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Abstract

We consider local minimizers u : R? D © — RM of the variational integral
fQ H(Vu)dx with density H growing at least quadratically and allowing a very
large scale of anisotropy. We discuss higher integrability properties of Vu as well as
the differentiability of w in the classical sense. Moreover, a Liouville-type theorem
is established.

1 Introduction

The aim of our note is to give a further analysis of the regularity properties such as
local higher integrability of the gradient or differentiability in the classical sense of local
minimizers u : R” D  — RM from a suitable energy space of variational integrals like

(1.1) I[u,Q]:/QH(Vu)dx,

provided € is a domain in R? and H is a density allowing a wide range of anisotropy, but
growing at least quadratically. Let us agree for the moment to the following convention:
H is called an anisotropic energy density, if

(1.2) MIZDY P < D*H(Z)(Y,Y) < A(Z))|Y|?

holds for all Y, Z € R™™ with functions A, A : [0,00) — [0, 00), which can not be chosen
in such a way that
C1 S A/)\ S Co

is true with positive constants ¢; and cy. Starting with the pioneering work of Marcellini
[Mal-4] various authors exhibited sufficient conditions on A, A and H implying

[.  full interior regularity, if M =1 (scalar case)

or if H = H(|Vu|) (dependence on the modulus) and

II. interior partial regularity in case n > 3 together with M > 2.
For I. we again refer to Marcellini’s papers and his recent collaboration with Papi [MP].
We also mention the contributions of Choe [Ch], Fusco and Sbordone [F'S] and of Mingione
and Siepe [MS] as well as the references quoted by these authors. Further contributions
to L. are given in [ABF] and [Fu]. In connection with II. the reader should consult for
example the papers of Acerbi and Fusco [AF|, Cupini, Guidorzi and Mascolo [CGM],
Esposito, Leonetti and Mingione [ELM1,2] and of Passarelli Di Napoli and Siepe [PS]
together with the references cited by these authors. We further refer to [BF1,2]. One
very popular hypothesis for proving the results stated in 1. and II. is the assumption



of anisotropic (p, q)—growth, which means that the functions A and A occurring in (1.2)
behave like

(1.3) At) = P72 A(t) ~= 772

with exponents 1 < p < g < oco. If p and ¢ are too far apart, then Giaquinta’s coun-
terexample [Gi] shows that even in the scalar case singular minimizers can occur. On the
other hand, if we assume (1.3), then I. and II. are true, provided we additionally impose
a bound of the form

(1.4) q <c(n)p,

where ¢(n) can be chosen rather large for low dimensions n, but ¢(n) — 1 as n — oo. Let
us remark that it is possible to drop (1.4) in the case M = 1 and to weaken this condition
for M > 2, if H is of splitting type and if we restrict ourselves to locally bounded local
minimizers (cf. [BFZ], [BF3-5]).

Up to now the dimension n was arbitrary, but the experience in regularity theory gives
rise to the hope, that in case n = 2 better results for vectorial minimizers can be obtained,
which means that in principle we expect the same behaviour as in the scalar case. In fact,
if (1.2) holds with A, A from (1.3), then in [BF6] we could show interior C'-regularity
under the assumption

(1.5) q<2p,

and for the splitting case this is even true for any exponents 2 < p < ¢ < oo without
the limitation (1.5), we refer to [BF3]. Further details are presented in [BF7]. In this
note we want to discuss the twodimensional case for densities H : R** — [0, 00) of
class C? assuming that p is equal to 2, but imposing no upper bound on D?H. It turns
out that under these weak assumptions minimizers already belong to the Sobolev class
W31 (@ RM). If in addition we have (1.2) and (1.3) with p = 2 and q arbitrary large, then
there is an open set Q) C Q (depending on the minimizer u) such that u € C*(Qy; RM)
and H — dim(Q2 — Q) = 0. Let us now give a precise formulation of our assumptions
imposed on H: without loss of generality let H(0) = 0 and DH(0) = 0. Moreover it
should hold:

(A1) Ja > 0:[¢§]|DH()| < aH (), & € R*M;
— nf [PHEOL .
(A2) >\0 = gel]EQfM ‘5‘ > O,
(A3) JA>0: % <A ‘il‘n_fl D*H(¢)(o,0), € € R*M.



REMARK 1.1. From (A2) and (A8) it follows that we have the first inequality in (1.2)
with A(t) = Xo/A, which corresponds to the case “p = 27. In particular there ezists a
positive constant ¢ such that

(1.6) H(E) > cl¢’, € e R,

On the other hand, hypothesis (A1) provides an upper bound for H (), more precisely we
have

(1.7) H(O) < C(gl" + 1), (e R,

for a suitable constant C' and with exponent a from (A1). Combining (1.6) and (1.7)
we see that a > 2, and both inequalities show that the density H itself is of anisotropic
(2,a)-growth. In order to prove (1.7) we choose & € R®*™ such that || > 1 and let
Hy := sup H (o). Then it holds

lo|=1

(nH(€) < tnH(E) — nH ( ) + (nH,

€]

€]
= / iﬁnH( 5) dt + ¢nHy
! €]

€ 1 ( ¢ ) ¢
= ———DH | t—= dt + ¢nH,
/1 H (t%) €| \5\

(A1) €l ¢
< / 7 dt + (nHy = aln|&| + (nHy, i.e
1
H(E) < exp(aln||+ fnHoy) = Holg|",
and (1.7) is established.

REMARK 1.2. With respect to the growth condition (1.6) a natural space for local
minimizers u of the functional I defined in (1.1) is the class

C:={ve Wy ([ERY) : I[v,Q] <o VO € Q},

where here and in what follows WF, (...) is the Sobolev space of functions as introduced
for example in Adam’s book [Ad]. By definition u € C is a local I-minimizer iff I[u, Q'] <
I[v, Y] holds for all subdomains Q' € 2 and any function v € C such that spt(u—v) C Q.

REMARK 1.3. Obviously H is a (strictly) convex function, thus in addition to (A1) we
have the upper bound H (&) < |DH(E)|[€] for all £ € R?M,

Our results are as follows:

THEOREM 1.1. Let H satisfy (A1-3) and consider a local I-minimizer u € C. Then
it holds:



a) [o D*H(Vu)(0.Vu, 0, Vu)dr < ¢(Q) < oo for any subdomain ' € Q and for
a=1,2.
In particular u is of class W3,,.(Q;RM), and this is also true in the case Q C R"
with n > 3.

b) Jo, H(Vu)®de < c(Q, Q)( [, H(Vu)dz)? for arbitrary subdomains Qy € Qp € €.
THEOREM 1.2. In addition to (A1-3) suppose that

(Ad) D*H(€)(0,0) < Ao(1 + [¢]3) T |o%, €, 0 € RPM

is true for some Ag > 0 and an exponent q € [2,00). Let u € C denote a local minimizer.
Then there is an open subset 2y of 2, whose complement is of zero Hausdorff-dimension,

and u € CH*(Qo; RM) for any p < 1.

REMARK 1.4. We conjecture that even under the hypotheses of Theorem 1.1 we have
interior C'-regularity of local minimizers.

From the proof of Theorem 1.1 we will deduce the following Liouville-type result:

THEOREM 1.3. Suppose that H satisfies (A1-3) and let u denote an entire local min-
imizer of the functional I, 1@ u 1s a local minimizer on the whole plane. Then, if
ng (Vu) dx is finite, u is a constant function. If the same situation is considered on
Q= R” wzth n > 3, then u is affine. Moreover, if the condition of the finiteness of
the enerqgy is replaced by the requirement that the entire local minimizer u is a bounded
function, then in the 2D-case u again must be constant.

Our paper is organized as follows: in Section 2 we present some examples of densities
satisfying (A1-4). In Section 3 we will prove Theorem 1.1 and 1.3, and Section 4 is
devoted to the proof of Theorem 1.2.

2 Some examples

We start with a construction borrowed from [BF7]. Let
t
(2.1) h(t) ::/ sg(s)ds, t >0,
0
with
t
(2.2) g(t) == 1+/ O(s)ds, t >0,
0

where the continuous function © : [0,00) — [0, 00) is given as follows: suppose that we
have fixed an arbitrary large exponent a and a sequence {a;} such that 0 < a; < a1,



lim a; = oco. Next we choose small positive numbers &; with the properties I; := (a; —

1—00

gi,a; +¢;) C[0,00), I; N1; = ¢ for i # j and

(2.3) Zaiaf‘_l < 00.
i=1
Then we let

0 on [0,00) — Ej I,
O(t) :=

affine linear on ( —¢;,a;) and on
(ai,a; + &;) with value a? ' at t = a;, i € N.

Lemma 2.1. The function h defined in (2.1) and (2.2) is of class C*(]0,0)), strictly
increasing and convex together with h"(0) = 1 and 11\1%@ = 0. With suitable positive

constants ¢, it holds for allt > 0
a) h(2t) < cih(t);

t) " . () . . .
< h'(t), and the function == is increasing,

c) N(t)t < cah(t);

d) h//( ) < 03(1 +t2)% R'(t) ;
e) cut® < h(t) < cst?.
Moreover it is not possible to replace « in d) by a smaller number.

REMARK 2.1. With h from above let us introduce the energy density Hy : R*M —
[0,00), Ho(Z) := h(]|Z|). According to e) Hy is of quadratic growth, and from b) and d)
using /() > 1 we infer for all Y, Z € R*M

Y|* < D*Ho(2)(Y,Y) < es(1+|Z])2g(|Z)Y ]

Since g is a bounded function (see below), this estimate shows that Hy is (p, q)—elliptic in
the sense of (1.3) with p:=2 and q := 2+ «.

Proof of Lemma 2.1: We first observe that

Mg i [Cgeras=1e [T elds= 1+ 3 car,
0 0 i=1

hence by (2.3) we find a number g, € (0, 00) such that

(2.4) 1=9(0) < g(t) < goo, 2 0.



The properties of h stated in front of a) are immediate. For a) we use (2.4), since
this inequality implies g(2t) < goog(t), hence h(2t) = fOQt sg(s)ds = 4 [, sg(2s)ds <

Agso [y 59(s) ds = dgaoh(t).
b) is elemantary: h"(t) = L(tg(t)) = g(t) +tg'(t) > g(t) =
c) is a consequence of a): we have h(2t) = |

th(£) < erh(t). ’

*W(s)ds > th(t), hence

t

The validity of d) is equivalent to the existence of a constant cg such that
(2.5) tg'(t) < cstg(t)

holds for all large t. The left-hand side of (2.5) equals t©(t), and according to (2.4) the
right-hand side of (2.5) behaves like ¢, thus our claim is immediate by the definition of
O and we also see that a can not be replaced by a smaller exponent. Finally, the validity
of e) is obvious. O

Now we can state our examples:

Lemma 2.2. Let B : R*M x R*M — R denote any symmetric, strictly positive bilinear
function. With h from Lemma 2.1 we let

H\(Z) = B(Z2)+h(Z]),
Ho(Z) = B(Z,Z)+h( B(Z,Z)), Z e RM .

Then Hy and Hy satisfy (A1-4) with ¢ = a + 2.

With Lemma 2.1 the proof of Lemma 2.2 is immediate. The reader should note that in
these examples condition (1.5) is violated, provided we choose o > 2. In this case we can
not refer to the paper [BF6], however - according to Theorem 1.1 and 1.2 - we still have
some regularity results for local minima.

3 Proof of Theorem 1.1 and 1.3

Let the assumptions of Theorem 1.1 hold and consider a local minimizer u € C. The
following calculations can be made precise by replacing derivatives through difference
quotients. If in addition we have (A4), then we can work alternatively with a local regu-
larization with exponent ¢ (see, e.g. [BF1]) having a sufficient degree of regularity. For the
particular examples involving “the function A” from Section 2 a quadratic regularization
from below can be applied (compare [BFT7]). Let n € C3°(2). With “ : 7 denoting the
scalar product of matrices and using “®” as symbol for the tensor product of vectors
from RM we obtain from Euler’s equation valid for u (from now on we use the convention



of summation with respect to indices repeated twice)
0= /Q&Y [DH(Vu)] : V(n*0,u) dz
= /QnQDzH(Vu)(@Vu,GVVu) dr — /QDH(Vu) 20, [V? @ Oyu] dx
and in conclusion
(3.1) /QDQH(VU)(&YVu,87Vu)772 dx
= / DH(Vu) : (8,Vn* ® 0,u) dx + / DH(Vu) : (Vn* ® Au) dx
=: T?+ T;. )

From (A1) we get
T <2 / IDH(Vu) ||Vl {99 + 20|} da
Q

< 20 {{IVnllie@) + IV0lle@ } H(Vu) dx

sptn

=: ¢(n) H(Vu)dz,

spt7n

and for T5 we observe

T, <2 / D DH (V) [Vl [ V| do
Q

DH(Vu)[\'?
=2 [ () il (o e 9 e

DH
g/nzﬂwuwﬁc(a)/ Vnl?| DH (Va)|[Vu| da,
Q |Vul Q

IA

where ¢ > 0 is arbitrary. Recalling (A3), choosing ¢ sufficiently small and applying (A1)
one more time, we deduce from (3.1) and the estimates from above

(3.2) / n*D*H (Vu)(0,Vu,d,Vu) dr < c(n) H(Vu)dx.

sptn

This proves part a) of Theorem 1.1, since by (A2) and (A3)
A
D*H(Vu) (8,Vu, d,Vu) > ZO|V2u|2 .

Moreover we note that the right-hand side of (3.2) is finite. We emphasize that up to
now we did not make use of our assumption that 2 is a domain in R?. For b) we apply

7



Sobolev’s inequality and get

/Q (nH(Vu))* dxgc{ /Q |V(77H(Vu))|dxr
< c[/Q\Vn|H(Vu)dm+/Qn|DH(Vu)||V2u|dxr

< c(n)[ H(vu)dxr+cMmDH(vu)HV?umxr.

sptn

The last integral on the right-hand side is handled with the help of (A3) and Hélder’s
inequality:

UQ IDH(Vu)I|V2u|ndgc}2 < ¢(n) </spt,7 |DH(VU)||vu|dx)

/ ‘DH(V“)‘|V2U|2 de
sptn ‘vu|

< ¢(n) (/ |DH (Vu)||Vul dm) D*H(Vu)(9,Vu,d,Vu)dz .
sptn spt 7

Applying (3.2) (with appropriate choice of 1) and using (A1), we arrive at our claim

H(Vu)? de < c(, Q) ( H(Va) d:c)2

Ql QQ

for arbitrary subdomains Q; € €2y € Q. O

For proving Theorem 1.3 we first observe that (3.2) immediately implies (for all dimensions
n > 2)

(3.3) / D*H(Vu)(9,Vu,d,Vu)dz < cR™? / H(Vu)dx
Bgr(0) Bag(0)
for any radius R > 0. Therefore, if we assume that
(3.4) H(Vu)dx < o0,
R?’L

we get from (3.3) by passing to the limit R — oo that V2u = 0. At the same time it is
easy to see that the estimates for the 2D-case stated after (3.2) yield

H(Vu)?dz < cR™? ( /B H(Vu) d:c)2

Br(0) 2r(0)

thus, under the hypothesis (3.4), we must have

H(Vu)?dz =0

R2



and therefore the Jacobian matrix of the affine linear function u actually vanishes. Assume
now that in place of (3.4) we have

(35) L= ||u||Loo(R2) < 0.
We first claim that (3.5) implies
(3.6) lim R~ H(Vu)dz =0,

so that V?u = 0 will follow from (3.3) and (3.6). For proving (3.6) let us fix a number
7 > 1 to be specified later. For £ € R* |¢] > 1, it holds on account of (A1) and (1.7)

IDH()[" < a H(§)T|§|™" = a H(OH() ¢
< cH(QE" T < cH(g),
provided we choose 7 such that a(7 — 1) — 7 < 0. In this case we arrive at
(3.7) IDH(O| < c(H(©)'+1), £ R,
Next consider R > 0, let £ € N and choose 1 € C§°(Bsr(0)), n =1 on Bgr(0), 0 <n <1,
IVl <¢/R.

Starting from
0= / DH(Vu):V (anu) dx
Bsr(0)

observing H(§) < ¢ : DH(&) (see Remark 1.3) and using (3.5) we find
(3.8) / n**H(Vu) dr < c/ ** Y| | DH (V)| dx
B2r(0) Bar(0)

with constant ¢ depending on L and k. On the right-hand side of (3.8) we apply Young’s
inequality in combination with (3.7) and get for all ¢ > 0

/ PVl DH (V)| da
Bar(0)

< c/ n2k_1H(Vu)1/T\Vn|dx—|—c/ |Vn| dx
Bar(0) B

2r(0)

< 5/ n =Y H(Vu) dx+c(6)/ V|7 dz
Bar(0) Byr(0)

e / V| dz
B2r(0)

Thus, if € is small enough and if we choose k so large that (2k —1)7 > 2k, then the e-term
can be absorbed into the left-hand side of (3.8). Observing that 7/7 —1 > 1, we deduce
at least for R > 1

H(Vu)dxﬁc/ |Vn|de < cR,

Bgr(0) B3r(0)

9



and (3.6) follows. From the above inequality and the estimate stated after (3.4) we infer
fR2 H(Vu)?dx < oo, but since Vu is a constant matrix, this is only possible in the case
that Vu vanishes. O

4 Proof of Theorem 1.2

Suppose now that in addition to (A1-3) the hypothesis (A4) with ¢ > 2 is valid and fix a
local minimizer u € C. By Theorem 1.1 and Sobolev’s embedding theorem |Vu| belongs
to the space () Li.(€), thus the excess function

loc
1<s<©

E(z,r)=: Vu — (Vu)w\2 dy + Vu — (V). |? dy,
B, (z) By ()

where (g),, denotes the mean value of a function g with respect to a disc B,(z) € €, is
well defined. We claim:

Lemma 4.1. Fiz L > 0. Then there exists a constant C,(L) such that for every T €
(0,1/4) there is an € = (L, T) satisfying: if B,.(x) € Q and if we have

(Vu)p,| < L, E(x,r) <e(L,T),
then E(x,1r) < C.(L)E(x, )72,

Proof: We argue by contradiction following the ideas of [BF1] assuming that L > 0 is
fixed. The constant C,(L) will be specified below. If the lemma is wrong, then for some
7 there are discs B,, (z,,) € € such that

(4.1) (V) g | < Ly E(Tp, 1) =: )\i — 0, n— 00,

(4.2) E(zp,rn7) > C.72M2
Letting a,, := (4) g, rns An = (V)4 r, and

1
AT

un(2) : [u(zy + 102) —an — radnz], |2] <1,

we obtain from (4.1) and (4.2)

(4.3) |A,| < L, (Vun|?dz + 272 4 |Vu,|dz = 1.
By

B

(4.4) Vi, — (Vo> dz+ 272+ [V, — (Vug)o,|?dz > Co7?.

B, B

10



From (4.3) we get after passing to subsequences

Up —: T in Wi(B;RM), A, —: A,
(4.5) AV, — 0 in L*(By;R*M) and a.e. ,
Ay, — 0 in LY(By; R2M) .

It is easy to verify that u satisfies
g D?*H(A)(Vu, V) de =0, p € C°(Bi: RM)
1
and thereby is a smooth function for which the Campanato estimate
(4.6) g \Va — (VT)o,|* dz < C*1°

holds with a suitable constant C* = C*(L). Let us choose C, := 2C*. Then (4.4) and
(4.6) are in contradiction, if we can improve the weak convergences from (4.5) to

(4.7) Vu, — VT in L2 (By; R*M)

loc

(4.8) A2/, — 0 in LY (By; R*M).

loc

The claim (4.7) follows exactly as (4.16) i) in [BF1] by quoting Proposition 4.3 from this
reference (letting o = 0 there). For verifying (4.8) we let

Wy o= A (L [An + AV )2 — (14 |4, )]
and observe that from (Q € R* n e C°(Q))
0= /Qav[DH(V“)] : V(n*0,[u — Q) dx
we obtain the Caccioppoli inequality
(4.9) /Q 2 D*H(Vu)(0,Vu, 0,Vu) de < ¢ /Q V2D H (V)| |V — Q dx .
Combining (4.9) with (A2) and (A3) we get after scaling for p € (0, 1) (choosing @ = A,,)

(4.10) ; |V, |[2dz < clp) ; |D?H (A, + M\ V)| |V, |* do .
) 1
Now, by (4.3), the right-hand side of (4.10) is bounded through a finite constant so that
(4.11) sup ; VU, [2dz < clp) <oo, 0<p<1.
At the same time we have

|V,,| < ¢|Vuy,

11



and therefore in addition to (4.11) (recall (4.3))

(4.12) sup [ |P,]*dz<c(p) <o, 0<p<l1.
n JB,

With (4.11) and (4.12) it is shown that {¥,,} is a bounded sequence in each space W3 (B,),
0 < p < 1, and this will imply (4.8): to this purpose we fix a number K > 1. Letting

Up = Un(K,p) :={2z€ B, : \y|Vu,(2)] < K}

we obtain from ¢ > 2 and (4.7) (using the smoothness of @)

/ N2 V| dz gc{Az‘Q/ IVun—VﬂlqdzH%‘Q/ IVﬂI"dZ}

< c{/ M2 (|Vug "7 + |Val'™?) |[Vu, — V|’ dz +/ N2 || dz} —0

as N — 0.

On the other hand, for K large enough and z € B, — U, it holds ¥, (z) > ¢|Vu,(z)],
hence
NTRWE(2) 2 e AT Vg ()]

By Sobolev’s embedding theorem we have

n

sup/ |V, |7dz < 00,
Bp
and since we assume ¢ > 2, it follows from the above estimates

/ M2 Vu,|9dz — 0, n — o0o.
B,—Up

This proves (4.8) and thereby Lemma 4.1. O

Let us define the set

Qo :={x € Q: sup|(Vu),,| < oo and lim\iéaf E(z,r)=0}.

r>0

Then, according to Lemma 4.1, u is of class CY* in a neighborhood of each point x € Qy,
and it remains to check more precisely, which points x € ) belong to the set €2y. Since u
is in W3,,.(Q; RY), we deduce from Poincaré’s inequality

][ |Vu — (Vu),.|*dy < crz][ |V2ul* dy
By(x)

Br(z)

:c/ |V2ul*dy — 0, 7 — 0,
By (x)

12



for all points € Q. Next let s := =L. The Sobolev-Poincaré estimate gives

2+q"

1/q 1/s
<][ [Vu — (Vu),,|? dy) <ecr <][ |V2ul® dy) ,
Br(x) By (z)

hence we find after applying Holder’s inequality

q/s
][ IVu — (Vu), T dy < cr? -l </ |V2u|sdy)
B, (z) B (x)

a/2
cri=ip2i=a (/ |V2u|2dy) —0,r—0,
B, (z)

so that lin% E(z,r) =0 for all z € Q. Therefore Qy = {z € Q : sup |(Vu),,| < oo} and the
r— r>0

complement of this set is of Hausdorff-dimension zero. This finishes the proof of Theorem

1.2. OJ
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