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Abstract

We discuss regularity results concerning local minimizers u : R™ D 2 — R"
of variational integrals like

AHWmW»—ﬂwhm

defined on energy classes of solenoidal fields. For the potential ' we assume
a (p, q)-elliptic growth condition. In the situation without z-dependence it is
known that minimizers are of class C1** on an open subset Q) of Q with full
measure if ¢ < p”T“ (for n = 2 we have Qy = Q). In this article we extend
this to the case of non-autonomous integrands. Of course our result extends
to weak solutions of the corresponding nonlinear Stokes type system.

1 Introduction

In the classical formulation the Stokes problem reads as follows (see [La], p.
35): find a velocity field v :  — R™ and a pressure function 7 : 2 — R such
that

Av=Vr—f on(,
dive =0 on 2, (1.1)
v =1y on Of).

Here €2 denotes a domain in C R" (n > 2), f : 2 — R" is a system of

volume forces and vy : 92 — R™ represents the boundary function. For

results concerning existence and regularity of solutions of (1.1) we refer to
1

La]. If F(e) = %|e|?, then solutions of (1.1) are clearly minimizers of
2

Jw] = /Q {F(e(w)) — f-w} dx (1.2)

in a suitable function class of solenoidal fields.
A natural extension of this problem is to consider minimizers of (1.2) with
potentials F' being of power growth (compare [La], p. 192), i.e. we have

A1+ )7 Jof* < D*F(e)(0,0) < A1+ )T |o]? (1.3)

for all €,0 € S with positive constants A, A and an exponent p > 1 (S is the
space of symmetric n X n-matrices and e(w) denotes the symmetric gradient).
So we get a nonlinear variant of the first equation in (1.1):

div{VF(e(v))} =Vm—f onQ.
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For further examples and references we refer to [BF1] (introduction). Bild-
hauer and Fuchs consider the same problem under anisotropic growth condi-
tions, they assume

A1+ [e[*)7 |o]* < D*F(e)(0,0) < AL+ )7 |o]? (1.4)

with a C?-density F' and exponents 1 < p < ¢ < oo. The result of their
paper is (partial) C1*-regularity provided

n-+ 2

n .

q<p (A1)
This is the same result as they achieved in [BF3] in the framework of classical
variational calculus (note that full regularity theorems are not known for our
type of variational problems instead of the studies in [BF3]). In this setting it
is known since the work of [ELM] that an extension to the non-autonomous
situation is problematical if we require anisotropic growth conditions. Fuchs
and Bildhauer [BF2] show regularity statements by supposing the stronger
hypothesis

n+1

q<p (1.5)
which is a sharp bound under the assumptions stated there. In [Br2] we de-
velop conditions concerning the density F' (especially for their z-dependence)
to close the gap between the autonomous and the non-autonomous situation.
Here we extend this argument to the case of variational problems of the form
(1.2).

Firstly, we have to assume that it holds

F(x,€) = g(x, |e]) (A2)

for a C*-function g : Q x [0,00) — [0, 00) in order to introduce a suitable reg-
ularization of our problem. From the physical point of view this assumption
seems to be quite natural. If (A2) holds, then (1.3) reads as

=2 _ g'(,t) 2y 42
ML+ )7 < 2200 < N1 4 2%
1+ < L2 <) "
p—2 q=2
M1+t <g'(x,t) AL+t 2.
Furthermore we suppose that
0,9/ (2, 1)) < Az [g" (@, )(1+13)5 4 (14 2)"5 (A4)



is true for all (z,t) € Q x [0,00) and v € {1,...,n} with 0 < x < 1 as well
as

229" (x,0)] < Ag(1+2)"7 . (A5)
A typical example is

w(x)

/Q(1+|e(w)|2)2 dxr — min

for a Lipschitz-function p : © — (1,00) and it is easy to show the validity
of all our conditions for this density. For an extensive list of potentials we
refer to [Br2] (section 6), where one can find examples with a nontrivial a-
dependence and an arbitrarily wide range of anisotropy.

Now we state our main result concerning local minimizers of

T[] ::/Q{F(~,e(w))—f-w} dz (1.6)
in the class

K:={we Wy (Q,R"): divw=0}.
THEOREM 1.1 Under the assumptions (A1)-(A5) where all involved deri-
vatives are supposed to be continuous and the volume force f is assumed to
be sufficient reqular we have:

(a) For a local minimizer u € K of (1.6) there is an open subset Qy with
full Lebesque-measure such that u belongs to the space C1%(Qy, RY) for
any a € (0,1) provided q > 2.

(b) If n =2 and q < p+ 2 we get Qy = Q.

Remark 1.1 e [t 1s possible to include the case q < 2. In this situation
we need another blow up argument. The ideas to prove this can be found
in [Br2] (section 3) and [BF/]. But the arguments used there have to
be adjusted to the fluid case. If we have a look at the 3D case then we
obtain partial regularity (increase q if necessary, see (Al1)) if p > 6/5.
For n =2 the assumption q > 2 is no restriction at all.

o We prove our result in the case f = 0 for a technical simplification but
an extension is easy if f is located in some appropriate Morrey space.



2 Auxiliary results

In this section we prove regularity statements for the non-autonomous isotro-
pic situation. The following results should not be surprising but it is hard
to find a reference in literature. We consider a function G : Q x S — [0, 00)
satisfying

a(1+ €))7 |7* < D2G(x,¢)(r,7) < A(1 + )7 |7,

s (2.1)
04D G (z,€)| < A(L+ [€]") 7,

for all e,7 € S, all z € Q and all v € {1,...,n}. Thereby Q denotes an open
set in R™, we suppose p € (1,00) and a, A are positive constants.

Lemma 2.1 Suppose thatv € Wl’p(ﬁ, R™) is a local minimizer of the energy

loc
w— [5G(-, e(w)) dx subject to the constraint divw = 0. Then we have

a) v e W2(Q,R") fort := min {2, p};

loc

b) (1+|e()]?)5 € WA(Q) together with

loc

V{1 + 1@} = 20+ @)D e) Vi) :

¢) DG(- e(v)) € WEP'P(QS) and

loc

9, {D.G(-,e(v)} = 0,D.G(-,e(v)) + D?G(0,¢(v),"), v=1,..,n.
Proof: The starting point is the Euler equation

[ DGt epydo =0 22)

being valid for any ¢ € WP (ﬁ, R™) with div¢ = 0 and compact support in
2. From (2.2) Bildhauer and Fuchs [BF1] deduce in the autonomous case
(A f is the difference quotient from f in the th direction for h # 0)

J

Thereby we have n € C{°(Bg) for a ball B € Q) such that n=1on B,
n = 0 outside of B, n > 0 and |Vn| < ¢/(r" — r) where r < 1" < R. The
function v belongs to the space W, *(B,,,R") such that

0’ B (e(Apv), e(Apw)) dz = /B B.(e(Apv), he(y) — Vn* © Apv) da.
(2.3)

r! r!

1
divey = EVUQA;ZU,
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together with

IVl < & | VP an]| - (2.4)

P=h

In our situation B, stands for the bilinear form
1
:i/ D2G(x + the,, e(v)(x) + the(Ap) (x)) dt.
0
In the autonomous situation one has

Ap{DG(e(v))} () = Bu(e(Apv), -).

Here we get on account of the xz-dependence

A ADGlac0)@)} = [ 20,6 + the,. e(0)(a) + the(S0) ()
B.(e(Apv), )

where we abbreviate the linear form defined by the first integral on the r.h.s.
by L.. As a consequence we have to add

/ L, : [he(®) — V> © Apv — e(Apv)y?] da
B,

on the r.h.s. of (2.3). This leads us to the estimation of the following three
integrals (using (2.1))

sz;/1+\ (2) + the(Apv) (2)[2) 2" [he ()] dida,

Js _/ / (14 |e(v)(z) + the(Apv)()|2) T |V © Apv| dtda,

J3 —/ / (1 + |e(v)(z) + the(Apv)(x)| )%|6(Ahv)|dtdx.
Considering J; one sees by Young’s inequality and (2.1)

Jﬁ@/ /1+| ) + the(Aw)(@)P)} dtdz
HW/I&WWWW.



Following [BF1] (calculations after (3.7)) we can bound both terms by

c(r' —r)7? (1 + / |Vul? dx)
Brin

where h is chosen sufficiently small. For J; we obtain

Jy <c(r' — / / (14 |e(v)(z) + the(Apv)(z)|?)? dtde
—|—c/ |Apv|P dx.
B,/

On account of

HAhUHLP(BT/) < HVUHLP(BR)

since v € VVli)f (Q R™) we receive for J the same estimation as for J; and
thereby

S+ T <clr—r)?(1 +/ |VolPdx | . (2.5)
BRrin
Having a look at the last integral we obtain by Young’s inequality
Jy <c(d / / (14 |e(v)(z) + the(Apw)(x))?)? dtdx

+5 / / 1+ |e(v)(x) + the(Apv)(2)2) T |e(Anv)|? dtda

for an arbitrary 6 > 0. Whereas the first term on the r.h.s. is bounded by
the r.h.s. of (2.5), the last integral can be absorbed in the Lh.s. of (2.3) on
account of (2.1). Let

w(r) ::/ B.(e(Apv), e(Apv)) dx

then the authors of [BF1] prove starting from (2.3) the inequality

w(r) < % (r') +c(r’ —r)~? (1 +/B |VolP da:) . (2.6)



We have additional terms to their calculations but if one sees in (2.5) they
can be bounded by the r.h.s. of (2.6) as well and we can satisfy the same
inequality. From (2.6) we deduce by [Gi] (Lemma 3.1, p. 161)

wr)y<c(r —r)?(1 +/ VolPdz |, 0<r<r <R (2.7)
Brin
If p > 2 we have (compare (2.1))

w(r) > cle(Apv)f?

and (2.7) implies (by quoting Korn’s inequality) part a) of Lemma 2.1 in this
situation. If p < 2 then (... = e(v)(z) + the(Av)(x))

|AwPM—/ /1+| )2 8 |e(Ap0)[P(1 4 |...2) 2" dtda
B, -

gcw(r)+/r/0 (14]...]")2 do
<cw(r)+c <1 +/B |Vul? dw) :

In this case we receive Lemma 2.1 part a) by (2.7), too. With a minor
modification in case p < 2 we can quote part b) from [BF1] (p. 9). Since we
know d,e(v) € Lt (€,S) we have after passing to a subsequence a.e.

Ape(v) "= 0ye(v).
Therefore we get a.e.
By(e(Apv), ) = DIG(x,€(v))(0y¢(v), ),
L, "= 0,D.G(x, e(v))

h—>0

which means we obtain a.e.
Ay {DG(e(v)} () "= D2G(x, e(v))(D¢(v), ) + 0, DG (x,€(v)).  (2.8)

If we are able to bound A, {DG(e(v))} in L/PV(Q,S) we get together with
(2.8) the claim of part c¢) using [Mo] (Thm. 3.6.8 (b)). In addition to the

calculations from [BF1] we only have to show a uniform L?*~"-bound on
L,. We clearly get by Jensen’s inequality and the growth of 0, D,

/ |L [P/ dr <cf1 +/ |VoulP dx
Br BRr+n

and the claim follows. O



3 Regularization and higher integrability

First of all we present our regularization where the main ideas arise from
[CGM]. For M > 1 let

g(x,t), for0<t< M
— t p
g (2, 1) := g(x, M)+ ¢'(x, M)t — M)+ [ [ ¢"(x,7)h(x,T)drdp,for t > M
MM
and finally Fiy/(x,€) := gu(z,|€]). As proved partly in [BF2] and partly in

[Br2] this function has the following properties if we suppose (A2)-(A5) and
the continuity of the involving derivatives of g:

Lemma 3.1 (i) Fy(z,¢) < F(z,€) for all e € S;
(i1) for |e| < M is Fy(x,€) = F(x,€);
(11i) Fy(x,€) growth isotropic: i.e.
alel’ —b< Fu(z,€) < An|el” + Bu

for all € € S with uniform constants @ > 0, b € R and constants Ay
and By depending on M.

(iv) Fp(x,€) is uniform (p,q)-elliptic, which means we have for e,7 € S
and v € {1,....,n}

X1+ )7 |7 < D2Fy(w,e)(r,7) < As(1+ |e) T |7,
0, DeFir(w,€)] < As(1+ |e[*)*T
with constants X, A3 > 0.

(v) Ful(x,€) is p-elliptic, i.e. fore,7 €S is
X1+ )7 |7 < D Fus(w,€)(r,7) < A1+ )7 |7)°,

0, DeFar(, )] < Aas(1+ [e*)*T
with a uniform constant X\ and a constant Ay depending on M.

(vi) For all e,7 €S it holds

02D Fas(w, €)| < Au(1+ [e[)7,
‘C%D?FM(L e)(, 6)‘ <Ay ‘DEFM(x, e)(, 6)‘ (1+ |e|2)§
ptqg—2

+A4(1+ [e") 5 7]
uniformly in M with Ay > 0.




With these preparations we define the regularization uy; of the problem (1.6)
as the unique minimizer of (note we assume w.l.o.g. f =0)

Tulw] = /BFM(.,e(w)) dz

in u+W,"(B,R") subject to the constraint divw = 0 with a ball B = By €
Q). This is the solution of an isotropic problem and so we get the regularity
statements from Lemma 2.1 for u,,. Now we want to prove

Lemma 3.2 Under the assumptions of Theorem 1.1 we get

G(U) c LE(Q,S) an Z 3
(,S), foralls < oo, if n=2.

Also u belongs to the space VV;;(Q,R”) for t ;== min {p, 2}.
For our proof we need a inequality of Caccioppoli-type:

Lemma 3.3 Let Ty := 1+ |e(uyr)|?. Then there is a constant ¢ > 0 inde-
pendent from M such that

/n%‘%|Ve(uM)]2dx§c||V77||io / Fidx—i—c/ﬂ%dx

B spt Vn sptn
for alln € C}(B).
Proof: We get (compare [BF1], (4.9), which is unaffected by the z-dependence)

[ A ADFu e etunn)} - el guar) da
=2 [ nurr (V0 © A s = Q) d
and thereby with an obvious definition for B, and L,
/BT]2B$(A}Z€<UM), Ape(up)) = —2/B77AhTM (Vo Ay [uy — Q]) de
—/anLx s Ape(uyy) de. (3.1)

Here is py, € WP/P=D(B) a pressure function such that

Vpy = divoyy,
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o = D Fy (-, e(unp)),

™ = om — pml,

n a suitable cut-off function and @) € S an arbitrary matrix. The Lh.s. of
(3.1) is non-negative and on account of convergence a.e. we get by Fatou'’s
lemma

/ n* D2 (0, e(unr), Ove(up)) de < lirhn iglf lr.h.s. of (3.1)]. (3.2)
B —>

Now we have to show, that we can change limes and integral in the terms
on the r.h.s. of (3.1). For the first term this is already established in [BF1].
Therefore we have to find an exponent s > 1 such that L, : Ape(up) is
uniformly bounded in Lj . (than we quote Vitali’s convergence theorem).

We have by Jensen’s inequality for r < 2R

|L, : Ape(up)|® dx

< C<M>/B./O (14 |e(uar) + thApe(up)?) ¥ x

s(p—2)

4 ‘AhE(UM”S dtdx

(1 + |e(unr) + thARe(unr)|?)

< C(M)/ B, (Ane(un), Ape(unr)) de + c(M) (1 +/B le(upr) |25 dx)

r+h

using Lemma 3.1 part (v). If we remember Lemma 2.1 and its proof we get
p—2
)\/ n°T,7 | Ve(up)? de < —2/ N0,y = (Vi © 0y [uy — Q) do
B B
—/ 0?0, D Far (- e(un)) = 0ye(ups) dr (3.3)
B

which corresponds to (4.10) in [BF1]. The first integral is bounded by

2—q % q—2 2
(/ n2]VTM]2FAjdx) </ yvn|2rM2|vuM—Q|2dx) : (3.4)
B B

We get (sum over )

|VO'M|2F]W%(I < cFM%q [0y DeFpr (-, €(unr)) = Oy
+ D Far (-, e(uar)) (Dy€(unr), 0401)]

2-q g
<y T4 Vou|

10



e\ f D2 Fy (-, e(unr)) (s e(unr), Oye(unr)) [ Vous|

by the formula for 0,0, given in Lemma 2.1 (remember the growth estimates
in Lemma 3.1 (iv)) and thereby on account of |V7y| < ¢|Voy|

N

2—q a
IVTM|F]\/? < CP?M + CD?FM(, E(UM))<87€(UM), ave(uM))
Therefore we bound the r.h.s. of (3.4) by

T/BUZDE(@(—:(UM),Z%E(UM)) dx

e(r) ( / V2T [Vuas — QP de + / n?rﬂiczx). (3.5)
B B

After absorption of the 7-term (remember (3.2)) we can bound the remaining
term by (note ¢ > 2)

v V r%mwr/ quM—Qde] +c/ T2 dz
spt Vn spt Vn sptn

ScHVnHio/ rgz}dxﬂ/ T2, dz (3.6)
spt Vn

spt7n

using Korn’s inequality and choose () as a suitable skew-symmetric matrix.
Now have to estimate

I = —/ 0?0, D Far (- e(un)) = 0ye(upy) do
B

- /a7 {00, DeFar(- e(unr)) } : e(unr) da

_ / 202D Fur (-, e(ung)) - e(unr) da

B

+/ﬁ@ﬁﬂwdwmwﬂmeW»M

+/87D€FM(-,€(UJM)) s e(unr)0yn* do
B

= Il—|—]2+[3.

Lemma 3.1 (vi) gives



and from Lemma 3.1 (iv) we deduce

I3 < c[| V]l / F;%udOCSCHVnHiO / Fjgwdx—l—c/l“]gwdx,

spt Vnp spt Vn sptn

For I, we conclude from Lemma (2.1) (vi)

IL<e / 7 [ D2 Fas (- e(uunn)) (Dye(uns ), eune))| (1 + |Vung[2)E da

ptq—2
+c/772FM4 |Ve(up)| de.
B

We can bound the first integral by

; / 2D Fa (- e(un))(Dseuung, De(uns))da
Te(r) / D2 Fyy (- e(tnt)(€ung, €(ung)) (1 + |e(ung) )l

If we know

1( n -+ 2 >
K< z\P —q),
2 n

we can increase ¢ to g + 2k w.l.o.g. Now we can absorb the first term (see
(3.2)) and bound the second one by

c / F]gwdx.
sptn
For arbitrary 7 > 0 we obtain by Young’s inequality
9 ptg—2 9 p=2 9 a
/n r |Ve(uM|d:v§T/17 7 (Ve(un[? de + () / r? de
B B sptn
which we handle conventionally and we finally receive the equation from

Lemma 3.3. O

Proof of Lemma 3.2: If we follow the lines of [BF1] (proof of Corollary
4.2) and [Br] (proof of Lemma 2.1) we get by Lemma 3.3

L%(B S) ifn>3
c loc ) > 5o
€(unr) { L (B,S), foralls<oo,ifn=2 (3.7)

12



uniformly. Note that the integrability of ¢(uy;) which we need is obtained by
Lemma 2.1 (b) and Sobolev’s inequality. To transfer the integrability to the
solution u we have to show the convergence u,; — u. By a combination of
Lemma 3.3 and the uniform W,>%(B, RY)-bound of uy; (see (3.7)) we obtain

loc
Ve(uy) € Lt .(B,S") uniformly. (3.8)

Since wuy is a Jy-minimizer on boundary data u we get uniform LP-bounds
for €(ups) using Lemma 3.1 (i), (iii). As a consequence we can bound uy,
in W'?(B,R") uniformly by Korn’s inequality. Using Korn’s inequality for
another time we obtain by (3.8) for all v € {1,...,n}

10y untllypre < e {l10vunrll e + le(@yunr)ll i} < e
and so we can follow after passing to a subsequence

upy —: v in W2(B,RY) and

loc

Vuy — Vo almost everywhere on B

for a function v € W2'(B,RY). As in [Br2] (end of section 2) we can follow

u = v and thereby the claim of Lemma 3.2. 0

4 Partial regularity

As in [Br2] (section 3) we get

Lemma 4.1 Let Hy := F%, I:=1+|e(w)|? and H :=T%. Than we have
o HeWl(B),
o Hy — H in W-2(B) for M — oo and
o c(uy) — €(u) almost everywhere on B for M — oco.
e Formn e C°(B) and arbitrary balls B € Q0 we have
/172|VH|2 dx < ¢ ||V, / T3dr+c / r

B spt Vn sptn

N

dzx.

We define (f... and (...),, denote mean values)

Bz, r) = ][ () — (€(t))ar |t dy + ][ () — (€())n  dy

Br(x) By ()

and obtain

13



LEMMA 4.2 Fiz L > 0. Then there exists a constant C*(L) such that for
every 7 € (0,1/4) there is an € = (1, L) > 0 satisfying: if B, € Br and we
have

(e(W)as| < L, E(w,r)+17 <€
then
E(z,7r) < C*r*[E(z,r) +r7].
Here v* € (0,2) is an arbitrary number.

We follow the lines of [BF1] and so the only part which need a comment is
the uniform bound of [ B, |V |? dx for p < 1 (the function 1, is defined in

[BF1]). For O(¢) := (1 + [e|*)T (¢ € S) we see

/ (Vb (2)]? dz = / |DO(A,, + Ae(um)(2)) = Ve(un)(2)]* dz

r? )
= 7’;1”)\—’; / |VH|" dz
Bprm (Tm)
<clp)r2 X2 ][ I'? dz, (4.1)

BTm (Im)

where A2, := E(2,,,7,,)+72,. Furthermore we receive (note |(e(w))q,, .| < L)

][ Midz<c|l+ ][ le(u)|?dz

Brm (xm) BTm (Cbm)

<cl|l+ ][ le(u) — (e(w))zp.rm|?dz + ][ |(e(w)) gy | d2
Brm (mm) Brm (wm)
< cE (T, mm) + c(L).

we obtain

[ 19en@) s < clp) [+ 22 L].

14



Recalling the choice of v* we have 72, A2 — 0 for m — and the boundedness
of [ B, |V, |? dx follows. Now the proof can be completed as in [BF1]. O

Proof of Theorem 1.1 b): In [BFZ], (2.6), the authors establish a inequal-
ity of the form (remember (3.3))

][ Hi dx <c ][ hi,Hyy dx (4.2)

B (x0) Bar(z0)

for s = 4/3 valid for any Bs,(xg) € Bag with a constant ¢ independent of M
and r (therefore they have to know ¢ < p + 2). Thereby we have (sum over

7, pi=max{q— 2,2 — p})
13 o= D2 euns))@yuns, Dyuns)  and by =T

Note that we have arbitrarily high integrability of €(uy) uniform in M on
account of 3.7. In our situation we have to add on the r.h.s. of (4.2) the term

—c ][ 0?0, D Far (-, €(unr)) = 0ye(upy) da.
BQT(]:O)

Using Lemma 3.1 (iv) and Young’s inequality we can estimate this integral
by

2 772 e
T ][ n° Hjy,dx + (1) ][ r,, dz.
Br(z‘o) B2r(330)

After absorption of the 7-integral in the L.h.s. of (4.2) we finally receive

29—p
][ H2 de < c ][ W H de |+ ][ T, de.  (43)
By (x0) Bar(z0) Bar(z0)
Having a look at Lemma 1.2 from [BFZ], one can see that the additional
term in (4.3) is no problem since we have arbitrarily high integrability of I,
uniform in M. Now it is possible to end up the proof as in [BFZ]. 0J
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