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Abstract

We discuss partial regularity results concerning local minimizers u : R* D Q — R? of
variational integrals of the form

/{a P (w)|) + b(| div( )|)} dz,

where a and b are N-functions of rather general type. We prove partial regularity results
under quite natural conditions between a and b. Furthermore we can extend this to the
non-autonomous situation which finally leads to the study of minimizers of the functional

a(z)
2 } dx,

J{a+1P@P + 0+ divw)

where p and ¢ are Lipschitz-functions.

Mathematics Subject Classification (2000): 94 N 60, 74 B 20, 74 G 40, 74 G 65, 35 J 50

Keywords: local minimizers, nonstandard growth, nonlinear Hencky materials, partial
regularity

1 Introduction

Let © C R? be a bounded open set describing an elastic body on which the displacement
u: € — R3is defined. In the case of linear elasticity the elastic energy of the deformation
is defined by

Jl[u]:/QE)\(div(u))Q—i—mg(u)\z | (1.1)

where A\, k > 0 denote physical constants and e(u) = % (5 ) is the symmetric
gradient of u. Minimizing the functional given in (1 1) leads to a hnear elliptic system
which has solutions of class C*° (compare, e.g., [FS]). In order to model a nonlinear
material behaviour, in particular the nonlinear Hencky material (see [Ze]), J; is replaced
by

nfil = [ [GAaiv)? + () (12)

for a suitable function ¢. Here ¢”(u) = e(u) — 3 div(u)I denotes the deviatoric part of
the symmetric gradient. In the simplest case one assumes power growth conditions in the

sense of (F(g) = ¢(|g|))

M1+ [e[))7 |of? < D*F(e)(0,0) < Ay(1+ |e)*T |o]?



for all €,0 € S with positive constants Aj, Ay and for an exponent p > 1. Here S denotes
the space of symmetric 3 x 3-matrices. In case p € (1,2]| partial regularity is obtained
in [Sel] and [Se2], whereas full regularity in the 2D case is a consequence of the work
of Frehse/Seregin [FrS] with a little modification. Since the model above is used as an
approximation for plasticity, the density usually is of nearly linear growth which means
o(t) = tin(1 +t) or p(t) = (1 +t?)% for some p > 1 close to 1 (compare [Ka], [KI] and
[NH)).

In [BF1] the superquadratic case is studied for the first time with the result, that mini-
mizers in two dimensions are of class C''®, provided

p<A4. (1.3)

This result is generalized in [BF2|, where the authors consider functionals of the type

Jslu] =/Q[a(ldiV(U)\)+b(|6D(U)l)} dz, (1.4)

where a and b are N-functions (see [Ad] for a definition) with superquadratic growth. In
the 3D situation, according to our knowledge, no regularity results for the functional J3
are available which motivates the studies in this work.

To be precise, we assume for h € {a,b} that h : [0,00) — [0, 00) is a C*-function satisfy-
ing:

h is strictly increasing and convex with

Al
lim@:() and lim@:oo. (A1)

t—0 t t—o0

Furthermore we assume the existence of a positive number % such that we have for all
t>0

(1)
t

< h'(t)<h hli”. (A2)

We further require that our problem is non-degenerate at the origin, i.e.
h"(0) > 0. (A3)

A discussion of property (A2), as well as examples for functions which satisfy the con-
ditions above, can be found in [BF3]. Finally we suppose the existence of a ¢ > 0 such
that

a(t) < cb(t) for large t. (A4)

Note that quite similar conditions are used in [BF2], [Ful], [Fu2] and [BrF]. Let us give
some comments on (Al-4):

i) We have h(0) = h/(0), and by convexity A’ is an increasing function with A'(t) > 0
for all £ > 0.



B (t)

The inequalit < A" (t) implies that the function t — is increasing, moreover
ii) quality "2 P g,

we deduce the lower bound
1
h(t) > §h”(0)t2, t>0. (1.5)

(A1) shows that h is a N-function in the sense of Adams [Ad, Section 8.2].

iii) From (A2) it is to deduce that h and A’ satisfy global (A2)-conditions (compare
[BF3], Lemma A.1), and it is easy to see that

h(t) < c(t?+1) (t > 0) (1.6)

for a suitable exponent ¢ > 2 and a constant ¢. Therefore the convexity of h implies
that 1/(t) can be bounded in terms of ¢¢71.

iv) From the (As)-condition of h and from the convexity of h we deduce the inequality

-1

kRt < h(t) <th'(t) (t>0). (1.7)

v) Let F(e) := a(|tr(¢)]) + b(|eP|) then we conclude from (A2) the ellipticity condition

a/(|tr(€)|)|tr7|2—|— b/(’&“ D|7_D|2 (18)

| tr(e)] [e”]

for all e, 7 € S. Recalling iii) and using ( see ii)) |(|ZZ|| h"(0), we get from (1.8)

D*F(e)(7,7) =~

min {a"(0),0"(0)} |7|> < D*F(e)(r,7) < C(1 + |e[)'T |72, (1.9)
and (1.9) means that F is of anisotropic (2, ¢)-growth.
vi) Condition (A4) can also stated in the form b(t) < ca(t) for large t.

Finally we need an assumption limiting the range of anisotropy in terms of a and b. More
precisely we suppose

b(t) < ct“a(t) for large t with w > 0. (A5)
Now we can state our main result in the autonomous setting:

THEOREM 1.1. Let u € W%(Q) be a local minimizer of (1.4) under the assumptions

loc

(A1)-(A5) with w < 4/3. Then we have

| div(uw) a t leP(
/ au / \/ Lare w2
loc

a(|div(u



THEOREM 1.2. Let u € WLY(Q,R3) be a local minimizer of (1.4) under the
assumptions (A1)-(A5) with w < 4/3. Then there is an open subset 2y of Q@ with
full Lebesgue measure such that u € C*(Qg, R?) for any 0 < o < 1.

An explicit description of the set €2y is given after Lemma 3.1. Unfortunately we could
not rule out the occurrence of singular points (for Vu), but even if they exist, the solution
itself is at least continuous. In fact, from Theorem 1.1 b) combined with (1.5) it follows
that |e(u)| € LY (Q) holds, and we deduce from Korn’s inequality (see e.g. [FS] or [AM])

loc
and Sobolev’s embedding theorem

Corollary 1.1. Under the assumptions of Theorem 1.1 and 1.2 any local minimizer of
problem (1.4) is locally Hélder continuous with exponent 1/2.

Remark 1.1. o A definition of the Orlicz-Sobolev space W1(Q)) can be found in
[Ad]. A solution v € W1(Q,R3) of the global problem w.r.t. to boundary data
in WHe(Q,R3) can be generated as in [BrF] (Lemma 4.5) since a < cb.

e [t is easy to see that the result of Theorem 1.1 extends to higher dimensions, if we
require w < 4/n with integrability up to n/(n — 2).

o Qur model clearly covers the functional in (1.2), where we obtain p < 2+ 4/3 which
corresponds to (1.3) noting that we have n = 3.

e [n [BrF] the first author and Fuchs consider minimizers of
[ hw ds
Q

assuming h"(t) < (1 + tQ)%@ (all other assumptions on h are the same). They
prove partial reqularity of local minimizers if w < 4/3. The r.h.s. is obviously much
weaker than the one of (A2) but in our case the anisotropy is generated by (A5).

o A main tool for our approach is a Korn-type inequality in Orlicz spaces proved by
Fuchs (see [Fu3]).

Now we would like to consider the non-autonomous situation, i.e.

Jy[u] = /Q la(z, | div(w)]) + b(z, | (w)])] da. (1.10)

Here we suppose the assumptions (Al)-(A5) uniformly in z € Q. A first assumption to
handle the z-dependence is requiring the natural condition (h € {a,b})

0,1 (2,1)| < coh'(x,t) for all (z,1) € Q x R (A6)

and all v € {1,...,n} with a constant ¢; > 0. Since the research of Esposito, Leonetti
and Mingione [ELM] it is known that regularity results from the autonomous situation

4



do not necessarily stay true if one allows an additonal z-dependece of the density (in
case of anisotropic growth conditions). If we assume special structure conditions for the
x-dependence the reslts should adjust (compare [Brl]). Therefore we suppose, following
the ideas of [Br3], the existence of constants 60,6, > 0 such that (B € Q)

a(z,t) < 0, 1% Yq(y, t) for all t > 1 and all 2,y € B (AT)
as well as
argmin, 5 a(y, t) is independent of ¢. (A8)

Hence we obtain

THEOREM 1.3. Let u € W(Q,R?) be a local minimizer of (1.10) under the assump-

loc

tions (A1)-(A5) with w < 4/3 uniformly in v € Q as well as (A6)-(A8). Then there is
an open subset Qo of Q with full Lebesque measure such that u € CH*(Qy,R3) for any
0<a<l

Remark 1.2. e Since the N-functions we are considering now depend on x we are
not able to construct a solution in an Orlicz-space and so we work with a local
W2-minimizer which clearly exists.

e By (A7) and (A8) we are able to extend Theorem 1.1 and Theorem 1.2 to the case
of x-dependent integrands. An easy way to obtain an example is

h(z,t) == a(x)h(t),
where h satisfies (A1)-(A4) and « is a strictly positive Lipschitz-function.

e Since the standard reqularization we use in the autonomous case does not converge,
it is not trivial to extend the result from this situation. Another difficulty occurs in
the blow-up procedure on account of our x-dependent excess function. Those are the
same problems as in the classical variational setting of (1.3), see [Br2] and [Br3)].

e Corollary 1.1 stays true in the fashion of Theorem 1.3.

Finally we would like to consider minimizers of

(=) a(z)

i = [ {@+ PR + (0 aiv() P2} ds (1.2)

where p and ¢ are Lipschitz-functions from Q — [2,00). It is easy to establish (A1)-(A3)
as well as (A7) and (A8) for the functions

q(x)

a(,t) = (1+2)" =1 and b(z,t) = (1+£)% —1

but they do not fullfill (A6). Hence this energy is not covered by Theorem 1.3. In this
case we obtain



THEOREM 1.4. Let u € W,22(,R?) be a local minimizer of (1.2) under the assump-

tions p < q and ||p — q||, < 4/3. Then there is an open subset Qg of Q with full Lebesgue
measure such that u € CH*(Qy, R3) for any 0 < a < 1.

Remark 1.3. The differences between the proofs of Theorem 1.3 and Theorem 1.4
are ezactly the same as the ones between the proofs in [Br3] and [Br4]. Therefore
we only give a proof of Theorem 1.5.

e [n order to obtain reqularity results for minimizers of (1.2) in two dimensions we
have to modify the proof of Theorem 1.3 in [BF2] in the same way as done in [Brj],
Theorem 1.1 b), with the result full CY*-regularity without any restriction between
p and q.

Remark 1.4. o Let us finally compare our results with the classical variational set-
ting, which means

T = / 0|V yu]) + b(| V)] do,

where Vu = (Viu,Vau) is an arbitrary decomposition. In this case we have to
suppose weaker w < 2 to obtain the same result (this is also true in case (1.10)
and (1.2), see [Br2[-[Br4]). In our setting we do not have a maximum principle for
minimaizers, which is a crucial tool in in the papers [Br2]-[Brj]. Hence we need a
completely different approach to obtain higher integrability.

o A further problem is that we have to estimate Vu by e(u) in terms of N-functions,
which means we need Korn-type inequalities in Orlicz-spaces. In the blow-up pro-
cedure Lemma 4.7 from [BrF] is therefore a crucial tool whereas we use the Korn-
inequality in Wol’h from [Fu3] during the higher integrability proof.

Our paper is organized as follows: In section 2 we prove Theorem 1.1, where we use the
standard regularization working with Sobolev’s inequaility. In section 3 we prove Theorem
1.2 via blow-up. For the proof of Theorem 1.3 in section 4 we work with a regularization
which was intruduced in [BF2| and extends the techniques from the other sections for a
x-dependence.

2 Higher integrability

In this section we prove Theorem 1.1. A first step is to approximate (1.4) locally by
variational problems with sufficiently regular minimizers. Let
1
d:=46(p) = — 5
L4 p= '+ ([ (@)l o
q
Hs(e) =6 (1+ |e|*)® + H(e)

Y



for € € S and for a small parameter p > 0. Here the parameter ¢ is defined in (1.9) and
(u), denotes the mollification of w with radius p. For B := Bg (zo) € © we define us as
the unique minimizer of

Js [w, B] = /B Hy(e(w))dz 2.1)

in (u), + Wy (B, R?). Some elementary properties of us are summarized in the following
Lemma (see [BF1], Lemma 3.1, Lemma 4.1 and estimate (4.10), as well as the inequalities
(12) and (13) from [Fu2] for part ¢). Note that our situation is easier since we do not have
to work under the constraint divw = 0):

Lemma 2.1. Let the hypothesis of Theorem 1.1 hold. Then we have
a) us € W2*(B,R?),

loc

b) (1+ |e(us)?)t € Wy, 2(B),

loc

and for allm € C°(B), Q € R¥*3 and v € {1,...,n} we obtain
[ D Hs(e(ws) 0y, 0. (u5)) d
B

<c [ DPHy(e(us)(0,05 ~ Q) @ V. 05— Q) © V) do
B
c) As p — 0 we have us — u in WH?(B,R?) and
(5/ (1+ |e(u5)\2)% dx — 0.
B

d) The integrals [, [a(] div(us)]) + b(|eP(us)|)] dz are bounded independent of 6 and
therefore the same is true for [, a(|e(us)|) dz on account of (A4).

Furthermore we need the following statements, which can be proven exactly as Lemma
2.2 from [BrFJ:

Lemma 2.2. Under the assumptions of Theorem 1.1 it holds:
a) us is uniformly bounded in Wh*(B,R3).
b) The sequence a(|us|) is uniformly bounded in any space LX(B), x < 3, so that
a(lus|)|us|" € L'(B)

uniformly, provided p < 4.



After these preparations we start with the proof of Theorem 1.1 following the main ideas
of [BrF], Theorem 1.1: In a first step we work with a cut-off function 7, € C5°(B#(2))
with 9y =1 on B.(2), 0 <m <1 and |Vn| < c¢/(7—r), where 0 < r < R are such that
Bg(z) € B and 7 := &2, We get by Sobolev’s inequality

a(| div(ug)|)? de < ?a div(ug)|)? dx
[, atavtwirars [ otaai)

Bs(z)

. ol i) o (div(s) )P o
< {/W|W| (divtude+ [t eV i) } .

Using (1.7), Lemma 2.1 d) and (A3) we obtain for a suitable positive number 4 (summation
w.r.t. v €{1,2,3})

o (| div(us

a(|div(ug))3de < ¢(R—r)"" +¢ —)D ivuzx3
[, ettt i< ey {[ | el divtugaz

<c(R—r)P4c {/B~( )nfD2H(5(u(5))(87€(u(;), 0ye(us)) dw} :

7

A similar calculation shows the same inequality for [, . b(|eP (us)|)? dz and therefore

a(| div(ug)|)® dx + b(|eP (us)])? dx
[, atavtwans [ )

Bz

<c(R—r)"P4ec {/&( ) niD*H (e(us))(0,e(us), 04 (us)) dm} : (2.2)

T

In order to discuss the integral on the r.h.s. of (2.2) we apply the Caccioppoli-type
inequality from Lemma 2.1 ¢): we have for all £ > 0

/ 2D Hy(e(us)) (0 €(us), e us)) dx

B~

< c/ D?*H (e(uz))(0us ® Vny, Oyus © Vi) da
Biy(z)

+c6 (1 + le(ug)]?) [V |?|Vus|* da. (2.3)
Bs(z)

The §-term can be estimated by ¢(R — )~ using the same arguments as in [BrF|. The
remaining term in (2.3) decomposes into

a’(| diV(Ué)D 2 2
——— 22 IVus ||V dx
/M) [div(uy)] Vel Vm]

b'(|” (us)]) > >
+/ —————|Vus|* |V | dz
Byz) €7 (us)] [Vusl [Vm]

8



on account of (1.8) which can be estimated by

(R — )2 UB?(Z) o |Vus|) d + /B;(z) b(|vué|)d4
c(R—1r)"? [1 . /B;(z) a(|Vus|)| Vus|* dx}

as a consequence of (A2), Lemma 2.2 a) and (A5). Following the lines of [BrF] gives us
together with Lemma 2.2 b)

/Bm a(|Vus))|Vus|* de < ¢(R — 1)~ ll + /BR(Z) a(|e(ug)])|e(us)]* dx}

for a positive exponent a. Combining this with (2.2) and (2.3) we arrive at (by enlarging
3 if necessary)

/BT(z) a(| div(us)|)? do + / b(|eP (us)])? do

By (2)

v { [ y a<|e<u5>r>|e<ua>rwdx}3] | (2.4)

In a final step we argue similarly to [BrF] to see (k > 0 is arbitary)

a(|div(ug)|)? dzx b(|e? (us)])? dx
/BM (I div(us)]) +/B,.<z) (12 (us)))

< ¢(R— r)_ﬁ

<c(k)(R—7r)""+ /4;/ a(|e(us)])? do

BRr(2)

for a v > 0, where w < 4/3 is needed. On account of convexity of a, (Ay)-condition, (A4)
and a suitable choice of k we get

/BT(Z)a(]div(u(;)\)3 d:ic+/ b(|eP (us)])? da

B,(z)

<c(R—r)""+ % {/B ( )a(\ div(us)|)? dx + / b(|eP (us)])? dx | . (2.5)

Br(2)

To inequality (2.5) we may apply Lemma 3.1, p. 161, of [Gi] in order to see that
a(|div(u)|)® and b(|eP(u)|) are in the space L}.(2) uniformly w.r.t. §. This proves
Theorem 1.1 a).

During our calculations we have shown that

D?H (€(us)) (€ (us), 0y¢(us)) € Lin(B) (2.6)

holds uniformly w.r.t. the approximation parameter. From (1.5) and (1.9) in combination
with (2.6) we deduce uniform W2-bounds on uz, hence for suitable subsequences it holds

ue W2, R, wus — uin W2*(B,R?),

loc loc

9



Vus — Vu a.e. on B.

Moreover, we see that the functions

| div(us)] / e (us)| /
i ::/ D g w?::/ \/b@)dt
0 t 0 13

are uniformly bounded in the space VVIIOCQ(B), thus we have weak I/Vllo’f(B)—convergence of
¥} and 2 with limits

[ div(w)| ; &P (w)] /
1. /a(t) 2. ‘/b@)
Y ._/O , dt, ._/O ; dt,

which finally proves Theorem 1.1. Note that D?H (e(us))(dy€(us), d-e(us)) is bounded
from below by

d([div(w)]) 5 o e VIEPWD) 5 b2
——>10,d —————|0
|d1v(u)| | Y 1V(u)| + |€D(U)| | “/8 (U)’
as a consequnce of the growth condition in (1.8) and we can sum up over v € {1,2,3}.00

Remark 2.1. Returning to the Caccioppoli inequality stated in Lemma 2.1 - now with
arbitrary matriz Q € R33 - it is easy to see that the appropriate variant of (2.3) after
passing to the limit § — O gives the inequality

/ N [V + V9] da < C/ [Vnl?|D*H (e (u))||Vu — QF dz (2.7)
B B

valid for anyn € C{°(B) and all Q € R3*3. Alternatively we may replace |V |? 4 |Vip?|?
by (or just |Ve(u)|?) in this inequality. The reader should note that the Lh.s. of the
d-version of (2.7) is treated via lower semicontinuity, whereas on the r.h.s. we use equi-
integrability in order to pass to the limit 6 — 0, we refer to [Br2] (section 2) for details
i a related fashion.

3 Proof of Theorem 1.2

Now we prove the partial regularity theorem stated in Theorem 1.2, where we combine
the arguements from [BrF] and [Br2]. Let u denote a local Js-minimizer and suppose
w.l.o.g. that w € [1,3) in (A3). We further let

a(t) :=t“a(t), t >0,

and recall that @ is a N-function. From Lemma 2.2 and Theorem 1.1 b) follows that w is

an element of the space € W3, (€2;R?), hence the excess-function

(u) — (e(w))ar 2 dy + ][ A(le(us) — (e())er]) dy

= |€
B, N

E(z,r):

for balls B,(xz) € Q is well-defined. Here and in what follows -ff, (f) denote the mean
value of a function f.

10



Lemma 3.1. Fiz L > 0 and a subdomain Q) € Q. Then there is a constant C,(L) such
that for every T € (0,1) one can find a number k = k(L,T) with the following property:
if B.(x) C Q' and if

|(e(u))zr] < L, E(z,7) < K, (3.1)
then it holds

E(z,7r) < C.(L)T*E(x,7). (3.2)

Once having established Lemma 3.1, it is standard (see, e.g. Giaquinta’s textbook [Gi3])
to prove the desired partial regularity result. It turns out that the regular set )y is given
by

Qp = {x € Q:sup|(e(u))zr| < oo and liminf E(z,r) = 0} :

r>0 710

i.e. Lemma 3.1 shows that the set on the r.h.s. is open and Vu € C%“ there for any
0 < a < 1. Obviously € is a set of full Lebesgue measure.

Proof of Lemma 3.1: We argue by contradiction (compare [Ful]). Let L > 0 and
choose C, = C,(L) as outlined below. Then, for some 7 € (0,1), there is a sequence of
balls B,, (x,,) € € such that

|(€<u))$m,7’m| < L, E(J,’m,’l“m) = )\%1 — 0, asm — 00,
E(Xm, Trm) > C.2A2 .

Letting A, := (e())4,, r,, We define for z € By := B;(0)

Um(z) = )\ml’f’m [u(xm +rmz) — rmAmz], (3.5)
Um(2) = Up(2) — Rn(2), (3.6)

where R, is the orthogonal projection of u,, into the space of rigid motions with respect
to the L?*(B,R?) inner product. We get from (3.3) using

c(un)(2) = 1 [} + () — A
the relations
|A,| < L, / le(um)|? dz + )\;”2]{9 a(Amle(um)])dz = 1. (3.7)

On the other hand, (3.4) reads after scaling

l€(t) — (e(um))O,T|2 dz + /\;f][ a(Am|€(tm) — (€(um))or|) dz > C.r2. (3.8)

B, B,

After passing to suitable subsequences we obtain from (3.7)

Ap = A Uy —:u in W3(B;R?),

11



An€(tpm) — 0 in L*(By;S) and a.e., (3.9)

where obviously (¢())o1 = 0. To prove the second convergence we need Korn’s inequality
(see for example [FS], Lemma 3.0.1 and 3.0.3 and in particular [AM], Proposition 2.6 (g)
and Proposition 2.7 (¢)) which gives by the choice of R,,

HumHWLZ(B) < He(um)”LQ(B)'
If we argue as in [Br2| (note that our assumptions on a and b are a little bit stronger than
the conditions supposed there and of course monotonicity of a'(¢)/t and b'(¢)/t simplifies
the calculations), after (3.9), replacing V by &, V by div and 8, by € we obtain the limit
equation:

D*H(A)(e(a), e(p)) dz = 0.

B
valid for any ¢ € C5°(By,R?). Quoting standard results on weak solutions of elliptic
systems with constant coefficients involving the symmetric gradient (see, e.g., [GM] or
[F'S], Lemma 3.5, our situation is easier since we have no imcompressibility condition) will
give a contradiction to (3.8) as soon as we can show

() — (@) in LY, (By,S) (3.10)

Anf][ a (Amle(un)]) dz — 0, r < 1. (3.11)

For a detailed exposition of how to obtain the desired contradiction we refer to the com-
ments given in “Step 2: Strong convergence of the scaled functions” in [Br2]. In order to
prove (3.10) and (3.11) we return to (2.7) (with |Ve(u)|? in place of [V!|? + |[V4?|? on
the Lh.s.) and get after scaling and with appropriate choice of the testfunction n

Ve(um)?dz < C(s — )72 [ |D*H (Ape(tm) + Ap) [|Vun|* dz (3.12)

B Bs

valid for 0 < t < s < 1. On [A,|e(un)| < K] we have
|D*H (A + An€(um)) | [Vt * < o(K)|[Vug |,
whereas on [\, |€(u,)| > K] it holds (K large enough)

|D?H (A (ttm) + A | [Vt

& o div()]) VOl ()]
< o) l” Mo AV (tm)| T Aol ()]
< oK) [|[Vuml + A28 (M| V)] -

] (Vi |?

Here we have used monotonicity of a/(t)/t and V/'(t)/t, (1.8), as well as b(t) < a(t) for large
t (compare (A5)). Therefore, (3.12) implies on account of |V?u,,| < ¢|Ve(u,,)|

VU, [P dz < c(s —1)72 [ |V, dz + /\;12/ 1 (| V) dz} . (3.13)

By Bs s
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If we follow the lines of [BrF] (compare the calculations after (3.13), here one has to know
w > 1) we can bound the r.h.s. of (3.13) uniformly in m and therefore we obtain uniform
L? ~bounds on V?u,,, which shows (3.10) after passing to a subsequence.

In order to prove our claim (3.11) we introduce the auxiliary functions

[Am div(um)+tr(Am) [ tr(Am) /
vlo= ; {/ \/ dt / ait dt}
1 I)‘m€ um +AD ‘Aml
v2o= . dt / dt

After scaling we can follow from (2.7) (0 <t < 1)

/ (VUL + |V, 1P| dz < cft) (3.14)

since the r.h.s. of (3.13) is an upper bound. Following the lines of [Br2] (after (3.22))
(replacing V by div and 8, by ) we easily obtain L? -bounds on ¥} and ¥2 and
therefore together with (3.14) it is shown that

vl HWI(Bt) w2 le By < c(t) <oo,0<t <1, (3.15)

With (3.15) we can repeat exactly the arguments presented after (3.17) in the paper [Br2]
ending up with (3.11). Note that the condition

a(t) > 27D (1)

required in [Br2] is clearly satisfied in our context as a consequence of the superquadratic
growth of h and the hypothesis w < 4/3. This completes the proof of Lemma 3.1. U

4 Proof of Theorem 1.3

Now we assume that the function h = h(x,t) satisfies (A1)-(A5) uniformly in = € .
Furthermore we suppose (A6)-(A8) to handle the z-dependence. The first step is to
approximate the variational problem (1.10) by a sequence of problems with sufficient
regular minimizers. The standard regularitzation which we have used in section 2 does
not converge in case of x-dependence on account of the anisotropic behaviour of the two
parts in the decomposition of the densitiy H. This problem was firstly discussed in [ELM],
note that if a and b behave like powers there is no problem (see [BF4], Remark 3 b) and
[BF5], proof of Lemma 2.1, those arguments work in our setting, too). In [BF2] the
authors develop a regularization function hy, (M > 1) to approximate h (we clearly need
a function ay, to approximate a and by, to approximate b) with the following poperties (a
proof is given in [Br3] and [BF2], for the (V3)-condition in part ¢) have a look at (5.1))

13



Lemma 4.1. Suppose that the functions a and b satisfy (A1)-(A6) uniformly in z € Q.
Then we have

a) hy € C*(Q x [0,00)), har(z,t) = h(z,t) for allt < 3M/2 and

lim hp(x,t) = h(z,t) for all (x,t) € Q x RS

— 00

as well as hy < h.

b) The reqularization functions ay; and by satisfy (Al1)-(A6) uniformly in x € Q and
uniformly in M.

c) apr and by satisfy uniformly (As)- and (Vs)-conditions.
d) We have for h € {a,b} and a positive p independent of M uniformly in x € Q

phly (0t < hag(8) < By 60)t for allt > 0.

e) We have with Hy(z,€) == ay(z, | tr(e)]) + bas(x, [P])
N7 < DZHu (- €)(7,7) < Aylr|?
for all e, 7 € S with a uniform constant \ and a constant Ay, depending on M.

f) har and Hyp satisfiy the growth-conditions stated in (1.5)-(1.9) uniformly in x € Q
and uniformly in M.

After these preparations we define uy; as the unique minimizer of (B := Bg(zg) € 2,
where zy € () is arbitrary whereas we will choose R depending on w very small, which
does not restrict our argumentation)

Jy[w] = /BHM(-,s(w)) dr = /B [aM(-, | div(w)|) + bas (-, |5D(w)|)] dx

in u+ VVO1 ’2(B ,R3). The regularization uy; has the following properties:
Lemma 4.2.  a) uy belongs to the space W22 (B, R?).

b) ay (-, | div(ua)])® and by (-, |e(un|)?® are elements of Ly, .(B).

loc

¢) fory € {1,...,n} Qun solves
| Dt etw). (o) da
+ /B Oy D Hyr (-, e(upr)) = e(@) dz =0 for all € Wy*(B,R?)
with spt(y) € B.
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d) wyr is in WH2(B,R3) uniformly bounded and we have

sup/ Hy (-, e(upy)) doe < oo.
M JB

On account of Lemma 4.1 e) we consider the minimizer of an isotropic problem with
quadratic growth and can deduce part a) from [Br5] (Lemma 2.1, note that our situation
is easier since we do not restrict us to the constraint div(w) = 0). Part b) follows from
part a) by Sobolev’s inequality and the quadratic growth of h,; stated in Lemma 4.1 e)
and f). Weak differentiablity of D.Hp(e(ups)) follows from [Br5] (Lemma 2.1) and so
Dupyr is clearly a solution if we restrict us to testfunctions ¢ € C§°(B,R?), hence part
c) follows by approximation as a consequnce of the growth conditions of D?H (-, (uas))
and 0,D.Hp (-, e(upr)) (see Lemma 4.1). We have by Lemma 2.1 a)

S}‘ZP/BHM(-?&(UM))dx SSJL\}PAHM('ag(U))dm < /BH(né(U))dL

hence we receive d).
To end up with the preparations we have to show higher integrability of u,; uniformly in
M similar to Lemma 2.2. Therefore we choose € B such that

a(Z,t) < a(z,t) for all (x,t) € B x [0, 00)

and define @(t) := a(Z,t) (remember (A8)). Hence we get £(u) € L%(1Q), since

/BH(-,e(u))dx <

and a < cb.
Lemma 4.3. a) We get for bigt and all x,y € B
ap(z,t) < ct?*Vay (y,t)
uniformly in M, which means (A7) extends to ay;.
b) We have ap(-, |un|)|uns|* € LY (B) uniformly, provided ju < 4.

Proof: Since a(z,t) behaves like ta'(z,t) and ap(z,t) behaves like ta},(z,t) it is enough
to show the inequality for @/, instead of ap;. We have for ¢t > 1 (see [Br3])

du@t) _ @@t /Ot {_’7'(5> } d(z,5) ds

t t ]
! t /
S Cn(t)tex—m@ —f-C/ {_77 (3) } 89|m—y|a/(y’ S) ds
0 S

< Ct9|az—y| CLi/\/l (‘7:7 t)
> t ’
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where we used (A7) for @’ (n is a cut off function with n = 1 on [0,3M /2] and 7" < 0).
This proves part a). B
In order to prove part b) we define @y (t) := ap (T, t) and receive for all (z,t) € B x [0, 00)

ay(t) < capr(z,t) (4.1)

uniformly in M. To prove (4.1) we start with

Blt) _ @) _ @ @) / t {—M}F 5)ds

t t t S

< cn(t)m + c/ot {—M} d'(z,s)ds = (Sl 1)

t S t

since a(x,t) ~ ta'(x,t). By Lemma 4.1 d) we can conclude (4.1). We receive from (4.1)

and Lemma 4.2 d) uniform boundedness of aM(|uM|)% in LA(B, R3) for any 3 € (1,2).
By Lemma 4.1 d) we have

~ 1 _~ _
/ |VaM(|uM|)B|ﬂdx < c/ s (Juar|) [uar]* ﬂ|VuM|ﬂdx.
B B

Following the ideas of [BrF] we can control the r.h.s. by the W1 _norms of uy; (note
that the constants in the calculations do not depend on M, since all estimates are uniform
on account of Lemma 4.1). Hence we have to find a uniform bound for ||Vuy||;a,,. Using
Lemma 5.1 a) we receive (note that uy — u € Wy *(Q,R%))

IVunllane < e{lle(un)llane + [Vl g }

for a constant ¢, which does not depend on M (remember Lemma 4.1 ¢)). By (4.1) the
first norm on the r.h.s. is uniformly bounded: we have

[t ar <e [ auteletwnhds < [ Mt dr<c

independent of M (compare Lemma 4.2 d)). For the L® norms of Vu we get by (4.1)
and Lemma 5.2 ¢)

IVullar < IVulla < e{l[Vully + lle(@)]l 2 -

In this calculation the first term is clearly finite because u € W/lif(Q,Rij’), whereas the
same is true for the second one on account of

Jatetas < [ ot ds e [ aCcw)ds <o

since u is a local minimizer and a < ¢b. This means that /CL\M<|UMD% is bounded in
WL (B, R?) and we deduce from Sobolev’s embedding theorem @y (|uy|) € LX(B) uni-
formly in M for all x < 3. As a consequence of the superquadratic growth of a,;, we
obtain for all g < 4 -

an(Jund)lunl" € LY(B).
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For a given pu < 4 we can choose diam(B) small enough such that 8|z —y| < (4 — p)/2
which gives by part a) and the definition of @y, (and (4.1))

ay (- lund])lun|" € LY(B).
This proves Lemma 4.3. 0

Now we are going to modify the arguments of section 2 to get higher integrability in case
of x-dependence: we want to estimate

/ an (-] div(uar)|)? de.
B,(z)

We notice there that all estimates we used in section 2 are now independent of M by
Lemma 4.1. If we follow the lines of the proof of Theorem 1.1 we have to add the term

| Ve div@) do
By (z)
in the second estimation, which behaves like
| e divtw)) do
Br(z)

on account of Lemma 4.1 b) and is therefore uncritical. The second difference is that we
have to add (remember Lemma 4.2) c))

—/ O,D Hy (-, 0, (up)) = e(nidyuy) do
B

on the r.h.s. of the Caccioppoli-type inequality. Since h'y,(t)/t behaves like h',(t) (see
Lemma 4.1 b)) we have no problems with this integral (compare the calculations after
(2.4) in [Br3] for details). We arrive at

an (-, | div(up)])? do + bar(-, Dua)? dx
/BM (- div(uar)]) / (-1 [€” (unr) )

B'r(z)

14 {/B?(Z) anr - [Vuar) ) [Vl dx}3] | (4.2)

In order to replace V by € on the r.h.s. we make the following calculations:

<c¢(R-7r)"

/ an (-, [Vua) ) [ Vuy | dz < C/ an (2, [Vun) ) [ Vup [+ da
B2 Bx(2)

<e / ant (2, 1V (aag) ) |V (s )|+ d
Br(z)

T
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<o / ant (2, |e(naunn)) e (aunr) [+ da
Br(z)

Here we have used Lemma 4.3 a) and Lemma 5.1 with uniform constants. By the uniform
As-condition of aps (see Lemma 4.1 ¢)) we can extract ||V, and obtain the upper
bound (« is a positive exponent)

/ an(z, e(uar))|)e(uar) |47 dI+C(R—7’)_a/ an (2, [ung|)|ung[“77 do
Br(z) (o)

<o auC D) do 4 (R =) [ Dl do
Br(z) B

Rr(%)

on account of Lemma 4.3 a). If we choose R small enough we are going to get uniform
bounds for the second integral by Lemma 4.3 b) and it follows from (4.2) for all R < R,

/ aM(~,|div(uM)D3d:c—|—/B bt (-1 |22 (unn)|)? da

Bz r(2)

1+ {/BR(Z) an (- le(unr)|)|e(uar) |2 207 dx}3] . (4.3)

<c(R—r)"

By a suitable choice of Ry we get w + 2Ry0 < 4/3 since w < 4/3, hence we can end up as
in section 2 to show

a(, | div(uar)])?, (-, [P (u)])* € Ligo(B). (4.4)

Furthermore we can show

/|dw(u>| \/7 " /'5 F e WO (4.5)

where we use the fact hat the x-derivates of the functions above can be estimated by the
functions itselfs by (A6). Moreover, we can deduce a Caccioppoli-type inequality similar
to Remark 2.1 if we add (compare [Br3], section 3)

= / ol | div(u)|)? da,
B

T2 = / d/(-, | div(w)|)|Vu — Ply|Vy] dz,
B

5 / b(-, 1P (u)| ) dr,
B

7= [ V()| Vu Plal V| do
B

on the r.h.s. Now we come to the blow up procedure: There are four main differences to
the autonomous situation (the first two and the fourth are the same as in [Br3], where
find more details can be found).
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1)

We have to “enlarge” the excess function, i.e. we define
a(z,t) = 1oz, 1)

and Ry is the biggest number we allow for the radius which we assume to be small.
We get well-defineness of E(x,r) similar to the situation in [Br3] on account of (4.4)
together with (A5) and w < 4/3.

Instead of (3.1) and (3.2) we have
|(€(u))x,r| <L, E(z,r)+ r <K, (4.6)

and

E(z,7r) < Cu(L)7* [E(z,r) + 7] . (4.7)
This is to guarantee that A lr,, converge to zero.
Now we can prove (3.3)-(3.9) as done before (note that a@ now depends on x,, + 7,2

in the scaled version). In order to show the strong convergence from (3.10) and
(3.11) we have to bound

m

)\_2/ a (T + Tmz, Am| V) [ A Vg, |© dz

s

<\,? / a (T, Ao | Vi) [ A Vi, | TH0 dz,

where we used r,, < Ry and (A7). We obtain for E(t) = a(Tpy, )T and hy(t) =
A~2h(\t)
Iz,

H)‘mvumuﬁkm < c(s) H)‘mumHﬁAm + || Ame(tm)

if we use Lemma 4.4 from [BrF]. In this calculation the first term can be bounded
as done before and for the second integral we receive the estimate

3 [ Een) e <07 [ e dz
as a consequence of (compare (A7))
E(t) < a(Tm + Tz, DT =G (2, + 2, t).

So we find uniform bounds by the obvious version of (3.7). This finally proves the
strong convergence of the scaled functions. If we define functions 1} and 2, similar
to section 3, we have to estimate additonal x-derivatives, but they are bounded by
Yl and 1?2 itselfs on account of (A6).

In order to get the continuous growth condition after iterating the blow up lemma
we have to use (A8). Details of this arguments are presented in [Br3], end of section

3.
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5 Appendix

In this section we collect some auxiliary material concerning Korn-type inequalities, which
are crucial tools in this work. We start with

Lemma 5.1.  a) Let Q denote a bounded Lipschitz domain in R™ and let ¢ denote a
N-function of class (A2) N (Va) (see, e.g., [RR] for a definition). Then there is a
constant C' = C(n, ¢, Q) such that

/Q (V) dz < o / o= (w)]) d

holds for any w € W, ?(Q,R™). C only depends on the (Ay)- and (V3)-condition of
®.

b) In the case that ) is a ball Br(xo) the constant C' has the form
C =c(n,p)R™’
for a positive exponent [3.

The proof of Lemma 5.1 a) is presented in [Fu3], part b) can easily be derived from this
first inequality by scaling and using the (As)-property of ¢. The proof in [Fu3] is based
on a regularity theorem for Poisson equations in Orlicz spaces from Jia, Li and Whang
[JLW]. From the calculations after (3.23) in [JLM] one can see that the constant depends
on n, Q, k and k where k > 1 is the constant in

p(2t) > kp(t), ¢=0.

O
Suppose now that h satisfyies(A1)-(A3). Then we have
t d t
() = / L [sh ()] ds = h(t) + / sh'(s)ds > 2h(t),
0o @8 0
and in conclusion
LRt
a(h) := %I>lg h) > 2. (5.1)

Therefore h is a N-function of (global) type (V2), which follows from Corollary 4 on p.
26 in [RR], and we have (assuming (A1)-(A3) in the following)

Lemma 5.2. a) Let u € L"(Q) be a function such that e(u) € L"(Q), then u belongs
to the space WHh(Q) and we have

el ey < €l + @) ooy

for a positive constant ¢ only depending on the (Ag)-condition of h (and Q2 and n).
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b) Let u € L*(Q) be a function such that e(u) € L"(QQ), then we have

[ = pr iy < elle(@ll gy

for a constant ¢ depending on h and S2. Thereby v is the orthogonal projection of u
into the space of rigid motions w.r.t. the L*()) inner product.

c¢) Let u € L*(Q) be a function such that e(u) € L"(Q), then the we have

lull ey < e { el 2y + (@l oy}
for a constant ¢ depending on h and €.
Proof: In [MM] the authors prove the representation
Vi = Ly(u) + Lo(e(w)

where the components of L, and L. are singular integral operators whose continuity in
LP(2,R3) (1 < p < 00) is established in [CZ]. This means we have for all 1 < p < oo and
Le{L, L.}

IL(w)ll, < e(p) [ L(w)]l,

for all w € LP(Q,R3). Now we have to find some exponents p;,ps € (1,00) with the
following properties: the function h(t)/t?* increases and the function h(t)/t?2 decreases
and we have positive constants k; and k; independent of ¢ such that

/t h(s) @ <k h(t)’ (5.2)

sh1 g tp1

> h(s)d h(t
[T o

‘ sP2 g tPp2

If we have found them, we can quote the interpolation arguments of Torchinsky [To] to
follow

||L(w)||Lh(Q) <c ||L(w)||Lh(Q)

for all w € L"(Q,R?). Thereby ¢ depends on pi, ps, the norms of the operators L,, L. in
the space LP(2) and the constants k;, k; given in (5.2) and (5.3).

If we have a look at the proof of Lemma 4.3 in [BrF| (choose A = 1 and w = 0), we see
that every exponent p, > k is a possible choice. Let p; € (1,2) than we have

(@) _ Wt = pih() 2= k()

tp1 t2p1 - tr1

by (5.1). Now we prove (5.2): by (A3) and (1.7) we get
t topr / t T
/ h(‘S)@ < / h (S) Sl—p1 ds S hit) / Sl—pl ds < k h(t)
0 0 0

s s T S T 2—p; t1
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Altogether, part a) is shown.
In order to prove part b) we use indirect arguments similar to Lemma A. 3.1 (3.4) in [FS].
Let

V= {v c L") : e(v) € L"), / vwdz = 0 for all w in V*}
Q
where V, is the space of rigid motions. Now we assume that the inequality
||U||Lh(sz) <c ||5(U)||Lh(9) (5.4)

for u € V* is not right, than we find a sequence (uy) C L"(Q) such that

||Uk:||Lh(Q) >k ||5(Uk)||Lh(Q) : (5.5)
We define
Uk
Vg o=
HukHLh(Q)

and deduce from part a) and (5.5) uniform boundedness of vy in W (Q). Reflexivity of
this space, which follows from (A,)- and (V2)-condition (see [Ad], Theorem 8.28), gives

v —:v € in WH(Q).

This suggests v € V* (remember L"*(Q) — L%*(Q) is continuous). From [Ad], Theorem
8.32, we deduce compactness of the embedding W"(Q) < L"(Q) provided

© hl(t
/ thr(l) dt < oo (5.6)
1 n

(So we have (27) on p. 248 in [Ad] and (26) on p. 248 follows from superquadratic growth
if n > 3). To prove the compactness we have to show according to Adams that h growth
more slowely then h, given by

t -1 h=L(t) Y h=L(t) 1
ha() :/ hn—ff)m:/ T (21 dr < c/ —dr (5.7)
0 TT 0 h(T) n 0

Tn

near infinity (using (1.7) and (1.5)). This follows from

Wt (h(1)) < et' =,
which is a consequence of (5.7). Hence
v — v in L"(Q).

By definition of v, we can follow

||U||Lh(9) =1 (5.8)
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On the other hand we receive from (5.5)
e(vg) — 0 in LM(Q)

which means we have v € V, and therefore v = 0, which contradicts (5.8). Therefore (5.4)
is right and by orthogonal projection we obtain part b), if h satisfies (5.6).
Let us have a look at the other situation, i.e.

< h(t
/1 tﬁ(l) dt = 0. (5.9)
Then we deduce from [Ad], (39) on p. 253

lullae < e {llullney + 190l oy b < e {lullny + le@llpne ) (5:10)

where we used a) for the last inequality. In the following we estimate the L"-norm of u:
we have on account of (1.5) and (1.6) for any x > 0

0 1-6
el gy < e Il + el } < e {lully + Dl ully™}
< ull -+ e(e) luly < we(@) lulg + c(e) lull

Here x > ¢ is an arbitrary exponent and 6 € (0,1) the suitable number from the inter-
polation inequality (compare [GT], 7.9, p. 146). Inserting this into (5.10) and absorbing
the k-term on the Lh.s. we get

lullo < e {lluly + o)l 00 } (5.11)

which proves part ¢) if (5.9) is satisfied. If u € V* we receive from (5.11)

lull oy < C{Hs(u)Hz + Hg(u)“Lh(Q)} < clle(@)l rq)

by [FS] Lemma 3.0.3 (ii) and (1.5). We receive part b) by orthogonal projection.
In a last step we show part c) if (5.6) is satisfied. In this case we have shown part b).
Note that we have the representation

10 =5 ([ uttd) R,
where (R;) is an orthonormal base of the space of rigid motions. So we obtain

17loe < e llull,
for a constant ¢ depending on (R;), hence we deduce part ¢) from part b). O

Remark 5.1. Note that we only used the first inequality in (A2) to prove Lemma 5.1,
the second one is not necessary if one supposes a global (Ag)-condition for h.
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