 1 + |∇u_δ|^2

)_{1−} μ_2 |∇ω_δ|^2 η^2 dx + ∫ A(k,R) ( 1 + |∇u_δ|^2

)_− μ_2 (ω_δ − k)^2 η^2 |∇^2u_δ|^2 dx

≤ c_{13} ∫ A(k,R) ( 1 + |∇u_δ|^2 ) q_2 |∇η|^2 (ω_δ − k)^2 dx . (3.2)

Here we have set

ω_δ = ln ( 1 + |∇u_δ|^2 ) , A(h, r) = {x ∈ B_r : ω_δ ≥ h} , h ≥ 0 , r ≤ R , the ball B_R is chosen such that B_{2R} ⋐ Ω and η ∈ C^∞_0 (B_R), 0 ≤ η ≤ 1. Assuming (3.2) for the moment, we see as in the scalar case that De Giorgi’s technique works exactly as outlined in [BFM], i.e. the uniform bound (3.1) gives a) of Lemma 3.1 and proves any L^1–cluster point u^∗ to be locally Lipschitz.

To verify part b), we quote the well known explicit formula for the relaxation of J (see, for instance, [GS])

Ĵ(u, B_r) := ∫ B_r f(∇^au) dx + ∫ B_r f_∞ ( ∇^su |∇^su| ) d|∇^su| , u ∈ BV (B_r, R^M ) . Here, f_∞ is the recession function of f,

f_∞(X) = lim sup_{t→+∞} f(tX) t , the absolutely continuous part of ∇u with respect to the Lebesgue measure is denoted by ∇^au, the singular part by ∇^su and ∇^su/|∇^su| is the Radon– Nikodym derivative.

Then, according to [BF1] (see the proof of Theorem 5.1), each generalized minimizer of problem (V) is seen to minimize Ĵ on a.a. balls B_r ⋐ Ω. In particular, this result can be applied to the sequence {u_δ}, whose L^1–cluster points are already known to be locally Lipschitz. Thus, if we fix one of these cluster–points u^∗, then the singular part of ∇u^∗ can be neglected and we obtain the Euler–equation ∫ Ω ∇f(∇u^∗) : ∇φ dx = 0 for any φ ∈ C^1_0 ( Ω, R^M ) . (3.3)

In the scalar case, again by strict ellipticity of D^2f (see (1.5)) together with local boundedness of ∇u^∗, the assertion of part b) immediately follows from known regularity results for weak solutuions of (3.3) (compare the references quoted in the proof of Lemma 2.1). In the vectorial setting we follow the lines of [MS] where an auxiliary integrand f̃ is constructed satisfying f̃(Z) = f(Z) whenever |Z| ≤ 2K, K := ‖∇u^∗‖_L∞_{(Ω}′_{,R}nM_) for some subdomain Ω^′ ⋐ Ω. Then Theorem 3.1 of [GM] can be applied (choosing m = 6 and recalling the Hölder condition (1.9)) to prove C^{1,α}–regularity of u^∗ for any 0 < α < 1.

It remains to verify (3.2) for M > 1: the structure condition (1.8) allows us to cite [AF], Proposition 2.7. We obtain, as already remarked in the proof of Lemma 2.1 ∇u_δ ∈ W^1_{2,loc} ∩ L^∞_{loc} ( Ω, R^{nM} ) (3.4)

and, as a consequence, for any s = 1, . . . n, and for any ψ ∈ C^1_0 (Ω, R^M ) ∫ Ω D^2f_δ(∇u_δ)(∂_s∇u_δ, ∇ψ) dx = 0 . (3.5)

In addition to (3.4) we have D^2f_δ ∈ L^∞, hence ψ ∈^∘W_2^1(Ω, R^M ) is admissible in (3.5) (by approximation arguments), in particular we may choose ψ = η^2 ∂_su_δ max{ω_δ − k, 0} with the result ∫ A(k,R) D^2f_δ(∇u_δ)(∂_s∇u_δ, ∂_s∇u_δ)η^2 (ω_δ − k) dx + ∫ A(k,R) D^2f_δ(∇u_δ)(∂_s∇u_δ, ∂_su_δ ⊗ ∇ω_δ)η^2 dx = −2 ∫ A(k,R) D^2f_δ(∇u_δ)(∂_s∇u_δ, ∇η ⊗ ∂_su_δ)η (ω_δ − k) dx . (3.6)

The first integral I on the left–hand side is non–negative, the second one II is handled as follows (letting f_δ(Z) = g_δ(|Z|^2) = δ(1 + |Z|^2)^{q/2} + g(|Z|^2)) II = ∫ A(k,R) ( 4g^{′′}_δ ∂_αu^i_δ ∂_s∂_αu^i_δ ∂_β u^j_δ ∂_su^j_δ ∂_βω_δ + 2g^′_δ ∂_s∂_αu^i_δ ∂_su^i_δ ∂_αω_δ ) η^2 dx =

= ∫ A(k,R) ( 2g^{′′}_δ ∂_s|∇u_δ|^2 ∂_βω_δ ∂_β u^j_δ ∂_su^j_δ + g^′_δ ∂_α|∇u_δ|^2 ∂_αω_δ ) η^2 dx = ∫ A(k,R) ( 2g^{′′}_δ ∂_sω_δ ∂_β ω_δ ∂_su^j_δ∂_β u^j_δ + g^′_δ ∂_αω_δ ∂_αω_δ )( 1 + |∇u_δ|^2 ) η^2 dx = 1 2 ∫ A(k,R) ∂^2f_δ ∂X^j_β ∂X^js (∇u_δ)∂_β ω_δ ∂_sω_δ ( 1 + |∇u_δ|^2 ) η^2 dx . (3.7)

If e_j denotes the j^{th} coordinate vector, then we have II = 1 2 ∫ A(k,R) D^2f_δ(∇u_δ)(∇ω_δ ⊗ e_j, ∇ω_δ ⊗ e_j ) ( 1 + |∇u^2_δ| ) η^2 dx ≥ c_{14} ∫ A(k,R) ( 1 + |∇u_δ|^2

)_{1−} μ_2 |∇ω_δ|^2 η^2 dx . (3.8)

Similar calculations show the right–hand side of (3.6) to be bounded from above by

c_{15} | | | | ∫ A(k,R) ∂^2f_δ ∂X^j_β ∂X^js (∇u_δ)∂_sω_δ ∂_β η η ( 1 + |∇u_δ|^2 ) (ω_δ − k) dx | | | | . (3.9)

Finally, for each fixed j ∈ {1, . . . M}, the Cauchy–Schwarz inequality can be applied to the bilinear form R^n ∋ ξ → ∂^2f_δ ∂X^j_β ∂X^js (∇u_δ)ξ_β ξ_s and, together with Young’s inequality, (3.6)–(3.9) prove that the first term of the left–hand side of (3.2) is bounded in the desired way. (Note that from the growth assumptions imposed on f it follows that |D^2f_δ(X)||X|^2 ≤ c_{16}(f_δ(X) + 1) ≤ c_{17}(1 + |X|^2)^{q/2} with suitable constants c_{16} and c_{17}.) The second integral on the left–hand side of (3.2) is studied by inserting ψ = η^2 ∂_su_δ max{ω_δ − k, 0}^2 in (3.5). This gives ∫ A(k,R) D^2f_δ(∇u_δ)(∂_s∇u_δ, ∂_s∇u_δ)η^2 (ω_δ − k)^2 dx + II

= −2 ∫ A(k,R) D^2f_δ(∇u_δ)(∂_s∇u_δ, ∂_su_δ ⊗ ∇η)η (ω_δ − k)^2 dx , (3.10) where we have abbreviated

II = 2 ∫ A(k,r) D^2f_δ(∇u_δ)(∂_s∇u_δ, ∂_su_δ ⊗ ∇ω_δ)(ω_δ − k)η^2 dx = ∫ A(k,R) ∂^2f_δ ∂X^j_β ∂X^js (∇u_δ)∂_β ω_δ ∂_sω_δ (ω_δ − k) ( 1 + |∇u_δ|^2 ) η^2 dx ≥ 0 . (3.11)

Here the second equation in (3.11) again uses the special structure f_δ(X) = g_δ(|X|^2). Given (3.10) and (3.11) the proof of (3.2) (and of Lemma 3.1) is completed by applying Young’s inequality once more. ■

4 Hölder continuity of the dual solution

We apply the results of the previous section to get regularity of the maximizer σ, more precisely

LEMMA 4.1 Let the assumptions of Theorem 1.1 hold.

a) If u^∗ denotes a L^1–cluster point of {u_δ}, then we have σ = ∇f(∇u^∗) . b) σ is of class C^{0,α}(Ω, R^{nM} ) for any 0 < α < 1.

Proof. Recalling (3.3), we choose φ = η^2 (u_δ − u^∗), η ∈ C^1_0 (Ω), 0 ≤ η ≤ 1. Then, together with (2.2), the counterpart of (6.4), [BF1], is established: ∫ Ω η^2 ( ∇f(∇u_δ) − ∇f(∇u^∗) ) : (∇u_δ − ∇u^∗) dx +δ ∫ Ω η^2 X_δ : (∇u_δ − ∇u^∗) dx

= −2 ∫ Ω σ_δ : ( ∇η ⊗ (u_δ − u^∗) ) η dx +2 ∫ Ω ∇f(∇u^∗) : ( ∇η ⊗ (u_δ − u^∗) ) η dx . Clearly the second integral on the right–hand side vanishes as δ → 0 and by (2.5), (2.8) this is also true for the second one on the left–hand side. Since the definition of σ_δ gives the same result for the first integral on the right–hand side, it is proved that lim_{δ↓0} ∫ Ω η^2 ( ∇f(∇u_δ) − ∇f(∇u^∗) ) : (∇u_δ − ∇u^∗) dx = 0 . On the other hand we have by (1.5) ∫ Ω η^2 ( ∇f(∇u_δ) − ∇f(∇u^∗) ) : (∇u_δ − ∇u^∗) dx ≥ c_{18} ∫ Ω ∫_1 0 ( 1 + |∇u^∗ + t(∇u_δ − ∇u^∗)|^2 )_− μ_2 |∇u_δ − ∇u^∗|^2 η^2 dt dx , hence as δ → 0 ( 1 + |∇u^∗|^2 + |∇u_δ − ∇u^∗|^2

)_− μ_2

|∇u_δ − ∇u^∗|^2 → 0 in L^1_{loc}(Ω) and a.e.

Thus, on account of μ ≤ 2, it immediately follows that a.e.

lim sup_{δ↓0} |∇u_δ(x)| < ∞ , which implies ∇u_δ(x)^{δ↓0}→ ∇u^∗(x) .

Hence ∇f(∇u_δ(x))^{δ↓0}→ ∇f(∇u^∗(x)) which together with the weak convergence (2.6) completes the proof of the first assertion. The second one follows from Lemma 3.1. ■

5 Local C^{1,α}–regularity and uniqueness of generalized minimizers

So far we have proved Theorem 1.1 a). Now we fix any u ∈ M and use ideas of [SE4] to show that the pair (u, σ) satisfies an appropriate minimax inequality. A variation of the tensorial argument will finally give

LEMMA 5.1 Under the assumptions of Theorem 1.1 any generalized minimizer u ∈ M satisfies ∇u = ∇f^∗(σ) , where the right–hand side is of class C^{0,α}(Ω, R^{nM} ).

Corollary 5.2 Of course Lemma 5.1 implies uniqueness of generalized minimizers up to a constant.

Proof. Consider a J-minimizing sequence {u_m} in u_0+^∘W_1^1(Ω, R^M ) such that u_m^{Ln/(n−1)}⇁ u , u_m^{L1}→ u . Then let for any w ∈ BV(Ω, R^M ) and κ ∈ U := {τ ∈ L^∞(Ω, R^{nM} ) : div τ ∈ L^n(Ω, R^M )} l̃(w, κ) = ∫ Ω div κ (u_0 − w) dx − ∫ Ω f^∗(κ) dx + ∫ Ω κ : ∇u_0 dx . The representation formula (1.10) implies

J(u_m) = sup λ∈L^∞(Ω,R^{nM} ) l(u_m, λ) ≥ l(u_m, κ) = l̃(u_m, κ) for any κ ∈ U. Passing to the limit m → ∞ we obtain inf w∈u_0+^∘W_1(Ω,R^M ) J(w) ≥ sup_{κ∈U} l̃(u, κ) .

On the other hand, given κ ∈ U, v ∈ u_0+^∘W_1^1(Ω, R^M ), we observe (recalling that div σ = 0) l̃(u, κ) ≤ inf w∈u_0+^∘W_1(Ω,R^M )

J(w) = R(σ) = inf

w∈u_0+^∘W_1(Ω,R^M ) l(w, σ) ≤ l(v, σ) = l̃(v, σ) = ∫ Ω σ : ∇u_0 dx − ∫ Ω f^∗(σ) dx =: l̃(σ) . Thus, for any u ∈ M and κ ∈ U it is proved that l̃(u, κ) ≤ l̃(σ) . (5.1) To proceed further, fix λ ∈ C^∞_0 (Ω, R^{nM} ); by Lemma 4.1, σ is a continuous function taking values in Im ∇f and hence there is a real number γ > 0 such that dist(σ(x), ∂Im∇f) > γ for any x ∈ spt λ. If |t| is suffienciently small, then the same is true if we replace σ by σ_t := σ + tλ and γ by γ/2. (5.1) implies ∫ spt λ div σ_t · (u_0 − u) dx + ∫ spt λ σ_t : ∇u_0 dx ≤ ∫ spt λ ( f^∗(σ_t) − f^∗(σ) ) dx + ∫ spt λ σ : ∇u_0 dx .

If we observe that ∫ spt λ div σ_t · u_0 dx + ∫ spt λ σ_t : ∇u_0 dx − ∫ spt λ σ : ∇u_0 dx = ∫ spt λ tdiv λ · u_0 dx + ∫ spt λ tλ : ∇u_0 dx = 0 , then we obtain − ∫ spt λ tdiv λ · u dx ≤ ∫ spt λ ( f^∗(σ_t) − f^∗(σ) ) dx . Dividing through t > 0 and passing to the limit t → 0 we get − ∫ spt λ div λ · u dx ≤ ∫ spt λ ∇f^∗(σ) : λ dx , i.e., by definition, the first weak derivative of u is given by ∇f^∗(σ) which is a function of class C^{0,α}(Ω̃, R^{nM} ) on account of Lemma 4.1 and the fact that dist(σ(x), ∂Im∇f) ≥ c (~ Ω ) > 0 on Ω̃ ⋐ Ω. ■

6 The limit case n = 2, μ = 2

Let the assumptions of Theorem 1.2 hold. For simplicity we just consider the scalar case M = 1. With notation from Section 2 and Section 3 it is easy to check that (3.2) extends to the case μ = 2, i.e. we have for any k ≥ 0 ∫ A(k,R) |∇ω_δ|^2 η^2 dx + ∫ A(k,R) ( 1 + |∇u_δ|^2 )_{−1} (ω_δ − k)^2 η^2 |∇^2u_δ|^2 dx

≤ c_{19} ∫ A(k,R) ( 1 + |∇u_δ|^2 ) q_2 |∇η|^2 (ω_δ − k)^2 dx (6.1)

being valid for all discs B_{2R} ⋐ Ω and any η ∈ C^1_0 (B_R), 0 ≤ η ≤ 1. Note that estimate (6.1) is true in any dimension n ≥ 2. In order to get a variant of Lemma 2.6 in [BFM] we let a(k, r) := ∫ A(k,r) ( 1 + |∇u_δ|^2 ) q_2 dx , τ(k, r) := ∫ A(k,r) ( 1 + |∇u_δ|^2 ) q_2 (ω_δ − k)^2 dx .

LEMMA 6.1 There is a constant c_{20} independent of δ such that a(h, r) ≤ (h − k)^{−2} τ(k, r) , (6.2) τ(k, r) ≤ c_{20} (R − r)^{−2} τ(k, R)a(k, R) (6.3) valid for h > k and r < R ≤ R_0, B_{2R0} ⋐ Ω.

Proof. (6.2) is immediate. Let Γ := 1 + |∇u_δ|^2 and choose η ∈ C^1_0 (B_R), 0 ≤ η ≤ 1, η ≡ 1 on B_r. Then, by Sobolev’s inequality, τ(k, r) ≤ ∫ A(k,R) { η Γ^{q4} (ω_δ − k)

}_2 dx ≤ c_{21} (∫ A(k,R) | |∇{η Γ^q4 (ω_δ − k)} | | dx )_2 . On the right–hand side three different terms arise which may be estimated as follows: (∫ A(k,R) | ∇η Γ^{q4} (ω_δ − k) | dx )_2 ≤ |A(k, R)| ∫ A(k,R) |∇η|^2 Γ^{q2} (ω_δ − k)^2 dx ≤ c_{22} a(k, R)(R − r)^{−2} τ(k, R) , (∫ A(k,R) | |η ∇ω_δ Γ^q4 | | dx )_2 ≤ (∫ A(k,R) η^2 |∇ω_δ|^2 dx ) (∫ A(k,R) Γ^{q2} dx )

(6.1) ≤ c_{23} (R − r)^{−2} τ(k, R)a(k, R) , (∫ A(k,R) η Γ^{q4 −1} |∇Γ|(ω_δ − k) dx )_2

≤ c_{24} (∫ A(k,R) η Γ^{q4 − 12} |∇^2u_δ|(ω_δ − k) dx

)_2

≤ c_{24} (∫ A(k,R) |∇^2u_δ|^2 η^2 Γ^{−1} (ω_δ − k)^2 dx ) · (∫ A(k,R) Γ^{q2} dx )

(6.1) ≤ c_{25} (R − r)^{−2} τ(k, R)a(k, R) . ■ Let h > k and R > r. Then we get from Lemma 6.1 (α > 1 being specified later) τ(h, r)^α a(h, r)^{(6.2)}≤ τ(h, r)^α (h − k)^{−2} τ(k, r) ≤ τ(k, r)^α (h − k)^{−2} τ(k, R) (6.3) ≤ c_{26} (R − r)^{−2α} τ(k, R)^α a(k, R)^α (h − k)^{−2} τ(k, R) = c_{26} (R − r)^{−2α} (h − k)^{−2} [ a(k, R)τ(k, R)^{1+αα} ]_α . For α = ( √ 5 + 1)/2 we see that (1 + α)/α = α, hence ψ(h, r) := τ(h, r)^α a(h, r) satisfies the growth estimate ψ(h, r) ≤ c_{26} (R − r)^{−2α} (h − k)^{−2} ψ(k, R)^α , h > k ≥ 0 , r < R ≤ R_0 , and from [ST], Lemma 5.1, we deduce ψ(d, R_0/2) = 0 , where the number d is determined by R_0 and the quantity ψ(0, R_0). Here R_0 is any radius such that B_{2R0} ⋐ Ω. Clearly this implies |∇u_δ|^2 ≤ e^d on B_{R0/2} , (6.4) and as usual (6.4) turns into a locally uniform gradient bound as soon as we can estimate the quantity d. In order to get such a bound, we observe first that the functions ω_δ = ln(1 + |∇u_δ|^2) satisfy ‖∇ω_δ‖_L2_{(Ω}′_) ≤ c_{27}(Ω^′) (6.5) for any subdomain Ω^′ ⋐ Ω. In fact, (1.5) implies in the case μ = 2 |∇ω_δ|^2 ≤ c_{28} D^2f_δ(∂_s∇u_δ, ∂_s∇u_δ) , thus we may quote Lemma 2.1 by observing that the right–hand side of (2.3) is bounded independent of δ.

According to (6.5) there is a Radon measure ν on Ω such that ν_δ := |∇ω_δ|^{2 δ↓0}⇁ ν (6.6) in the sense of measures (at least for a subsequence). For ε > 0 being determined later let

Σ_ε := { x ∈ Ω : lim_{r↓0} ν ( B_r(x) ) = ν ( {x} ) ≥ ε } . Being a subset of the atoms of ν the set Σ_ε is at most countable with no interior accumulation points.

LEMMA 6.2 (compare [GT], Theorem 7.21) Let G denote a disc in R^2 . Then there are constants c_{29}, c_{30} > 0 as follows: if ω ∈ W^1_1 (G) satisfies for some K > 0 ∫ G∩B_R(z) |∇ω| dx ≤ K R for all B_R(z) ⊂ R^2 , (6.7)

then we have ∫ G exp (c_{29} K | ω − (ω)_G |) dx ≤ c_{30} (diamG)^2 . (6.8)

Let us now choose x_0 /∈ Σ_ε. Then ν(B_t(x_0)) < 2ε for t ≤ t_ε, thus

lim sup_{δ↓0} ν_δ ( B_t(x_0) ) ≤ ν ( B_t(x_0) ) < 2ε , and in conclusion ν_δ(B_t(x_0)) ≤ 3ε for all δ small enough. Let G := B_t(x_0). Then ∫ G∩B_R(z) |∇ω_δ| dx ≤ √ 3ε √ π R , thus we have (6.7) with K = √ π √ 3ε, and (6.8) implies ∫ B_t(x_0) exp ( c_{29} √ π √ 3ε | |ω_δ − (ω_δ)_{Bt(x0)} | | ) dx ≤ c_{31}(t) for δ small enough. We select ε according to c_{29}/ √ 3π ε = 1, thus ∫ B_t(x_0) exp | |ω_δ − (ω_δ)_{Bt(x0)} | | dx ≤ c_{31}(t) . Observing (ω_δ)_{Bt(x0)} = ∫ −_{Bt(x0)} ln(1 + |∇u_δ|^2) dx ≤ c_{32}(t) we have shown that ∫ B_t(x_0)

|∇u_δ|^2 dx ≤ c_{33}(t) (6.9) holds for all δ small enough.

Let us suppose that in the beginning a sequence δ ↓ 0 has been chosen such that u_δ → u^∗ in L^1(Ω). By the choice of q and the definition of ψ(0, t) we see that (6.9) provides a uniform bound for d, and from (6.4) we get ∇u^∗ ∈ L^∞(B_{t/2}(x_0)). Altogether we have shown

LEMMA 6.3 Let u^∗ denote a L^1–cluster point of the sequence {u_δ}. Then u^∗ is locally Lipschitz (and hence of class C^{1,α}) on the open set Ω − Σ_ε.

Next we let Ω_0 = Ω − Σ_ε (which is an open set) and consider η ∈ C^1_0 (Ω_0). Then, as in Section 4, we get ∇u_δ → ∇u^∗ a.e. on Ω_0, thus σ = ∇f(∇u^∗) on Ω_0 which proves part a) of Theorem 1.2. Now let u denote some generalized minimizer, i.e. u ∈ M, and repeat the proof of Lemma 5.1 with λ ∈ C^∞_0 (Ω_0, R^2 ). We get ∇u = ∇f^∗(σ) now on Ω_0, thus ∇u = ∇u^∗ on Ω_0. But since Σ_ε has no interior accumulation points, we see that Ω_0 is connected, hence u = u^∗ + const on Ω_0 and therefore a.e. on Ω._{T heorem1.2} ■ So far we have shown that any generalized minimizer u is of class C^{1,α} except for a discrete set of possible singular points forming a subset of Σ_ε. Let us have a closer look at the behaviour near isolated singularities x_0. We fix a disc B_t(x_0) such that no other singular point occurs in B_t(x_0) and decompose the vector–measure ∇u as ∇u = (∇u)^a + (∇u)^s with absolutely continuous part (∇u)^a in the space L^1(B_t(x_0), R^2 ). Obviously (∇u)^s has the form ξ δ_{x0} for some ξ ∈ R^2 , and we claim ξ = 0. In fact, this is a consequence of the fine properties for BV –functions stated for example in [AFP], Lemma 3.76, saying that the measure |∇u| vanishes on the set {x_0} which is of H^1 measure zero. Alternatively we may assume that ξ ≠ 0 and recall that u minimizes Ĵ(·, B_t(x_0)) w.r.t. its boundary values. Let v := η_r u with η_r ∈ C^1(B_t(x_0)), 0 ≤ η_r ≤ 1, η_r ≡ 1 on B_t(x_0) − B_{2r}(x_0), η_r ≡ 0 on B_r(x_0), |∇η_r| ≤ c_{34}r^{−1}, where r ≪ t. Then ∫ B_t(x_0) f(η_r ∇u + ∇η_r u) dx = Ĵ ( v, B_t(x_0) ) ≥ Ĵ ( u, B_t(x_0) )

= ∫ B_t(x_0) f ( (∇u)^a ) dx + f_∞ ( ξ |ξ| )

with f_∞(ξ/|ξ|) > 0 on account of (1.2). By convexity of f we have f(η_r∇u) ≥ f(η_r ∇u + u∇η_r) − u∇η_r · ∇f (η_r ∇u + u∇η_r) =:κ , hence Ĵ(v, B_t(x_0)) ≤ ∫ B_t(x_0) f(η_r ∇u) dx + ∫ B_t(x_0) u∇η_r · ∇f(κ) dx =

= ∫ B_t(x_0)−B_{2r} (x_0) f ( (∇u)^a ) dx + ∫ B_{2r} (x_0)−B_r (x_0) f ( η_r (∇u)^a ) dx + ∫ B_t(x_0) u∇η_r · ∇f(κ) dx ≤ ∫ B_t(x_0) f ( (∇u)^a ) dx + ∫ B_{2r} (x_0)−B_r (x_0) f ( η_r (∇u)^a ) dx +c_{35} 1 r ∫ B_{2r} (x_0) |u| dx , where we have used (1.3). Recalling n = 2 and u ∈ BV (Ω), we see u ∈ L^2(Ω),

hence r^{−1} ∫ B_{2r} (x_0) |u| dx → 0 as r ↓ 0. The linear growth of f implies ∫ B_{2r} (x_0)−B_r (x_0) f ( η_r (∇u)^a ) dx ≤ c_{36} ∫ B_{2r} (x_0) ( 1 + |(∇u)^a| ) dx^{r↓0}→ 0 , and we finally get ∫ B_t(x_0) f ( (∇u)^a ) dx + O(r) ≥ Ĵ ( v, B_t(x_0) )

≥ ∫ B_t(x_0) f ( (∇u)^a ) dx + f_∞ ( ξ |ξ| ) . ¿From (1.2) we deduce f_∞(ξ/|ξ|) ≥ a which is a contradiction if r is small

enough. Consequentely ∇u = (∇u)^a ∈ L^1(B_t(x_0), R^2 ), and therefore u ∈

W^1_{1,loc}(Ω). To prove the corollary we recall that according to (6.5) we may

assume ω_δ ⇁: ω in W^1_{2,loc}(Ω). On the other hand, ∇u_δ → ∇u^∗ a.e. on Ω_0,

and since ∇u^∗ ∈ L^1_{loc}(Ω) we have pointwise convergence a.e. on Ω, hence

ω = ln(1 + |∇u^∗|^2) ∈ W^1_{2,loc}(Ω). Suppose that t > 1 is given, and let x_0

denote a point of Σ_ε. Then we have ∫ B_r (x_0)∩B_R(z) |∇ω| dx ≤ ‖∇ω‖_L2_{(Br (x0))} √ π R , and (6.8) implies ∫ B_r(x_0) exp ( c_{29} √ π ‖∇ω‖_L2_{(Br (x0))} | ω − (ω)_{Br(x0)} |) dx ≤ c_{30} (2r)^2 .

Let us choose r small enough in such a way that

c_{29} √ π ‖∇ω‖_L2_{(Br (x0))} ≥ t 2 . Then we get ∫ B_r (x_0) |∇u^∗|^t dx < +∞ which proves the claim of the corollary for u^∗ and hence for any u ∈ M. Note that we can bound the mean value of ω on B_r(x_0) in terms of the L^1–norm of ∇u^∗ due to the fact that we already know that u^∗ is of class W^1_{1,loc}(Ω). ■

References

[AF] Acerbi, E., Fusco, N., Regularity for minimizers of non–quadratic functionals. The case 1 < p < 2. J. Math. Anal. Appl. 140 (1989), 115–135.

[AFP] Ambrosio, L., Fusco, N., Pallara, D., Functions of bounded variation and free discontinuity problems. Oxford Math. Monographs, Clarendon Press, Oxford 2000.

[BI] Bildhauer, M., A uniqueness theorem for the dual problem associated to a variational problem with linear growth. Zap. Nauchn. Sem. St.-Petersburg Odtel. Math. Inst. Steklov (POMI) 271 (2000).

[BF1] Bildhauer, M., Fuchs, M., Regularity for dual solutions and for weak cluster points of minimizing sequences of variational problems with linear growth. Zap. Nauchn. Sem. St.-Petersburg Odtel. Math. Inst. Steklov (POMI) 259 (1999), 46–66.

[BF2] Bildhauer, M., Fuchs, M., Obstacle problems with linear growth: Hölder Regularity for the dual solution. to appear in Math. Nachr.

[BF3] Bildhauer, M.,Fuchs, M., Partial regularity for variational integrals with (s, μ, q)–growth. Preprint Bonn University/SFB 256 No. 635 (submitted).

[BFM] Bildhauer, M., Fuchs, M., Mingione, G., Apriori gradient bounds and local C^{1,α}–estimates for (double) obstacle problems under nonstandard growth conditions. Preprint Bonn University/SFB 256 No. 647 (submitted).

[DB] Di Benedetto, E., C^{1,α} local regularity of weak solutions of nonlinear degenerate elliptic equations. Nonlinear Anal. 7 (1983), 827–850.

[EV] Evans, L.C., A new proof of local C^{1,α} regularity for solutions of certain degenerate elliptic p.d.e. J. Differential Equations 45 (1982), 356–373.

[ET] Ekeland, I., Temam, R., Convex analysis and variational problems. North– Holland, Amsterdam 1976.

[FM] Fuchs, M., Mingione, G., Full C^{1,α}–regularity for free and constrained local minimizers of elliptic variational integrals with nearly linear growth. Manus. Math. 102 (2000), 227–250.

[FS] Fuchs, M., Seregin, G., Variational methods for problems from plasticity theory and for generalized Newtonian fluids. Annales Univ. Saraviensis 10, No. 1 (1999). To appear in: Lecture Notes in Mathematics.

[GI] Giaquinta, M., Introduction to regularity theory for nonlinear elliptic systems. Lectures in Mathematics ETH Zürich, Birkhäuser, Basel–Boston– Berlin 1993.

[GG] Giaquinta, M., Giusti, E., On the regularity of the minima of variational integrals. Acta Math. 148 (1982), 31-45.

[GM] Giaquinta, M., Modica, G., Remarks on the regularity of the minimizers of certain degenerate functionals. Manus. Math. 57 (1986), 55–99.

[GMS] Giaquinta, M., Modica, G., Souček, J., Functionals with linear growth in the calculus of variations. Comm. Math. Univ. Carolinae 20 (1979), 143–171.

[GT] Gilbarg, D., Trudinger, N.S., Elliptic partial differential equations of second order. Grundlehren der math. Wiss. 224, second ed., revised third print., Springer, Berlin–Heidelberg–New York, 1998.

[GS] Goffman, C., Serrin, J., Sublinear functions of measures and variational integrals. Duke Math. J. 31 (1964), 159–168.

[KS] Kinderlehrer, D., Stampacchia, G., An introduction to variational inequalities and their applications. Academic Press, New York–San Francisco- London 1980.

[LU] Ladyzhenskaya, O.A., Ural’tseva, N.N., Linear and quasilinear elliptic equations. Nauka, Moskow, 1964. English translation: Academic Press, New York 1968.

[MS] Mingione, G., Siepe, F., Full C^{1,α} regularity for minimizers of integral functionals with L log L growth. Z. Anal. Anw. 18 (1999), 1083–1100.

[MO] Morrey, C. B., Multiple integrals in the calculus of variations. Grundlehren der math. Wiss. in Einzeldarstellungen 130, Springer, Berlin–Heidelberg– New York 1966.

[SE1] Seregin, G., Differentiability of local extremals of variational problems in the mechanics of perfect elastoplastic media. Differentsial’nye Uravneniya, 23.11 (1987), 1981–1991. English Translation: Differential Equations, 23 (1987).

[SE2] Seregin, G.A., On differential properties of extremals of variational problems arising in plasticity theory. Differentsial’nye Uravneniya 26 (1990), 1033–1043 (in Russian). English translation: Differential Equations 26 (1990).

[SE3] Seregin, G.A., On regularity of weak solutions of variational problems in plasticity theory. Dokl.Acad.Sci. 314 (1990), 1344–1349 (in Russian). English translation: Soviet Math.Dokl. 42 (1991).

[SE4] Seregin, G., Twodimensional variational problems in plasticity theory.

Izv. Russian Academy of Sciences 60 (1996), 175–210. English translation: Izvestiya Mathematics 60.1 (1996).

[ST] Stampacchia, G., Le problème de Dirichlet pour les équations elliptiques du second ordre á coefficients discontinus. Ann. Inst. Fourier Grenoble 15.1 (1965), 189–258.