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Abstract. The aim of this note is to investigate a regularity theory for
minimizers of energies whose density depends on the trace-free part of the
symmetric gradient, where integrands of anisotropic growth are considered.
An adequate coercive inequality guarantees the existence of minimizers of
such energies in suitable Sobolev classes. Moreover, various other Korn-
type inequalities are shown, which can be used to prove the smoothness of
weak solutions to linear elliptic systems involving the trace-free part of the
symmetric gradient. In particular, Campanato-type estimates for solutions
to such systems are established so that all tools are available to prove the
interior regularity of minimizers of energies depending on the trace-free
part of the symmetric gradient.
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1 Introduction

In a recent paper [7] Fuchs and the author prove a generalization of Korn’s inequality,
in which the symmetric gradient Ev = %(aﬂ)j + 9;0%) of a vector field v : @ — R?,
defined on a bounded Lipschitz domain  C R2?, is replaced by its trace-free part
EPy = Ev — $divv(d;;) (6;; denoting the Kronecker symbol). More precisely,

ol < cll&™]l,

holds for each vector field v from the space VT/LP(Q; R?), p € (1,0), of Sobolev func-
tions with zero trace. Korn-type inequalities involving the trace-free part of the sym-
metric gradient have applications in general relativity, Cosserat elasticity, and geome-
try; compare [7], [9], [19], and the references therein.

As shown in [7], functionals of the type

/Q f(EPv) dz

with an integrand f of quadratic growth have a unique minimizer and are C—
regular under natural boundary and ellipticity conditions in the two—dimensional case.
Functionals of the above type appear, for example, in general relativity and Cosserat
elasticity; see [7] or [19] for some comments and further references.

One aim of this paper is to provide the tools, which are necessary to develop a
regularity theory for minimizers of functionals of the above type in arbitrary dimen-



sions and under nonstandard growth conditions. We establish Korn- and Poincaré-
type inequalities involving EPv == Ev — %divv(&-j) for vector fields v from the class
WLP(Q;R™) (n > 2) and discuss the regularity properties of solutions to linear elliptic
systems involving the trace-free part of the symmetric gradient. Here, we show various
Caccioppoli- and Campanato-type inequalities, which play a central role in regularity
theory.

As an application we obtain some C''®-regularity results for minimizers of function-
als of the above type under anisotropic growth conditions. In 2] and [3] corresponding
results are shown in the context of anisotropic power law fluids, where the functionals
under consideration depend on the symmetric part of the gradient and are minimized
in appropriate classes of solenoidal vector fields. The proofs of our regularity results
follow the general line of these papers, but the arguments given there have to be
adapted to our setting in a nontrivial way.

Let us give a detailed formulation of our regularity results: Let 2 C R™ be a bounded
Lipschitz domain and 1 < p < ¢ < co. Suppose that f : M" — [0, 00) is a function of
class C? with anisotropic growth in the following sense:

AL+ o )P r|? < D*f(o)(7,7) < AL+ o) rf? (1)

for all o, 7 € M"™ with positive numbers A, A. Here, M denotes the space of trace-free
matrices of order n. We consider the functional

Jv] = Jv; Q] = /Qf(EDv) dz (2)

among vector fields v from the class K := uy + Wie (©2; R™) with prescribed Dirichlet
boundary data uy € WHP(;R™). Our main result is the following existence and
regularity theorem, which extends the results from [7] and [19], where the case p =
q = 2 is considered.

Theorem 1.1. Let condition (1) hold and assume J[ug] < oc.
a) The minimization problem J — min in K admits a unique solution u.

b) If n>23,qg>2 and ¢ < (1+2/n)p, there is an open set of full Lebesgue measure
such that u € C1(Qo; R™) for each a € (0,1).

c) Let n =2 and q < min(2p,2 + p). Then u € CH*(Q;R?) for each a € (0,1).

Corollary 1.2. Let (1) hold and suppose that w is a local J—minimizer, that is,
u € Wll’p(Q; R™) fulfills for each subdomain Q' € Q the conditions

Ju; ] < oo and  Ju; Q] < Jw;

for all v € WUP(QR™) such that spt(u —v) € . Then the statements b) and ¢) of

loc
Theorem 1.1 continue to hold.



Remark 1.3. It should be emphasized that in part b) of Theorem 1.1 the case ¢ < 2
requires a different proof, which is in preparation. For some ideas concerning the
subquadratic case in the framework of anisotropic power law fluids we refer to [2].
Clearly, for exponents 1 < p < q < 2 the ellipticity condition (1) is satisfied with q
replaced by ¢ = 2. Therefore, we have partial regularity if 2 < (1 + 2/n)p, that is,
p > 2n/(n+ 2) so that values of p and q close to 1 are excluded.

Basic Notation. We use the notations L’(Dloc)7 W’(Cl’fc), Wk?_ etc., for the standard
Lebesgue and Sobolev spaces equipped with their standard norms || - ||p, || - ||%,p; See

[1] for precise definitions and an overview. For vectors a = (a;), b = (b;) € R" we use
the notations

a-b=ab;, |a|=+a-a,
a®b=(a;bj), a@b:%(a®b+b®a).
Moreover, we write
o7 =047, lo|=Voir, o =0c-2L(tro)l

for matrices o = (0;), T = (7)) € R™"*"™, where tro = 0; and I = (J;;). Here, Ein-
stein’s convention of summation over repeated indices running from 1 to n is applied.
Throughout, the symbol ¢ denotes a positive constant, whose value may change from
line to line.

2 Generalized Korn-type inequalities

In this section we collect variants of Korn’s inequality involving the trace-free part
of the symmetric gradient; for corresponding Korn-type inequalities in the classical
setting we refer to [8] and the references given there. In the following, unless anything
else is said, c is a positive constant depending on n, p, and €.

Theorem 2.1. Let p € (1,00) and n > 3. Then the space
DP(Q) = {v e LP(R") : EPv e LP(M™)}

(where EPv is defined in the sense of distributions) coincides with the space WP (€; R™)
and for each v € DP(Q) it holds

D
[vll1p < c(llollp + [1€7]1p)- (3)
As a consequence we get the following interpolation inequality.

Corollary 2.2. Let p > 2 and n > 3. Then
[ollp < c(lloll2 + 1E7]1,) (4)

for each v € WHP(Q; R™).



The following theorem is an extension of the Korn-type inequality shown in [7] in
the two-dimensional case. For n > 3 this result follows by contradiction from Theorem
2.1, whereas the case n = 2 requires an absolutely different proof; compare Remark
2.4 a) below.

Theorem 2.3. Let p € (1,00) and n > 2. Then the space

D{)OC(Q) = {U € Llpoc(Q;Rn) : gDU S Lfoc((th)}
coincides with the space Wllo”c’(Q; R™). Moreover,
w1, < c||€Pv]lp 5)

for each v € I/OVLP(Q;]R").

Remark 2.4. a) Theorem 2.1 does not hold in the two-dimensional case. Indeed, if
we assume by contradiction that (3) holds for n = 2, the Peetre-Tatar lemma [15]
(Chapter I, Theorem 2.1) would imply that the kernel of the operator

Eq : WHP(Q;R?) — LP(;M?), v &

is finite-dimensional. On the other hand, EPv = 0 is equivalent to the Cauchy-
Riemann equations in case n = 2 so that ker Eq coincides with the space of holo-
morphic functions on Q, which is a contradiction.

b) By scaling one easily verifies that for a ball Br = Br(xg) the Korn-type inequality
(3) takes the form

1
Vol dz < «:(R,, [ s+ [ eDdez), (6)
Br Br Br

where ¢ = ¢(n,p) is a positive constant (being independent of R and xg).

¢) From the proof of Theorem 2.3 we deduce that in case n = 2 the Korn-type inequality
(3) holds locally in the following sense: Let w' @ w € Q. Then there are positive
numbers ¢, = c1(n, p,w’,w) and cy = ca(n,p,w) such that

|1,p;w’ < ClHUHp;w + C2||‘c/‘DU|

[|v piw

for each v e WUP(QR™). In particular, for balls B, = B,(x0) and Br = Br(zo)

loc

with B, @ Br € (Q,

1
VoulPdz < ¢ 7/ vpd:r—l—/ EPy|P dx 7
/v <(R_T)p [P+ [ en ) ™

with a positive number ¢ = c¢(n,p) (being independent of r, R and x).



Before we prove the above Korn-type inequalities, we give a characterization of the
kernel of the operator

Eq : WYP(Q;R") — LP( M), v EPv.

As already remarked, ker Fq is infinite-dimensional and coincides with the space of
holomorphic functions on 2 if n = 2. In contrast, ker Eq is finite-dimensional for
n > 3 and consists of the so-called conformal Killing vectors (M&bius transformations);
compare [4] or [17]. Since we found no rigorous proof of this fact, we outline the main
ideas here.

Proposition 2.5. Let n > 3. Then ker Eq coincides with the space Kq of conformal
Killing vectors x : Q@ — R”,

x(z) =2(a-z)x — |z|%a + Qx + px + b
with a,b € R™, p € R, and a skew-symmetric matriz Q@ € R™"*™.

Proof. A straightforward calculation shows Ko C ker E. To prove the converse in-
clusion, we observe that each x € ker Fq satisfies the equations

Vx = Ex + L(divy)1, (8)
VEX = %(aidiv X0k — 0;div x dir), (9)
V2divy =0 (10)

in the sense of distributions, where £y = %(&-Xj —08;x"). The first equation (8) follows
from the definition of £”x, whereas (9) and (10) can be deduced by combining £y = 0
with the relations

MO;x' = ET X + 0;ERx — 0 €N x

11

+ %(8kdivx(5ij+8jdivx(5ik—8idivx<5jk) ( )

QAN = AED Y + 0;0,ER X — 0iOkERX + 25 OO ER X 01 (12)
;€0 x = LAx" + (1 - 1)o,divx (13)

(i,5,k € {1,...,n}), which hold in the sense of distributions for each function y €
Li (Q;R™); compare (23), (24), and (26) in [4]. Assume without loss of generality
X € C°°(£;R™). Then (10) implies div x(z) = n(2a - = + p) so that (9) gives Ex(x) =
2(a®@x —x ®a)+ Q. By observing V[2(a-z)z — |z?a] =2[a @2 -2 ®@a+ (a-z)]]
the claim follows from (8). O

In the proof of Theorem 2.1 we make essential use of the following less familiar
lemma due to Necas [15], [16].



Lemma 2.6. Let w € W—%?(Q) with k € Z and p € (1, 00) such that all distributional
derivatives O;w belong to W—FP(Q). Then w € W= 12(Q) and

n
[wll -1, <€ (Ile—k,p +Y ||8jw||—k,p>-

j=1

Proof of Theorem 2.1. It is straightforward to see that DP(Q) is a Banach space with
respect to the norm [|v|| pr(qy = [Jv]l, + |EP0|,. Therefore, it suffices to show that the
mapping Z : WHP(Q;R") — DP(Q), v ~— v, is surjective. Let v € DP(Q). Then from
(12) we deduce 9;Av* € W=2P(Q), thus Av* € W—1?(Q) by Lemma 2.6. Moreover, we
have 9;divv € W~1P(Q) according to (13) (recall n > 3). Hence, 9,0;v° € W—1P(Q)
on account of (11) so that Lemma 2.6 implies 9;v° € LP(£2) and

n
1950l < C(IIajvllll,p + ||3k5jv1||1,p> < o0,

k=1
which shows that 7 is surjective. O

Proof of Corollary 2.2. Since Kq is finite-dimensional for n > 3 and consists of smooth
functions we may introduce a basis {x1,...,Xs, } in Kq, which is orthonormal with
respect to the standard scalar product in L?(Q;R"), that is, fQ Xi - Xj dr = 6;5. Let

Kg = {wGWLp(Q;R”) : /w-xdxzo forallxelCQ}
Q

and consider the projection operator mq : W1P(Q; R™) — Kq,

TQW ::Z (/w~xidm>xi.
Q

i=1

Then mow = 0 and
[wlly < cllEPw], (14)

for all w € K. To show (14) we argue by contradiction: Assume that there is a
sequence (w,,) C K& such that |lwy,|, = 1 and ||EPw,,|l, < 1/m. By the Korn-
type inequality (3) the sequence (w,,) is bounded in WHP(Q;R"™) so that we have
Wy — w in WHP(; R™) with a function w € K& (at least for a subsequence). But
then |lw|l, = 1 and [|EPw||, = 0, and the last statement implies w = 0, which is a
contradiction. Now, we write v = mqv + v+ with a function v+ € K&. Then (14) gives
us

olly < lImavllse + o™l < c(llvll2 + I1E70]l,).-



Proof of Theorem 2.3. For n = 2 the proof of the Korn-type inequality (5) is outlined
in [7]. For n > 3 this inequality follows by contradiction using the Korn-type inequality
(3). Clearly, it suffices to show

D
HUHP <cllE vllp

for each v € ﬁfl’p(Q; R™). Assume that (v,,) C ﬁfl’p(Q; R™) is a sequence that satisfies
vmll, = 1 and ||EPvp, ||, < 1/m. Then, by applying (3), we see that (v,,) is bounded
in WhP(Q;R") so that v, — v in WHP(Q;R"™) as well as v, — v in LP(£; R") with
a function v € V(i/l’p(Q;R") N Kq satistying ||v|, = 1 and £ = 0. On the other hand

(recall (13)),
1 1 1 . .
f/Vv:V@dx—i— - — = /dlvvdlwpdac:O
2 Q 2 n Q

for each ¢ € ﬁfl’p/(p_l)(Q;R") and we may choose ¢ := v since the elements of Kq
are smooth. Consequently, v = 0, which is a contradiction. To prove the coincidence
of the spaces DY () and W ?(Q), we fix a subdomain Q' € Q, v € D? (Q), and
consider a sequence (v,) of mollifications of v. We further let n € ok (Q) withn >0
and n =1 in . Then nv, € Wl’p(ﬂ; R™) and we have the convergences

(Q;R™), EPu, L &Py in LP

v . P
v, —»v inlL loc

loc

(Q;M"). (15)
On the other hand, using (5), we find

lnvull1p < cl€P(u)llp < (1€ llp + Voo llv 1)

so that (nv,) is bounded in W1P(Q;R™). Hence, there is a function vg € WHP(Q;R™)
such that nv, = v in WP (€; R™) (at least for a subsequence). According ton = 1 in
Q) this implies v, = vg in WHP(Q4R™), which together with (15) proves the claim. []

As a consequence of the Korn-type inequality (3) we get Poincaré-type inequalities
in dimensions n > 3. These inequalities do also hold in the two-dimensional case, but
require a different proof [6] (Lemma A.1).

Lemma 2.7.
Let n =2, p € (1,00), and v € WYP(Bg;R"), where Br = Br(xo). Then there exist
X € Kp, and a positive constant ¢ = c(n,p) such that

1/p 1/p
( v — x/? dx) < cR( |E [P dx). (16)
Br Br

Moreover, if p <n,

1/p* 1/p
(7[ v — X|p*d$> < CR<][ |EPy|P dx), (17)
Br Br

where p* == np/(n — p).



Remark 2.8. Lemma 2.7 is also valid for Sobolev functions defined on arbitrary do-
mains with sufficiently reqular boundary. In particular, if Q C R? is a bounded domain
with piecewise C'—boundary and if v € WHP(Q;R?), it holds

1/2
2
o=l < (21021) 1%,

with a holomorphic function x : Q@ — C. Specifically,

RS
) =5 [

wherein f(m -+ d( represents the “piecewise” complex line integral, that is, f(,m e dC =

Zi\il fwk - dC if 0 can be represented as the sum of finitely many closed Jordan

arcs wi, . ..,wyr- In the proof of the above inequalities the Cauchy-Pompeiu formula
[18] (§ IV.4)
1 v(¢) 1 / 0zv(C) .o
= —— - Q

valid for functions v € C°(Q;C), is combined with a well-known estimate for the
Riesz potential [12] (Lemma 7.12); see [6] for the details.

Proof of Lemma 2.7. In case n > 3 the first inequality (16) is a simple consequence of
(3) and the Peetre-Tatar lemma [13] (Chapter I, Theorem 2.1) applied to the operator
Ep,,; compare [19] (Lemma 5.5). For n > 3 a different proof for (16) based on an
integral representation for £ is provided by Reshetnyak [17]. The second inequality
(17) can be obtained by combining (16) with (3), whereby one can argue exactly as in
the proof of the classical Sobolev-Poincaré inequality [5] (Section 4.5.2). O

3 Existence of minimizers: proof of Theorem 1.1 a)

Since (1) implies f(o) > a|o|? — b for all o € M™ with suitable constants a > 0,b > 0,
using (5), for each function w € K we get

Jw) > c(/ﬂ 1EPw|P d — |Q|>
2c(/Q|ED(w—uo)|pdx—/Q|Vu0|pdx—Q|> (18)
20(/Q|V(w—u0)|pdx—/9Vu0|pdx—|Q|>.



Now, if (un,) C K is a J-minimizing sequence, (18) together with the assumption
Jup] < oo implies sup,,, ||tm|1,, < 0o so that

Uy —:u in WHP(Q:R™)  and  w,, —= u  in LP(S;R™)

with a function v € K (at least for a subsequence). By the lower semicontinuity of J
we deduce that u is a solution to the minimization problem J — min in K. To show
the uniqueness, suppose that v € K is a second solution such that £ # £Pu holds on
a subset U of 2 with positive Lebesgue measure. But then

D u+v 1 D 1 D .
f(S( 5 )><2f(5 u)+§f(5 v) a.e. inU

by the strict convexity of f, which leads to the contradiction J[(u + v)/2] < infk J.
Hence, £ (u — v) = 0 a.e. in Q and (5) implies u = v.

4 Linear elliptic systems

Based on the Korn-type inequalities shown in Section 2 we establish in this section the
smoothness of solutions v to linear elliptic systems involving &Py, where we adjust the
arguments from the classical setting [10] to our situation. By the way we obtain various
Caccioppoli- and Campanato-type estimates. Corresponding results in the context of
the linear Stokes problem are shown in [8] (Lemma 3.0.5).

Lemma 4.1. Let A be a symmetric bilinear form on the space M"™ that satisfies
Xol|m1? < A(r,7) < Ao|7|? for each 7 € M™ with positive numbers Ao, Ag. Then, if
v € WH2(Q; R™) satisfies for each p € WH2(;R™)

/ A(EPv, EPp) dx = 0, (19)
Q

v € C®(;R™). Moreover, there is a positive constant ¢ = c(n, Ao, Ag) such that for
balls B, = B,.(xo) € Br = Bgr(xq) C Q we have:

) Dyl2 4 g#/ 24
7,) /B,|5 U| T (R—T)2 BR|U X| T (XEICBR)
c
i Vv2dx<7/ o—elfde (¢ R
) [ welde< i [ v-grar er)
ZZZ) / |V’U|2 dx < C<7ﬂ> / |V,U|2 dz
B, R) Jg,

n+2
) / v — (V) g2 da < c(r> 0 — (0)ag.5|? dz
B, R Br



n+2
v) / V0 = (Vo)ay o der < c<’") V0 — (Vo)ay 12 dz
B, R Br

n+2
vi) / P —(5Dv)x07r|2dz<c(r> 1EP — (EP0) gy 1|? da
B, R Br

Here, we used the symbol (v)s,.» to denote the mean value JCB,,»” dx.

By combining the result of Lemma 4.1 with the well-known freezing technique [10]
(§ I11.3) and the Korn-type inequality (5), we obtain the following regularity result for
systems with continuous coefficients; compare [19].

Corollary 4.2. Let A be a symmetric bilinear form on the space M™ with coefficients
Af]l = Afjl(x) € C°(Q) such that

AolT? < A(2)(7,7) < Aol7|?
for all x € Q, 7 € M™ with positive numbers \o, Ag. Then, if v € WH2(Q; R™) satisfies

for each ¢ € VT/LQ(Q;R")

/ A(EDU, 5D<p) dx =0,
Q

v € CO¥(Q;R™) for each o € (0,1).

Remark 4.3. Clearly, it is possible to show regularity results for solutions to inhomo-
geneous systems. If v € WH2(Q;R™) satisfies

/A(SDuEDgo)dx—l—/g:EDcpdx:/h-gpdx
Q Q Q

with data g, h belonging to suitable Lebesgue and Morrey spaces, then v € C%®(Q;R™).
Moreover, if the data A, g and h are of class C** for some k € N, v belongs to CF+1:,

Proof of Lemma 4.1. The regularity of v follows by combining the well-known differ-
ence quotient technique with Theorem 2.3. We write

w(z + heg) —w(x)

Apw(z) = A

(h #0)

for the difference quotient of a function w in direction k € {1,...,n}. Next, we fix a
ball Br = Br(xg) € 2, radiir < s < R, and consider ¢ := n?A,v, where n € CO"X’(BR),
n = 0, is assumed to satisfy 7 = 1 in B,., n = 0 outside By, and |Vy| < ¢/(s — ) in
Bpg. From (19) we infer for sufficiently small h

/ PAALEPY, AR EPY) do = —2 /
Bs

nA(ALEPY, (Vi © Apv)?) d.
Bs

10



Using the Cauchy-Schwarz and Young’s inequality with some § € (0, 1), we find
/ PAALEPY, AREPY) de < 6 / P AALEPY, AL EPY) da
B, B,
+e0) [ AT © 210" (V1 © A1) i,
B

which in turn implies (choose 6 = 1/2)

C C
|ALEPY? dz < 7/ |Apv|? de < / |Vo|? dz.
/B,. (S - T)Q B, (8 - 7“)2 Br+h

Consequently, the weak derivatives 8, EPv exist in L2 _(©;M") and Theorem 2.3 implies

v e WH2(Q;R™). But then, w = v also satisfies (19), and we can repeat the

loc
above steps to get w € leo’i(Q;R"). Hence, v € Wf’o’i(Q;R"), and, by iterating this
procedure, we obtain v € Wﬁ’)i(ﬂ; R™) for each ¢ € N. Now, we enter into the proof of
the various inequalities stated in the lemma. The first inequality can be easily obtained
by inserting ¢ = n%(v — x) € VCi/LQ(BR; R™) in (19). To show ii), we combine i) with
the local Korn-type inequality (7): For each p € (r, R) we get

1
/|VU\2dx<c 72/ |v—§|2dx+/ |EPv|2 dz |,
B, (P*T) B, B,

from which ii) follows by choosing p := (r + R)/2 and applying i) (with v replaced
by v — £ and x = 0) to the second integral on the right-hand side. Using the Wf(’)if
regularity of v, iii) can be deduced along the lines of [11] (Proposition 1.9): Let r < R/2
(otherwise iii) is trivial). Let us consider the case R = 1 and ¢y = 0. Then, for £ > n/2,
we have

00§§1/2 Bi/2 (20)

[ 1ol da < e |VolR 5, < sVl

for each s < 1/2. We write

‘
?2.31/2 :/ |Vo|? dm—l—z / Z 107v|* da
w B2 V=2 B2

|v|=v

Vol

and define p, = 1/(2v — 2) for v € {2,...,¢}. Then By € By/24,,, C Bi for all
je{l,...,v =1}, Bijayw—1)p, = B1, and repeated application of ii) leads to

/B Z |07]? da < ,0% Z |07v|? dz
1/2

|v|=v v I Biatpy |y|=p—1

2 v—1
c c
<[ —= E 87v2dx<~~~<<) /Vv2dx.
<p§>/3 197! Py Bl| |

1/242p0 |y|=p—2

11



Returning to (20), we have established
/ |Vol?dz < es™ [ |Vo]*da,
B, B

from which iii) follows by rescaling. Inequality iv) can be proved by applying Poincaré’s
inequality on the left-hand side of iii) and ii) on the right-hand side. Inequality v) is
a direct consequence of iv) (replace v by Vv). It remains to prove vi): Let r < R/2
(otherwise vi) is obvious). From v) we deduce

n+2
[ 1= € Par<e( 1) [ 9o (TonmaP s
B Br/2

r n+2
g«:() / Vo — QJ? da,
R Bry2

where @) € R™™™ is an arbitrary matrix. Let w(z) = v(z) — (Vv)g, rx and choose
X € Kp,, according to Lemma 2.7 such that

|w — x|? dz < cR? |EPw|? da.
BR BR

Now, if we set Q == (Vv),,,r + Vx and W := w — X, we have V& = Vv — Q as well as
EPw = EPw = Py — (EDv)moyR so that, using ii) with v replaced by @ and £ = 0, we
find

/ |VU—Q|2dx<C/ ISDdew:C/ 120 — (E70) 0, da.
BR/Z Br Br

5 Regularization, higher integrability and a Caccioppoli-type inequality

Assume that we are in the situation of Theorem 1.1. Since the functional J (defined
in (2)) is anisotropic according to (1), we have to consider a more regular functional.
To this purpose we fix a ball B = Br(z9) € 2 and consider a sequence (u,) of
mollifications of u. We define

2 —1
b, = (L+ v+ 1€ [125,)

fu(0) = f(o)+ 6,1+ |o)V? (0 e M)

and let v, denote the unique minimizer of the functional

Jy[w] = : £, (EPw) dz

in the class u, + ch/’l’q(BR; R™).
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Lemma 5.1. Let (1) hold with q > 2, and let T}, == 1+ [P, |2.
a) v, € Wi2(Bp;R") and 7, = Df,(EPv,) € Wll’g/(q_l)(BR;M”)

o

b) TV* 13" e wh2(BR)

loc

¢) v, = w in WhP(Bg; R")

d) [ fo)(EPv)dz L | f(EPu)dx and 5, [ TP*dz 20
Br Br Br

Remark 5.2. Note that if (1) is satisfied with exponents 1 < p < g < 2, it also holds
with q replaced by ¢ = 2. Therefore, if we replace ¢ by ¢ = 2 in the definition of f,,
the above lemma is also available in the situation of part c) of Theorem 1.1.

Proof of Lemma 5.1. To prove the statements a) and b) we can argue as in [2]. Let
us give a sketch of the proof of the Wﬁf—regularity of v,. From the growth of Df, we
deduce 7, € LY/(4=1(Bgr;M") and since v, minimizes J, we have the Euler-Lagrange

equation
/ 7, EPodz =0
Br

for all ¢ € W19(Bg;R"), from which we deduce

Aty EPpdr =0 (21)
Br

for all ¢ € WH9(Bg;R™) with sptp C Br and sufficiently small h # 0. Let B, =
B.(Z) € Br, 0< p < p/ < r, and ¢ == n*Ayu, where n € (%"’O(Br(f))7 1 > 0, is chosen
such that n = 1 in B,(T), n = 0 outside B,(T) as well as |Vn| < ¢/(p'— p). Then from
(21) we infer

/ ?Apt, : AR EPY, da = —2/ AT, (VO Ahv,,)D dz (22)
B B

»/(T) »/(T)

Now, we use the relation
Apty, = /0 1D2 £, (EPv, + th AL EPY,) (ALEPw,, ) dt
and consider the positive bilinear form
B, = /0 1D2f(5Dv,,(x) + thARE Y, (x)) dt

acting on trace-free matrices. Then, if we write Q, for the associated quadratic form,
(22) reads as

/ 2, (AnEPw,) da = —2 / nBo(AnE sy, (VN © Agu)P)dz.  (23)
B,(T) B,/(T)
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To estimate the right-hand side, we apply the Cauchy-Schwarz inequality for B, as
well as Young’s inequality with some § > 0:

/ D1Ba( AL E 0, (V7 © Apv,)P)| da
B /(7

()

< / Qu(AnEP0,) 20, (Vi © Apv,)P) /2 de
Bp/(f)

< 5/ 72Q.(ALEPY,) da + ¢(6) 0. ((Vn ® Apv,)?) da,
Bp/(i) Bp/(f)

where an upper bound for the second integral on the right-hand side is given by (using
(1) and Holder’s inequality)

2/q

1-2/q
% / (1+ |€Dv,,\2 + \hAhEDv,,\Q)‘I/Q dz / |Apv, |T7da .
(0= p)*\ JB,@ B,/(@)

Therefore, by combining these estimates with (23) we finally arrive at (compare [2],
proof of Lemma 3.1):

c
w <—(1 +/ Vu,|%dz |, 24
() < ( vl ) (24)

where we have abbreviated

w(p) = Q.(ALEPY,) da.
B,(@)

On the other hand, since ¢ > 2, the definition of f, implies

w(p) = cd, |ALEPY,|? da,
B,(T)

which together with (24) shows that 9, v, exists in L2 (Q;M"). Hence, v, €

loc

W120§ (Br;R™) according to Theorem 2.3. Now, to justify c), we observe that by the
growth of f and the minimality of v, we have

[P, |2 < c(/ f(EDuV)da:—l—(Sl,/ (14 |EPu, )% da + 1),
Br Br

wherein the second term on the right-hand side vanishes as v — oo by definition of §,.
On the other hand, the minimality of v, and Jensen’s inequality gives

/ Foy(EPvy) da < / foy(EPuw)da < | f(EPu)dz + O(v), (25)
Br Br

Br
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where O(v) % 0. Therefore, sup,, [|€Pv, |, < ¢ and (5) implies
D
lvullp < llvw = wllp + luwlly < c(1€7v[lp + lluvllrp)-

Consequently, v, — @ in WP(Bpg;R") (at least for a subsequence) with a function
u € u+ WhHP(Bg;R"). Hence, ¢) and d) follow from (25) as in [2] (proof of Lemma
4.1). O

Lemma 5.3. Let H, = szy(SDvy)(akSDv,,,8k€Dv,,)1/2 (with summation with re-
spect to k € {1,...,n}). Then for all n € C*°(Bg) and x € Kp, we have the
estimate

/ 772H3 dz <ec |VT]‘2F5/271|VUV - Vx\de,
B

R Br

where ¢ = ¢(A) is a positive number (being independent of v and R).
Proof. By inserting ¢ = n?Ay, (v, — x) in (21) we get
/ nzAhT,, : AREPY, dz
Br

(26)
= *2/ nART, = (V6 Ap(v, — X)) da.
Br

Since A7y, 2 ApEPv, > 0 and

(h—0)
—

Apty s ARE Y, D2f,(EPv,) (0xEPv,, 01 EPY,)

a.e. in Bg, Fatou’s lemma implies
/ D, (EPv,) (k. EPv,,, 0. EPv,) dx
Br
< lim inf/ AL, AREPY, dz.
h—0 BR

For the right-hand side of (26) we observe |£Pv,|%/? € W |.%(Bg) (by Lemma 5.1 b)) so

that by Sobolev’s imbedding theorem |£%,|9/% € Lt (Bg) for some t > ¢. Since from

loc
v, € Wh4(Bg;R") we also get |v,| € L*(Bg), Theorem 2.3 gives v, € W' (Bgr;R").

loc
Hence, using Young’s inequality, we get

AT [Vl An (v, = X)] < e(n,tr,t2) (|AnT | + Ak (v, = 2)[*)

with suitable exponents t; < ¢/(¢—1) and t2 € (g, t) so that we have equi-integrability.
Therefore, by Vitali’s theorem (26) (with summation with respect to k) turns into

/ " H? dx < 72/ nOkTy : (V1 © O (v, — x))" dz. (27)
BR BR
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Now, by combining the Cauchy-Schwarz inequality with (1), we see
L2V, P < e(A) H (28)

so that, using Holder’s and Young’s inequality with some 6 € (0, 1), we arrive at

r.hes. of (27) < 5/

772H3 dz + ¢(9) / \Vn|2fl‘}/271\Vvy — V)(|2 dz,
Br

Br

from which the desired estimate follows by choosing § = 1/2. O

Lemma 5.4. Let 0 < p <r such that r — p < 1 and B.(T) € Br(zg). Then

H2dr < — 4/ 192 dz,
B, (%) (r—p) B, (T)

where ¢ = ¢(n, q, Q) is independent of m and the balls.

Proof. From Lemma 5.3 we infer

1-2/q 2/q
/ n?HZ2dz < c|| V|4 / a2 dg / Vv, — Vx|?dz |.
Br spt Vn sptVn

Let n € CO’”(B(erT)/g(E)), n > 0, such that n = 1 in B,(T) and |Vn| < ¢/(r — p). By
applying the Korn-type inequality (7) we get

1/q 1/q
(f, mwmvaae) <o ()
Bp+r)/2(T) =P\ JB.(2)
1/q
—|—c</ |EPw,, | dx)
B, (z)

and if we choose y according to Lemma 2.7, we find

2/q 2 2/q
/ Vv, — Vx|?dx < c(l + r> / |EP, |9 da
sptVn r—=p B, ()

and the desired estimate follows at once. O

Using Lemma 5.4 we can show uniform higher integrability of £”v, now, which in
turn gives us uniform higher integrability of the gradient.

Lemma 5.5. There exists an exponent q > q such that
/ ry?dz < c(n,p,q,p, R, T, J{u; Brl) < oo
B, (Z)

for each ball B,(Z) € Bg.
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Proof. Let q := pk > q with

_n_
K= ’1:2 " '
ny number ;
any nu e>2p7q 3

(recall ¢ < (1+2/n)p in case n > 3 and g < 2p in case n = 2). From Lemma 5.1 we
know ¢, = /% € W2 (Bg; R™) so that

loc

/ 2 da < / (npy)* da < c IV(n¢,)[* dz
B, (@) Br Br

<c</ |Vn|2¢12,d33+/ 772|V¢>V|2dx>,
Br Br

where n € CO'OO(BR), n > 0, is chosen such that n = 1 in B,(%), n = 0 outside
B(pir)/2(T) for some r € (p, R), and |Vn| < ¢/(r — p). Now, by combining the formula
for V¢, with the lower bound for D2f, we get

Voo |? < elP/? 1 vEPy, |2 < cH? (29)

so that, using the estimate from Lemma 5.4, we find

1/k
/ ri?dz | < -—° - /F5/2dx+/ ri?dz . (30)
B, (%) (r—p) Br B,.(T)

Owing to ¢ < ¢ and since we may assume ¢ > p (otherwise replace p by a slightly

smaller number py such that ¢ < (1 4+ 2/n)py in case n > 3 or g < 2pg in case n = 2,

respectively), there is a number § = 6(p, k) € (0,1) such that

1 1-6 6
= +

q q b

Since the definition of x together with the condition for ¢ implies

() —— (q1)<1, (31)

p K£—1\p

we may apply the interpolation inequality for Lebesgue spaces [12] ((7.9), p. 146) to
12 .
I',’” with the result:

(1-0)q/7 q/p
/ Fg/de<</ Fg/Qdm> (/ Flf’/de>
B, (T) B, (%) B, (%)
1/k B
gé(/ Fg/zdm> +5A’</ Fl’,’/zdx>
B,.(T) B,.(T)
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with § € (0,1) and suitable exponents 3 > 1 and v > 0. Here, we used Young’s
inequality in the second step, which is possible on account of (31). If we choose
§ = (2¢)7(r — p)* and use the latter inequality on the right-hand side of (30), we
arrive at

1/k 1 1/k B
/ ri?dg| <= / ri?ds| +-—— / Iei2dg |,
B,(7) 2\ /B, @ (r=p)7\ /Bx

where 7 = 4(1 + ). But now we are in the same situation as in (4.19) of [2] and can
argue in the same way as in [2] to complete the proof. O

Corollary 5.6. For each ball B,.(T) € Br we have sup,, ||v, |1 58, @) < co. Moreover,
u e WhiQ;R).

loc

Proof. From Lemma 5.1 ¢) we know sup,, ||v,||1,, < 0o so that by Sobolev’s imbedding
theorem we get sup,, ||v,||p, < 0o, where p; > p is given by

: { q ; pzn
b1 = *
p* ; p<n.
In case n > 3 we can argue as in the proof of Corollary 4.2 in [2] by using the Korn-type
inequality (3), which does not hold in the two-dimensional case. For n = 2 we have
to use the local variant (7) of (3). For this purpose we choose a small radius p’ such
that B,(Z) € B,(T) € Bg. If ¢ < p1, we get

Bp/(f)) )

wherein the right-hand side is uniformly bounded with respect to v (by Lemma 5.5),
thus, sup,, 1,p1;B
q > p1. But then Sobolev’s imbedding theorem implies sup, [|vy [|g;5,,(z) < 0o (observe
p1 =p* > 2 =n), which leads to sup, [|v,|l1,g,® < oo by using (7) once more. [

D
lvullg:8,@ < c(lvvllpy;B, @ + 1€

§:B, @ < 0. In the same way we get sup,, [|v, | (@) < 00 in case

Lemma 5.7. Let ¢ := (1+|EPul?)P/*. Then ¢ € Wloc( ) and ¢, = ¢ in Wloc( R)-

Proof. By combining (29) with Lemmas 5.4 and 5.5 the sequence (qul,) is seen to
be bounded in LIOC(BR,R”) so that there exists a function ¢ € W1 2(Bg) such that
¢ L ¢ in Wloc(BR) as well as ¢, = ¢ a.e. in Bp (at least for a subsequence). To
get the desired convergence, it suffices to show

EPv, % Eu  ace. in Bg. (32)
For this purpose we consider the decomposition
f(E V) — f(EPu) dx = Df(gDu) : EPw, dx

(33)
//14 D2f(EPu + tEPw,) (EPw,, EPw,) dt dx = I} + I,
Br
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where w, = v, — u. (Note that both integrals on the right-hand side of (33) are well
defined on account of the growth properties of Df and D?f and since u € W14(Bg; R")
by Corollary 5.6.) Since v, € u, + ﬁ/17q(BR; R™) and u, < u in W9(Bg;R™) (recall
that u,, is a mollification of u) we get

I, = | Df(Eu) :(EPv, — EPuy)dx + | Df(EPu) : (EPu, — EPu) dx
Br Br

= | Df(EPu) : (EPu, — EPu)dz % 0,
Br

where we used the Euler-Lagrange equation for u as well as the growth of Df in the
last step. Now, by Lemma 5.1 d) the left-hand side of (33) vanishes as v — oo so that
from (33) we infer I, < 0. Since on the other hand, (1) implies

6217 (P, 2 dz < / (14 |EPu, 2 + |EPu[2)P/2 | Pw, [2 dz < clo,

Br Br

(32) follows from the convergence ¢, — ¢ a.e. in Bp. O

6 Partial regularity: proof of Theorem 1.1 b)

Let n > 3, and let (1) be fulfilled with ¢ > 2 and p < ¢ such that ¢ < (1 +2/n)p. To
prove part b) of Theorem 1.1, we adjust the well-known blowup technique (compare
[2] or [8]) to our setting. We define the excess of u with respect to a ball B,.(zg) €
by

(B) g = ][ 1EPu — (EPu) gy r|? A + ][ 1EPu — (EPu) gy r|? A
B, (xo)

BT(J;(J)

Note that according to Corollary 5.6 (Eu)s, » is well defined.

Lemma 6.1. Let £ > 0 be given. Then there is a positive constant c, with the property:
To each T € (0,1/4) there exists a positive number € = (£, T) such that for every ball
B, (xg) € Q for which

|(€Du)xw| <l and (Bu)g,,r <&
hold, we have

(Bw)gg.rr < C*TQ(EU)_tO’T.

From the above lemma we deduce by a standard iteration procedure (compare [§]
or [19]) that £ is of class C%* on the set

Qo = {m € : sup |(5Du)w7r| < oo and liminf (Fu),, = O}.
>0 \,0

Moreover, §2g is an open set of full Lebesgue measure.
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Now, let w € Q9. Then £Pu € C%*(w;M") and with the arguments from [2] (p.
386) we get u € W2 (w; R") as well as

loc

/ D2f(EPu) (EP(Ou), EPp) dz = 0 (34)

for each ¢ € ok (w;R™) and k € {1,...,n}. Therefore, w = dpu € WH%(w;R") solves
the elliptic system (34) with continuous matrix D2f(E”u). Hence, w € C*%(T; R") by
Corollary 4.2, which proves Theorem 1.1 b).

Consequently, it remains to prove the blowup lemma.

Proof of Lemma 6.1. We argue by contradiction and assume that there exist 7 €
(0,1/4) and a sequence of balls B,. (z,,) € Q such that

=X\ %o,

|(£7u)

<, (Eu)

(B)a,, v, > CaT?A2,.

TmyTm TmTm

(35)

We define

W T + Tmz) — TmAmz — Xm(2)

AmTm

um(z) = (Z S Bl),

where A, = (EPu) and X, € Kp, is chosen according to Lemma 2.7 such that

TmyTm

][ [ |? dz < c][ 1E U, |2 dz. (36)
Bl Bl
Observing EPuy, = A EPu(xy + rmz) — Ay, the definition of A, implies

|E U |? dz + A2 o |EPu,,|9dz = 1, (37)
B1 B

which together with (36) and the Korn-type inequality (3) gives boundedness of (u,,)
in W12(By;R™). Hence, we have (at least for a subsequence)

Uy —: v in WH2(By; R™) (38)
38
A EPum 250 in L*(B;;M") and a.e. in By.
Moreover, A, —: A (for a subsequence) with a matrix A € M", |A| < ¢, and v fulfills

D2f(A)(EPv, EPp)dz = 0 (39)
B,

for all p € ok (B1;R™), which can be shown as in [2] (Proposition 5.1).
By virtue of (39) and Lemma 4.1 v belongs to C*°(By;R™) and satisfies

][ |EPy — (EPv)o 2 dz < ' 7% |EPv — (EPv)o1 > dz < 72 (40)
B, B,
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with a constant ¢* = ¢*(n, p, ¢, £), where in the last step we used (£”v)1 = 0 (which
follows from (£Pu,,)o1 = 0 and (38)) as well as (37). Suppose that we can show
EPup = P in L2 _(B1;M™) and A agby, ™ 0 in LY (B1;M™) in case q > 2.

loc loc

Then (40) turns into
lim][ |5Dum - (5Dum)077|2 dz + )\3{2][ |5Dum - (EDU77L)Q,7—|qu < el
m JB, B,

But then, choosing ¢, = 2¢*, we get a contradiction to our assumption (35) since the
third condition in (35) is equivalent to

][ 1E 0 — (EPupn)o.r > dz + AT~ 2][ 1€, — (EPum o] dz > cu72

Therefore, we have to show: O

Lemma 6.2. a) EPu,, = Py in L2,

(B1; M™)
b) A 2 1EPu,, L0 in LY _(By;M™) if q > 2
In the proof of Lemma 6.2 we need the convergences

A =2/ay,, ™ 0in LY(By;RY),  A-2/4vu, = 0in L9(B; R™™)  (41)

m

in case ¢ > 2. To see this, we observe that by the interpolation inequality (4) we have
D,
lumllg < e(lumllz + 11€7umllq)
so that the Korn-type inequality (3) together with (38) implies

lumllrq < e(llumll2 + [1€%umllq) < (L + 1E%umllq)-

)\gn_Q/ [um|? + |Vum,|?dz < c(l + )x?n_z/ |E U, dz),
B B

wherein the right-hand side is uniformly bounded on account of (37). Therefore, we
have A /Ty 20 T in WH(By;R™) as well as Ay >/ Tup 2 0 in L2(By;R") (at

least for a subsequence), which together with (35) and (38) implies (41). Moreover,

Thus,

we need the estimate contained in the following lemma in the proof of Lemma 6.2.

Lemma 6.3. Let p € (0,1) and ¥ = M\;HO(Am + AnEPuUm) — O(A,)], where
(o) = (1 +|a>)?/* (0 € M™). Then i, € W\:2(B1;R") and

1

[ 190 dz < ep) [ (U 1A+ 2% 21972 T P
B, B

where the constant c(p) is independent of m.
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Proof. By Lemma 5.7 and the definition of u,, we have 1, € Wll(;i(Bl;R") with
Vo (2) = r A ' VO(EPu(xy, + 172))VEPU(2y, + Tmz) so that after rescaling we
obtain
/ |Vip, |2 dz = /\;127“2,;"/ |Vo|? d, (42)
B, prm (zm)
where ¢ == O(EPu) = (1 + |EPul?)P/*. To estimate the right-hand side, we recall
Vo, 2 Vo in L% (Bg) and show a limit version of the estimate

/ |V, |*dz < c/ |Vn|2ra/2=1 |V, — Q|? dz, (43)
BR BR

which is valid for each n € CO'OO(BR) and @ € R"*™. Note that (43) can be obtained
by analogous calculations as in the proof of Lemma 5.3 (recall (29)). The Korn-type
inequality (3) implies

Vv, = Vs, @) < c(lvr = ullps, @ + 1E%0, — EPullps, @)

for each ball B,.(T) € Bg so that the convergences stated in Lemma 5.1 and (32)
together with the higher integrability results stated in Corollary 5.6 imply Vv, = Vu
in Li .

as in the proof of Lemma 4.6 in [2] to get from (43) the estimate

(Br;R™ ™) and a.e. in By (at least for a subsequence). But then we can argue

/ PV dz < c / Vo202 |V - QP da. (44)
Br

Br
where I' == 1 + |€Pu|?. Now, if we choose n > 0 such that = 1 in B,,, (z,,) and
[Vl < ¢/(rm — prm), (6.3) together with (44) implies (by scaling)
[ 190z = el [ (1P + )P Tl + ) — QP
B, B

Finally, choosing Q = A,, + 7' Vx.m(2), the desired estimate follows. O

Proof of Lemma 6.2. Following the lines of [2] we show
1
lim/ / (1 =11+ |Am + A EP0 + tAm EPw, |D)P2 7 E w,, |2 dtdz =0 (45)
m JB,Jo

for each p € (0, 1), where w,, = U, —v. From the minimality of u we get for r € (0,1)
(by scaling)

F(An + A EPuy) dz < / F(An + X\ EPp) dz (46)
B, B,

for each ¢ € um + WH2(B,; R™). Let us specify ¢: let n € CL(By), n > 0, with n = 1
in B, and 1 = 0 outside B, for some r € (p,1). Then ¢ = u,, — nwy,, is admissible in
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(46). Next, we consider the relation

// (1 = )D%f (A + AnEP0 + thp EPw ) (EPwm, EPw,y, ) At dz

=\ / N (Am + A EPUm) — f(Am + A &) d2 (47)
B,
-0 / nDf (A, + )\mcS'Dv) : EPw,, dz.
B,

Owing to (1) and the properties of 1 the left-hand side of (47) is bounded from below
by the left-hand side of (45). Therefore, we have to show that the right-hand side of
(47) vanishes as m — oo. Using (46) and the convexity of f we get

r.hs. of (47) =\ </fA + A EP0 + tA EPu,) dz

—/[( M (A + AmEP0 + A )

B’V‘

+ 0f (A + A EPv + tA, EPv)] d >

_ 31 D
)\m/an(A + A EPv) : EPw,, dz (1)

r

A ( / F(An + Al EPUp — EP(w,)]) d2
B,

—/ f(Am+/\m[(1—T])EDum+nSDv])dz)
B,

N1 nDf(An A+ A EP) - EPw,, dz
= )\;nQTl - A;LlTQ.

Let 0 = Ap + A [(1 = 0) EPup + 1 EPv]. Then

N2T = A, (/ f(o Vn@wm)D) — f(am)dz>

:// (1 =) D2f (0 — tAn (V) © wy) ")

(V1 © wn)?, (V) @ w,,)?) dt dz

R . /B Df (o) : (V) ® wy)” dz

. Il — )\T_nllg.
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For the first integral on the right-hand side we obtain (using (1) and (35))

I < / (L4 o[ + AL 2 V]2 0 2)0/2 ]2 a0 2

( / V02 2 dz 4+ A2 / V01w dz

+f Vn|2|wm|2|am|q-2dz>
By

e [ 19nPlwn s 32 [ Valiun,
B, By

+A$n‘2/B\an2lwml2(|€ U |97 + |EP|97 2)dz>,

wherein the right-hand side vanishes as m — oo on account of (37), (38), (41), and
v € Wi°(By; R™). Returning to (48), we have shown

loc

r.hs. of (47) < O(m) + N\, e + Tal, (49)

where O(m) =% 0. For the remaining term we observe that I + T, can be rewritten
as follows:

L+ Ts — / [DF () — DF (A + AmEP0)] : (V1 © )P dz
B

+ / Df (A 4 A EP0) : EP(qwy,) dz = J1 + J,.
B,

Since gy, = Am + A EP0 + Am(l—n) EPw,,, we have

|J1] = A // (1 — @) D2f (A + A EPv + thp (1 — 1) EPw,y)

(EPWw, (V7 © wy)P) dt dz|,

which can be estimated similar to I; with the result that )\;11J1 0. Similarly, we
get A1 0 by observing

At = A% [Df(A + A &) = Df(An)] : EP (1) dz

2F (A + tAm EPV)(EPv, EP(qw,y) ) dt dz|.
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Returning to (49), we have established that the right-hand side of (47) vanishes as
m — oo so that (45) follows from (1) and the choice of . Now, we can argue as in
[2]. First, we note that (45) immediately implies part a) as well as part b) in the case
p=gq. In case p > 2, ¢ > p we use the estimate

o T L

on the set B, — Uy, where Uy, = {z € B, : /\m|5Dum| < M} with a sufficiently
large number M. Since g < (1 + 2/n)p, we have 2¢/p < 2n/(n — 2) so that Sobolev’s
imbedding theorem together with the estimate from Lemma 6.3 and the convergences
(38), (41) shows

[ v dz < o).
BP

On the other hand, it is straightforward to show [, A% 2|Eup,|?dz X 0 and we
conclude b). The remaining case p < 2 can be handled by similar arguments; compare
[2] (p. 397). O

7 The two-dimensional case: proof of Theorem 1.1 c)

Let us assume in the following that we are in the situation of part c) of Theorem 1.1,
that is, we have n = 2 and ¢ < min(2p, p+2). To show full regularity of the minimizer
u, we use a technique described in [3], whose main ingredient is a higher integrability
lemma.

First, we note that according to Corollary 5.6 we have

v, ~ u in WH(B,.(Z);R™) (50)

for each t € (1,00) and each ball B.(Z) € Bg. (Note that ¢ may be replaced by each
exponent ¢ in case n = 2.)
From the proof of Lemma 5.3 (compare (27)) we infer

/nQHfdxgc/ n\VnHVT,,H(?kUV—Xk\dm
Br Br

for each n € CO'OO(BR) and x* € Kp,. We choose n > 0 such that n = 1 in B, (),
n = 0 outside B,.(T), and |Vn| < ¢/r and get the starting inequality (recall (28))

][ H?dx < f][ ra=2/4g, 100, — x*|dz. (51)
B,./2(T) B (z)

r

Let v :== 4/3. Then v, € W2’7(BR;R2) according to Lemma 5.1. Hence, using the

loc

Holder and the Poincaré-type inequality (17) with suitable functions x* on the right-
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hand side of (51), we find
1/~ 1/4
][ H?dx < c<][ (Fy(qf2)/4HV)7 dx) (][ 19kvy — XF|* d:z:)
B2 (T) B (%) B (%)
1/~

1/y
< c<][ (r{e=2/"[,) dx) ( ][ |VEPw, | dac) :
B,.(%) B (7)

Applying (29) on the right-hand side we arrive at

1/2 1/
(7[ H? dJ;) < c<f (hl,H,,)ﬂ{ dx) , (52)
B../2(%) B, (7)

where h, = max {Fy(z‘p)/“, Flgq_z)/4}. This is exactly the situation of Lemma 1.2 in
[3] with the choices

d=2/y=3/2, f=H), g=h), h=0.

Note that from Lemmas 5.4 and 5.5 we know that H,, is uniformly bounded in LY _(Bg).

Thus, we can apply Lemma 1.2 from [3] if exp(8h2) € Li (Bg) holds for some 8 > 0.

loc
In fact, since ¢, is uniformly bounded in Wllof (Br) (according to Lemma 5.7) one can
show

/ exp(B62 ") dz < (B, k. p) < 00
B, ()

for all 5> 0, x € (0,1) and for each ball B,(Z) € Bg, from which it follows that

/ exp(Bh2) dz < ¢(B, p) < o0;
B, (T)

see [3] (p. 141) for similar arguments. Lemma 1.2 from [3] implies

H2log®" (e + H,)dz < ¢(8, p) < o0
By (T)

and, using the estimate |V7,| < ch, H,, we end up with
/ V7,2 log” (e + H,) dz < (B, p) < o0
B, (z)

for each 3’ > 1, which gives us continuity of 7, = DfV(ED v, ) uniformly with respect
to v; compare [3]. Together with the convergence (32) this implies continuity of 7 =
Df (€Pu) so that EPu is continuous as well. Therefore, we can argue as in the previous
i;i(Q;RQ) and that each partial derivative of u

solves the system (34) with continuous matrix D2f(£u), but now on each subdomain
w € Q. Hence, Vu € C%(; R?*2) follows from Corollary 4.2.

section to get that u belongs to W
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