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Abstract

We consider incremental problem arising in elasto-plastic models
with isotropic hardening. Our goal is to derive computable and guar-
anteed bounds of the difference between the exact solution and any
function in the admissible (energy) class of the problem considered.
Such estimates are obtained by an advanced version of the variational
approach earlier used for linear boundary-value problems and nonlin-
ear variational problems with convex functionals [19, 23]. They do no
contain mesh-dependent constants and are valid for any conforming
approximations regardless of the method used for their derivation. It
is shown that the structure of error majorant reflects properties of
the exact solution so that the majorant vanishes only if an approx-
imate solution coincides with the exact one. Moreover, it possesses
necessary continuity properties, so that any sequence of approxima-
tions converging to the exact solution in the energy space generates a
sequence of positive numbers (explicitly computable by the majorant
functional) that tends to zero.

1 Introduction

Incremental models in the theory of elasto-plasticity are among the most
widely used in the numerical analysis of processes that include plasticity
phenomenon. These typically include memory effect and exhibit hysteresis
[6, 17] behavior which are described by time-dependent variational inequal-
ities. If an implicit Euler scheme is used, then the evolutionary variational
inequality is approximated by a sequence of stationary variational inequalities
of the second kind [16, 3] in which the unknown functions are displacement u
and plastic strain p. Each of these inequalities is equivalent to a minimization
problem with a convex but non-smooth energy functional, J(u,p) — min.
The minimization problem is solved by iterative methods like a classical re-
turn mapping algorithm [26], inexact Newton methods [10] or SQP method
[27] among many others.

The main focus here is not to develop new methods for solving the mini-
mization problems, but to deduce a guaranteed a posteriori estimate of the
difference between exact and numerical solutions. A posteriori estimates are
intended to (a) give an indication of the overall accuracy of an approximate
solution and (b) serve as an error indicator that show regions with exces-
sively high errors (typically a new finite dimensional space constructed on
the basis of this information has extra trial functions in each regions). There
exist various approaches to the construction of a posteriori error estimates



(a discussion of them can be found e. g., in the monographs [5, 1, 7, 19] or
in the recent overview [23|, whereas for applications to elasto-plasticity, we
refer to the works [20, 12].

In this paper, we apply the framework introduced in the book [19], where
the estimates are derived by the analysis of the variational problem and its
dual counterpart. A computable upper bound of the error is obtained on
a purely functional level without exploitation of specific properties of the
approximation or the method used for its computation. Estimates of such
a type are often called “functional a posteriori estimates”. One of the first
publications presenting this method was [25] where a posteriori estimates
were derived for a deformation plasticity model with hardening. Recently, the
method was applied to the Ramberg-Osgood model (sometimes also called
Norton-Hoff) in the theory of nonlinear solid media [9], to nonlinear viscous
flow problems [8, 14] and to problems with nonlinear boundary conditions
[24].

2 Minimization problem and variational in-
equality
We consider the first time-step problem for the elasto-plasticity model with

isotropic hardening and von Mises yield criterion. It can be represented in a
variational form as an energy minimization problem (see [3], Definition 3.3)

1

Hoa) = [ ()~ 0): (0) = ) + S aF) do

+/(0y|q| — fv) dr — min, (2.1)

Q

for an unknown displacement v and a plastic strain ¢. Here, Q C R? is a
bounded connected domain with Lipschitz boundary I'. In (2.1), (-) denotes
the linearized Green-St. Venant strain tensor defined as

1
e(v) := 3 (Vo+ (Vo)'), (2.2)
where V denotes a vector gradient operator. J(v,¢) is minimized over

vE Vo+ug:={w+u | we Hy(QRY},



and
qE€Qo:={qcqQ:=L*([ERYY) trqg =0 a. e. in Q},

sym

where the function uy € H'(;RY) defines a nonhomogeneous Dirichlet
boundary condition on I' (which is understood in the sense of traces) and
tr denotes the trace operator defined by the relation tr A = A : I for all
A € R¥4 with T € R*? meaning the identity matrix. The positive scalar
constants H and o, represent the modulus of hardening and yield stress,
respectively, and

Ce E(RdXd Rdxd)

sym) —Ssym

denotes the fourth-order elastic stiffness tensor which satisfies the relation
(for known positive constants ¢; < ¢3)

c1lg)* < Cq: g < eslgl? (23)
for all ¢ € REX?. Finally, the vector
f e L(RY)

expresses external forces acting on an elastoplastic continuum located in the
domain 2. For more details on mechanical aspects of this mathematical
model and its possible generalization please refer to [16, 11].

Theorem 1 There exists a pair (u,p) € (Vo + ug) X Qo that solves (2.1). It
satisfies the variational inequality

a(u,p;v —u,q—p)+¥(q) — V(p) — (v —u) >0, (2.4)

where

oupv) = [ (Clew —): (60) =)+ o2 q) do,

for all (v,q) € Vo x Qp.

Proof. Existence of (u,p) € (Vo +up) X Qo follows from known results in the
calculus of variations. Indeed, the functional J(v, ¢) is convex and coercive on

3



(Vo + ug) X Qo, which is a convex closed subset of the product space V' x @,
where V = HY(Q,R?) and Q are reflexive spaces. Due to the assumption
(2.3), the ellipticity and boundedness of the bilinear form a(u,p;v,q) are
easily proved. Then, the equivalence of the variational inequality (2.4) and
(2.1) follows from the Lions-Stampacchia Theorem [18]. [

Remark 1 By the variation of the energy functional J(v,q), it is simple
to show that the minimizer (u,p) must satisfy the following relations almost
everywhere in €):

o :=C(e(u) —p), (2.5)
dive + f =0,
ol = O'§H2p + oy,
A ifp=0,
A€ { %' otherwise, (2.8)

where o s the stress tensor associated with the exact solution. These relations
have a clear physical meaning: (2.5) expresses an exact stress tensor o as an
additive decomposition of a linearized elastic strain €(v) and a plastic strain p
combined with a Hook’s law. (2.6) formulates an equilibrium of internal and
external forces in the quasistatic case. (2.7) and (2.8) formulate a plasticity
flow law in the case of von Mises yield function. See [3] for more details on
the mechanical model and its mathematical aspects.

3 Basic estimate of the deviation from exact
solution

Theorem 2 For any (v,q) € (Vo + ug) X Qo, the estimate

1
§H|(U—U),(p—Q)W2SJ(U,Q)—J(U,]?) (31)
holds, where the norm in the left hand side is defined by the relation
1(w =), (p = DI == alu—v,p— g;u—v,p—q) (3:2)
= ||Cle(u —v) = p+@)llcr,0 + oy H? [Ip — dllg

and

||/<¢H<%71;Q = / C 'k : Kdr.
0



Proof. The direct calculation shows

J(v,q) = J(u,p) = sa(v, ¢;v,q) — 5a(u,p;u,p) + ¥(q) — ¥(p) — I(v) +(u)
= sa(u—v,p—qgu—0v,p—q)+a(u,p;v—uq—p)+Y(g) —V(p) — (v —u).
In view of (2.4), we obtain (3.1). O

Remark 2 Since UZH2 > 0, the term UZH2 lp — q||?2 can be dropped to ob-
tain a weaker estimate (formulated as (28) in [12])

1
5 HU - THé—l;Q < J(vatﬁ o J(uap)a
where 0 := C(e(u) —p) and 7 := C(e(v) — q) have meaning of an exact stress

o and an approrimate stress T.

In the following, we will bound the difference J(v,q) — J(u,p) in (3.1) from
above by a directly computable and physically meaningful term, which does
not involve the exact solution (u, p).

4 Perturbed problem and Lagrangian

The value of J(u,p) is unknown in the estimate (3.1). To use this estimate,
we need to find a computable lower bound of this quantity. For this purpose,
we introduce a ”perturbed” functional

1

Ia(v,q) = §a(v,q;v,Q)+/0M L gdz —1(v),
Q

where the multiplier A belongs to the set
A=A e L®(QR™) A < 1,tr A =0 a. e. in Q}.
The relation of the original and the perturbed problem is given by

sup I\(v,q) = J(v,q) (4.1)

for all (v,q) € (Vo + up) X Q. Further we define the respective ”perturbed”
Lagrangian

-1, . 2
Li(v, ;7€) = /(Ti(e(v)—Q)—qufiq—Qﬁw) dr

—i—/(ay)\ cq— fou) dz, (4.2)



where new tensor-valued functions 7 € 0, € (Qy. Since

ap [ (7 -0 - S ) de = 5 [ cletv) - el - )

TEQ
Q

Q
€7 1/ 277212
1q— dr = - H d
gseugo/(é 1= 50m7 ) 5 | oyl dz,
Q Q
it is easy to see
sup LA(U, q;T, g) - J)\(Uu q) (43)
ETGEQQO

for all (v,q) € (Vo + ug) x Qp. Thus, the combination of (4.1) and (4.3)
provides an estimate

Jwp) = df, Jwa) = i Aeo= dof sup L, gT )
9€Qo 9€QQ 1€Q0  ¢eQ

> sup inf Ly(v,q;7,€)
TEQ veVy+ug
€eQo  1€Q0

> inf Ly(v,q;T,&)

veVy+ug
q€Qq

whose substitution in (3.1) yields the inequality

1
iyyy(u_v)a(p_(DHPS‘](vatﬁ e%,nf L)\(U %Tg) (’an;Taga)‘>
veVptug
q€Qq
valid for all 7 € @, & € Qy. The right hand side of the last estimate defines
an error majorant M(v, ¢; 7,&, A). Its explicit form of is derived in the next

section.

5 Derivation of the error majorant
The infimum of Lagrangian (4.2) can be rewritten in the form

inf  Ly(v,q;7,&) = mf Ly(w + uo, q; 7, §)
veVy+ug
1€Q ‘ZEQO

2
- 3 (e B e / (7 () — f) do
Q

+ inf /(7’ e(w) — fw) dx+1nf/§+0y —7):qdx. (5.1)

weVp q€Qo
Q Q




Note it holds

. ‘ ] 0 ifdivr+f=0 a. e in
Jg\f/o (7 e(w) - fw)do = { —o00 otherwise,

. 0 ifr”=¢+0,)\ a.e.inQ,
inf .
7€Qo —oo  otherwise,

({—i-ay)\—T):qu:{

where -? denotes a deviatoric operator, i.e., AP = A—%AT for all A € R4,
Hence, we arrive at the following result.

_f<(C ’7'7'_"_|| (U0)+fuo)dl'
vegolfuo Li(v,q;7,§) = 1f (1,€) € Qy,, (5.2)
Q0 —oo otherwise,
where

n={(1)eQXxQy divr+f=0,7"=¢+ 0\ a.e.in Q). (5.3)

The combination of (2.1) and (5.2) yields an explicit form of the error ma-
jorant estimate under the assumption (7,&) € Qy,,

! / (Cle() —q) : (e(v) — q) + o2H?|qP) da + / (0]l — fv) da
Q Q
+%/ (C_IT T + (J;ET?) dx_/(T e(uo) — fuo) dx
- 3 (c )—g—C'r) <<>—q—@1ﬂ+0§H2<q‘a§H2>z) o

Q

After the simplification of the last integral terms due to the constrain

(7.) € Qy,,
/q;T_g;qu:/ay)\:qu for all ¢ € Qo,

Q

0
/T:s(v—uo)—f(v—uo)dx:0,
0



we deduce an explicit form of the error majorant

M(v, ;7€) = % /(C(s(v) L q—C) : (e(v) — g — C 1) da

1 1 \?
—l—i/a;HQ (q — Wf) dx + /(ay\q] —oyAiq)dx.  (5.4)
0 Y 0

Summarizing the above considerations, we formulate the following result.

Theorem 3 The majorant (5.4) represents a quaranteed upper bound of the
combined error norm

1
Sw=0). =gl < M(v, g7 M), (5.5)
It is valid for any (v,q) € (Vo +up) X Qo, A € A, and (1,§) € Qy, .

Remark 3 The majorant (5.4) was derived by purely functional analysis of
the problem in question. It does not involve mesh-dependent constants and
is valid for any admissible (conforming) approximations from the respective
functional classes associated with the primal variational problem. For this
reason, error majorants (or a posteriori error estimates) of this type are
called functional.

Remark 4 In order to get the upper bound as sharp as possible, we should
manimaize the right hand side with respect to free functions and use the esti-
mate

1 ) :
—I[(uw =), (p— < inf  M(v,q;7,& A 5.6
=)0l < it Megrey (66

This estimate is also valid for any (v,q) € (Vo 4+ ug) X Qo, A € A.
Remark 5 [t is easy to see that the functional error majorant M(v, q;7,&, \)
defined in (5.4) reflects natural conditions (2.5)—(2.8). Indeed, it attains the

zero value if and only if the following conditions hold almost everywhere in

Q:

7= C(e(v) — q), (5.7)
divr + f =0, (5.8)
A:q=]ql, A €A, (5.9)
™ =¢ 40, (5.10)
¢=o0.H. (5.11)

These conditions mean that (v,q) and T satisfy (2.5)-(2.8); in other words
they must be equal to the solution (u,p) of the minimization problem (2.1)
and the exact stress tensor o, respectively.



6 Modification of the majorant

For practical computation, an approximated displacement v € (V + ug) and
q € Qo are computed numerically, e. g., by the finite element method. The
error of such approximation is bounded in the combined norm from above
by a functional majorant M (v, ¢; 7, &, A) defined in (5.4). To obtain a finite
and therefore meaningful value of the functional majorant, free parameters
must satisfy the conditions (7,&) € Qf, and A € A. It is known that the
equilibrium constrain div7 + f = 0 or its equivalent weak formulation

/(_7— ce(w) + fw)der =0 forallw eV, (6.1)
Q

is difficult to satisfy. Therefore, an upper bound of M (v, ¢; 1,&, \) is derived
here. It does not contain the parameter £ as well as it remains independent
of the equilibrium constrain, which is transformed into a penalty term. It
turns out useful to split the majorant (5.4) in three parts:

M(v, g 7) = % /(C(e(v) L q—C) : (e(v) — g— C'r)dz,  (6.2)
1 1 2

My(q;€) == [ 0oH? (¢ — —75¢ | du, (6.3)
QQ/ ( ayH )

Ms(qg; A) = [ (oylg] — oyA = q) da. (6.4)

We exclude € by setting £ = 7 — o, \ according to (5.3) to rewrite

1 1 2
M2(q’£) = §Q/70.31{2 (q_ﬁ(TD_O-y/\)) dx
1 1 D 9 - .
= 3 W(T — () dx = May(q; 1, N),
Y
)

where ( := O'ZH 2q+ oy A and obtain a simplified error majorant independent

of £
M(v, ¢;7, ) = Mi(v,¢;7) + Ma(g; 7, A) + Ms(g; ),
which is defined on

T€Q={reQ:divr+f=0 a e in Q}.

9



Let us decompose 7 = 7 — 7 4+ 7, where
7€ Quv = {7 €Q:divr € L*(Q,RY},

i.e., 7 does not have to satisfy the equilibrium condition (6.1). Then, we
obtain

Mi(v, ;7)< %(1 +5) /C(e(v) —q—C'7): (e(v) —qg—C'7)dx

Q
+%(1+%)/C1(T—f') : (1 —7)dx,
Q
- 1
M2(Q;7—7 )‘) S 5(1+5)/0§H2(7A'D—C)2d£[

Q

1 1 1 D AD\2
Q
which is valid for 7 € Qgiv, ™ € @5 and for all 3,6 > 0. Here, we used the

inequality

(a+0b)*< (14 B)a®+ (1+ %)b2

valid for all # > 0,a,b € R and its modification for § = 0. Since the last
integral in the Ms(q; 7, ) estimate fulfills

/(TD_%D)deg/(T—%)degcg/c1(7—%) (T = 7) da,

Q Q

we combine available bounds on M, (v,q;7) and My(q;7,\) to obtain an
¢-independent estimate

M(v,¢; 7,7, 3,0) (6.5)
< S0+p) /C(s(v) —q—CH) (e(0) — g — C ) da
Q
—i—%(l +0) / 0222 (7P — ¢)%dx + /(ay\q] — oy q)dx
Q Q

+% {(1 - %) - %(1 | %)] /@—l(T —#):(r—7)de (6.6)

= M(v,q;7,\, 3,6,7).

valid for 7 € Qg -

10



Lemma 1 Let 7 € Qgiy. Then, it holds

1 1
inf —/(C—l(r—%) (1= 1) de < =C? ||div 7 + f|?,
TEQf 2 2

Q

where C' > 0 satisfies the inequality
|lw|| < Clle(w)|e  for all w € V. (6.7)

Proof. The direct calculation reveals

I(1) = Tigngff % /C_I(T —7): (T —7)dx
Q
1
= inf sup = / (CHr=7):(r=7)+71:e(w) — fw) do
TEQ weVp

the interchange of operators follows e. g., from [13], Theorem 4.1.

~ sup inf/(%@l(r—%) ; (T—?)+T:€(w)—fw) do

weVp TeQ

the infimum is attained in the argument 7 = 7 — Ce(w)

1
= sup —3 Hs(w)Hé — /(div%+f)wdx

weVp
Q
1 2 oL
< sup (g fle()lc +lldiv 7 + f flw]
weVp
1 2 o
< sup (—— le(w)llg + C'[|divT + f] HE(w)Hc)
weVp 2

1 1
< sup (—§t2 + C||div 7 + f]| t) = 502 |div 7 + f||*,

t>0

where the constant C' > 0 comes from (6.7). The existence of such constant
follows from the Korn’s and Friedrichs’ inequalities. [
Lemma 1 allows for the reformulation of (6.7) in

M(v,q; 71, )\, 3,0) < inf M(v,q;7, ), 3,6, 7) = M(v,q;7,\, 3,0),
TE f

11



where an non-equilibrated majorant M(v, q; 7, A\, 3,9) is defined as

~

M(v,¢; 7,1, 8,0) = %(1+ﬂ)/C(€(U)—q—C1%) (e(v) — g — C'#) da

+3048) [ 5GP = O¥nt [(oyld - o): 0)ds

2H2
o 7Y QO
1 1 Co 1 20 1e A 2
e+ —2 1+ 9| d (68
#3045+ e p] a7 6

It is clear that the majorant vanishes if and only if (v, ¢) and 7 satisfy (2.5)—
(2.8), i.e., if these functions coincide with exact solutions. Hence, we arrive
at the following result:

Theorem 4 The majorant (6.8) represents a gquaranteed upper bound of the
combined error norm

=), = ll? < M,a:7)5,6). (6.9)

It is wvalid for any (v,q) € (Vo + ug) X Qo, A € A, 7 € Qaiv, 5,0 > 0. The
magorant vanishes if and only if (v,q) coincides with the solution (u,p) of
the minimization problem (2.1) and 7 coincides with the exact stress o =

Cle(u) —p).

Remark 6 We see that A enters only the second and the third integral terms
of (6.8) so that the best A can be found by minimizing them over A € A. If the
constrain is not active, then the variation of M(v,q;%, A, 3,0) with respect
to A provides the relation

1 ac

14+ 6)——(¢C —P)= -
( +6)0’§H2(C T )a)\+0yq O:

which implies (we recall { = UZHQQ +o,M)

1, do,H?
D e
oy 1+0

If |\o| > 1, then minimal value is attained for |\| = 1, which yields

Ao
A=)\ 1= —.
Y

12



Remark 7 From Theorem / it follows that

Sle=o) =l < inf M7 8.6) = o(v,0). (6.10)
AEA

By the construction, the quantity o(v,q) gives the best upper bound of the

combined error norm. For practical applications, X and 7 should be selected

such that the value ofM(v, q,7,A) does not differ much from o(v,q). Finding

suitable A is not a complicated task. A nature choice is to take X as in (2.8),

i.e.,

A ifq=0,
A=) € { <L otherwise. (6.11)

|q|

Hence, the third integral in (6.8) vanishes. The practical choice of T is not
studied here, but should be a topic of the forthcoming paper about implemen-
tation of the estimates derived here. The natural choice to consider is the
exact stress

7= C(e(u) — p), (6.12)

which is only theoretically interesting, since the exact solution (u,p) is not
known. Then the last term in (6.8) also vanishes and we can take 6 = =0
to simplify the majorant in

~

KA(0,450.M@) = 5 IC(e( =)~ p+ )

1 / 1 D _ 2772 2
+ = | == (0" —0;H*q—0,\(q))"dx.
2 J oZH? 4

The last integral is rewritten using (2.7) (i.e., o” = o7 H*p + o,\(p)) and
bounded as

(Ap) — M9))*

By introduction of

o1(p—q) ==

DO =
D\
Q
< N
Se
(V)
3
|
=2
[\&)
=8
8
+
D—
=
=3
S~—
|
=
s
N~—
S—
Do
=8
8



we can write the estimate in the combined norm (3.2),

~

M, g:0.0) < 5l —v). 0~ )P+ ailp—0).  (6.13)

The value of 01(p — q) measures, how the majorant value M(v,q;a, A(q))
overestimates the value of error in the combined norm. Since o1(p — q) de-
pends on the exact plain strain p, it can not be practically computed, but can
be at least simplified. To do it, let us decompose the domain ) in its elastic
and plastic parts in dependence of p or q as

Q=0 UQP Q=1

ela pla? ela

U Q4

pla?

where

QP ={xeQ:p(x)

ela

QL ={ze:qx) =

ela

and let us define
wy =8 NP wyi=Q1 NP

pla pla?

Yoo =\ QP

pla ela?

b0 =0\

pla ela?

0
0

ws =2\ {wg Uws}.

Then, wy represents a part of domain ), where both exact and approrimate
plastic strains show elasticity behavior. It this subdomain, we can choose any

A(p) = A(q) € A to obtain

| o) =) de=o

w1

In the subdomain ws, where the exact and approxrimate plastic strains indi-
cate different behaviors (one indicates elastic behavior, whereas the other one

plastic behavior), we can choose one parameter (either X(p) from (2.8) or
A(q) from (6.11)) to ensure

/ () — A(@))? dz = 0.

In wy, both exact and approximate plastic strains show plasticity behavior and

[ oo -xara - [ (Z- %) s

- [ "5 |p|2‘ o) N
2/@ ((!q\|;|2!p\) N (Q|;|f) ) s
4/w %dzgél/ﬂq %dm.

pla

IN

IN

14



Together, we have formulated an estimate

0(p—q) < o2(p — q) := %/UZHQ(p—q)Qd:I:—i—ZL/Q (q|;|f)2 dz, (6.14)

q
Q pla
which results in

Theorem 5 The majorant value M(v,q; a,A(q)) in the case of the exact
stress (6.12) and \(q) from (6.11) satisfies

~

Mo, g:0 M) < g lllw =), 0= DIl +eslp—0), (61

where the overestimation functional o2(p — q) is defined in (6.14).
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