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ABSTRACT

Harmonic weak Maaf} forms have recently been shown to
have quite a few interesting arithmetic applications, includ-
ing their connection to Ramanujan’s work on (mock) theta
functions [2, 3, 5, 12].

The peculiar behaviour of these functions under differ-
ential operators suggests that the (g, K )-modules generated
by these functions, viewed as functions on the group SLy(R),
have a simple structure, in spite of being more complicated
than the well-known picture in the case of cusp forms. In
this note we show that this is indeed the case.

1. PRELIMINARIES.

We denote by H the upper half plane in C and by G the group GL3 (R).

The matrix ¢ = (f;g) € G acts on H by fractional linear trans-
formations z — gz = % and on functions on H by (f|xg9)(2) =

cz+d
lcz + d|

det(g)% (cz + d)* f(g2) resp. (flgle)(z) = ( Vf(g2) with = =

{(*°) | u > 0} acting trivially.

1 _1
We recall that g € G has a decomposition g = (u O) <y2 xy12> Ko
0 u 0 Yy 2
with kg = 7(0) = (%% %) € K = SO5(R), where z,y,u,0 € R,
y,u > 0, with z, y, v uniquely determined and # unique modulo 27Z.

With z,y,u,0 as above as coordinates on G we have the differential
operators

9 9 10
(€ I— 20 (; = -~ - Y
i g, 95, + 258
0 9 10
G _ -2e_, 9 v _ Y
L g Vs, T 5ian)
2 o o2
AG  — 2
V(5 T o) YV gu00

on C'*®-functions on G; the operator A% is the Laplace-Beltrami op-
erator for G.

We note that sometimes the parametrization of GG is considered with
¢ replaced by —0, i.e., kg above is written as r(_g); this leads to sign
changes in the definitions of the differential operators above.
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For k € Z, we have the corresponding differential operators on functions
on H as in [9, 6] given by

0 0 k
w _ .Y voon
B = Zy8x+y0y+2
w _ 0 9 k
L = Zy8x+y8y 2
®) _ _ 0" O 9
AV = y(ax2+a2)+zkyax

(the superscript (R) standing for Roelcke). They satisfy
(BeN)lglr2 = Be(flale),  (Lef)lgle—2 = Le(flglk),  (Awf)lgle = Ar(flglk)-

k k
One has moreover: A,E:R) = —L,(Ci)zR,gR) - 5(5 +1) = —R,E}E)QL,E;R) +
k k
5(1 - 5)7
R,(CR) o A,(CR) = A,(ﬁ)Q o R,gR) , L,(CR) o A,(CR) = Agfz o L,(CR). The operators

R©), R,(CR) are called raising operators, the operators L&), L,(CR)

called lowering operators.

are

We consider a discrete subgroup I' of SLy(R) with a character y : I' —
C* and for k € Z functions f on H satisfying f[v|x = x(v)f for all v €
I

Such an f induces a function F' = oy(f) on G given by F(g) =
(flg]r)(i); the function F' = o ( f) satisfies then F((gkg) = e**F(g) (0 €
R) and F(yg(i°)) = x()F(g) (v €T, u>0).

The map f —— ox(f) is a bijection between the respective types of
functions on H and G, with inverse given by

Fr f, f(z+iy) = F(ﬁ)

On C?-functions the bijection commutes with the actions of L,(CR), R,(CR), A,(CR)

resp. L@, R A,

In the theory of modular forms it is more usual to consider functions
f:H — Cwith flgy =x(7)f (v €T) instead of the transformation
equation f[y]x = x(7)f treated above; for such an f the function fU?
given by 5 (x 4 iy) = ys f (x + 1y) satisfies the latter transformation
equation.

If f as above is an eigenfunction of the weight k& hyperbolic Laplacian
Ay = —yZ(% + %) + iky(% + %) = AlgR) — kya%, the function &

is an eigenfunction of A,(CR) with eigenvalue A — 5(% — 1),

The corresponding lowering and raising operators L = y(L,(gR)qu: /2), Ry =
y‘l(R,(cR) + k/2) have the disadvantage of changing the eigenvalue of a
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Laplace eigenfunction and the advantage that the kernel of L, consists
of the holomorphic functions on H.

2. WEAK MAASS FORMS OF INTEGRAL WEIGHT.
We recall from [4]:

Definition 1. A C*-function f : H — C is called a weak Maafs
form of weight k and character (or nebentypus) x for the congruence
subgroup I' C SLy(Z) if it satisfies

a) fley =x(y)f for ally €T
b) For «y € SLo(Z) there is a polynomial

Pry =Y ¢ (—n)X" € C[X]
n>0

and an € = €;, > 0 such that (f|xy)(z) — Pp,(e 2™#/M) =
O(e%) (where h. is the width of the cusp y(o0) ) asy = Im(z) —
0.

Pi (VM) = > <o C}Lﬁ(n)q"/h7 is called the principal part
of f at the cusp v(c0).

c) f is an eigenfunction of Ay.
If the Ag-eigenvalue in c) is 0, the function f is called harmonic.

Definition and Lemma 2. If f : H — C is a weak Maaf$ form as
above with Ag-eigenvalue X, the corresponding function fU9 (satisfying
FBNe = x(Y)f for all f €T) is called a weak Maaf-Roelcke form of
weight k (MR-form for short).

With P}i)(z) = ygpm(e_z’”z/hv) the function f satisfies a cusp con-
dition analogous to the one given in the previous definition, it is an
eigenfunction of A,ER) with eigenvalue A\ = \ — g(% —1).

The functions L,(CR)f(R), R%R)f(R) are then weak Maaf$-Roelcke forms of
weights k — 2, k + 2 respectively and with the same A,(C}E)Q resp. A,(fz—
eigenvalue X,

Proof. 1t is easily checked (or deduced from the results of [4]) that
L,(CR) fB) and R,(CR) ) satisfy the required cusp conditions.

The rest of the assertion is obvious from the facts stated in Section
1. O

It is well-known that one has compatible actions of the complexified Lie
algebra g of SLo(R) and of the maximal compact subgroup K = SO5(R)
of SLy(R) on analytic functions on G: The action of K is by right
translation, the generators

1/1 i 1/1 —i {0 1
Rzé(@' —1>’L:§(—i —1)’H:_Z<—1 0)
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of g act by R@, L@ HE = —i% respectively, and after extension
of this action to the universal eveloping algebra U(g) the Casimir ele-
ment H?2+2RL+2LR acts by —4A@) 1t is also well-known that under
this action of g and K a function F' € C*(G) that is both K-finite
and Z(G)-finite generates an admissible (g, K)-module V| ie., V is
the direct sum of finite dimensional K-invariant subspaces and each fi-
nite dimensional irreducible representation of K occurs only with finite
multiplicity.

The structure of this (g, K)-module is also well-known, if F' is the
function on G corresponding to a holomorphic cusp form of weight
k > 0 in the way described in Section 1: One obtains then an irreducible
(g, K')-module which is a (limit of) discrete series representation D (k)
and in which F'is a vector of lowest K-type k. The K-types occurring in
this representation are the set X7 (k) ={f € Z | { = k mod 2, ¢ > k}
(notations as in [6]), the Laplace eigenvalue is A = %(1 — ). The
raising and lowering operators push the K-types up and down, acting
injectively with the exception that L(%) annihilates the lowest K-type
k.

Similarly, an antiholomorphic cusp form (i.e., a complex conjugate of a
holomorphic cusp form) of weight k gives rise to a MaaB-Roelcke form
of weight —k and a function on G of K-type —k which generates an
irreducible (g, K')-module of type D~ (k) with set of K-types X7 (k) =
{€Z|¢=kmod2, < —k};again L% and R act injectively
with the exception that R(“) annihilates the highest K-type —k.

We denote (see [6]) for & > 1 by V(k) the (g, K)-module of K-finite
vectors in the induced representation H (s, —s, k) (with s = £1) of
GLJ (R) which is given by normalized induction from the character

(o) = et il

0

of the upper triangular subgroup. It is well known (see [6]) that V' (k)
is indecomposable with each K-type [ = k mod 2 appearing with mul-
tiplicity 1 and contains precisely two irreducible submodules which are
of types DT (k), D~ (k).

In contrast to the case of holomorphic cusp forms, the functions on GG
corresponding to weak MaaB forms do not embed into L?*(T'\ G) so that
one can not expect complete reducibility. Instead, the known results
about the action of the raising and lowering operators on weak har-
monic MaaBl forms, see [4], suggest that the (g, K)-module generated
by the function on G corresponding to a weak harmonic Maaf§ form is
indecomposable, but not irreducible. We have in fact
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Proposition 3. Let f be a harmonic weak Maaf form of weight 2 — k
with k > 1 for the congruence subgroup I' and denote by F the corre-
sponding function on G = GL3 (R) (which is an eigenfunction of the
Laplace-Bertrami operator A9 with eigenvalue £(1 — £)).

Then L\ F generates (if it is non-zero) a (g, K)-module of type D~ (k)
and corresponds to an antiholomorphic modular form of weight k.
Similarly, (RS)*=1F generates, if it is non-zero, a (g, K)-module of
type D (k) and corresponds to a weakly holomorphic (i.e., holomorphic
with possible poles at o0 ) modular form of weight k. The (g, K)-module
generated by F' is indecomposable but not irreducible; it is isomorphic to
V (k) if both L'\O(F), (R)*=Y(F) are non-zero, and to V(k)/D* (k)
resp. V(k)/D~ (k) if one (and only one) of them is zero.

Proof. The (g, K)-module structure is completely determined by the
actions of L@ R A and the occurring K-types and their multi-
plicities. The latter are contained in {¢ € Z | { = k mod 2} and occur
with multiplicity 1. The A(®-action is given as multiplication with
A= %(1 — %), and L@ R push the K-type up or down by 2, with
R possibly annihilating a vector of type £ = —k or ¢ = k — 2, and
L% possibly annihilating a vector of type £ =k or £ = 2 — k.

Since we are starting at K-type 2 — k, all K-types < k — 2 appear
if LDF # 0, and all K-types > 2 — k appear if (RO)1F £ 0.
Moreover, since the Laplace eigenvalue is g(l — %), we see by translating
the identities

AR L LMo R — _Z(Z41)

14

_§>

into identities for the action of A, R L& on the respective K-
types that L(%) o R(®) annihilates the K-type £ = k —2 and R(%) o L(%)
annihilates the K-type ¢ =2 — k.

This proves all the assertions. O

N

(

N

—_

‘
AP+ RE o R =

Remark 4. a) A similar phenomenon occurs for the non holo-
morphic Eisenstein series of weight 2 for the full modular group
whose (g, K)-module is V (2)/D~(2).

b) The representation theoretic point of view to interpret the (anti)-
holomorphic forms related to a harmonic weak Maaf$ form as
vectors in the same (g, K)-module should facilitate an adelic
treatment and generalizations to the number field case as well as
generalizations to other (e.g. symplectic or orthogonal) groups
and to vector valued modular forms for these. The fact that
these modules are indecomposable but not irreducible causes some
phenomena which do not occur in the representation theoretic
investigation of cusp forms.



c) Using the Fourier expansion of f given in [4] one sees that it
cannot happen that both L'C)F and (R'9)*=1F are zero for non
constant F, essentially because these two differential equations
do not have a non trivial periodic solution.

3. HALF INTEGRAL WEIGHT.

In order to deal with the case of half integral weight we have to mod-
ify the group theoretic setup, shifting from GL3 (R) or SLy(R) to the
metaplectic group SLy(R) =: G.

We will see that the situation is almost completely parallel to the case
of integral weight, but since the necessary ingredients are somewhat
scattered through the literature we prefer to go through this setup in
some detail.

We recall that the metaplectic group SLy(R) is as a set, SLy(R) x {%1},
with multiplication given by (g1, €1)(g2, €2) = (9192, ¢(91, g2)€1€2), where
c(+,) is the cocycle given by

c(91,92) = (x(g1), ©(92))r(=2(91)2(92), #(9192),
where (-, -)g denotes the Hilbert symbol for R and

z(g) :{ ; gig for g = (Z;) € SLy(R).

é, although not linear, is a real Lie group with Lie algebra g = sly(R)
and maximal compact subgroup K~ R/4nZ, an isomorphism being
given by

0+ AnZ — 7(0) = (1(0), €p)

_ I —m < 0
=) -1 1 < 0

i0 H—7(0)
coincides with the exponential map

with
7T .
3T’

IAIA

the map

i0H = (_00 8) — exp(i0 H) € G

(see [1, Sect. 5].
We denote the image of this map by K. The elements of G can
be written uniquely as g = b(z)r(0) with z = =z + iy € H, b(z) =

(s ) )<
0 v

With this parametrization we have again the differential operators
R L& A a5 in Section 1. We also have the same relations to
the action of the Lie algebra sl as before, i.e., R acts by R L by
LY H by —i& and H? + 2RL + 2LR by —4A©),

N



We have a correspondence between functions F' on G satisfying
F(g7(0)) = ¢*'F(g) (9€ G, 0€R)
and functions on H, given by f +—— F' = g% (f) with
Fb(2)r(0) = ™ f(2)
f(z) = F(b(2));
this correspondence commutes with the actions of L(é)7 R(é), A©@ on

functions on H on the one side and of L,(CR), R,(CR), A;CR) on functions on
H on the other side.

The fact that 7(0) = exp(i0 H) is true implies that the sly-action on

functions on G is compatible with the action of K by right translation.
In particular, functions F' satisfying

F(gr(0)) = e*F(g)

0 1
-1 0

eigenvalue k, so that the study of (g,l? )-modules of functions on G
becomes completely parallel to that of (g, K)-modules of functions on
G discussed in Section 2.

Although one can not embed SLy(Z) or I'y(N) for some N € N homo-
morphically into G, the group I'1(4) can be embedded by the map

= (5 5) = b =7

where x(7v) = (§) with () denoting the extended Jacobi symbol as in
[10] satistying

for g € G, 6 € R are eigenfunctions of H = —i ( > € sly(C) with

(‘TC”) ifc#0,c>00rd>0
(c_i): _(ITClI) ifc<0,d<0
1 if c=0,

see [7, Sect. 2.2]; we write m for the image of this map. For
v € T'1(4) we write j(v, z) = (g)(czjtd)% with —§ < arg(cz+d)z < 5

37, 2) o
G 09
and f|iv(2) = j(7, 2) "2 f(z). As before, if f : H — C transforms like
a classical modular form of weight k for I'y(4NV), i.e., satisfies f|zy = f
for all 4 € T, (4N), the function f@® given by f®)(z) = Im(z)2 f(2)
satisfies f®[y], = fB  for all y € ['1(4N) and F = G, (fP) satisfies
F(yg) = F(g) for all ¥y € I'1(4N), g € G.

Moreover, defining Ly, Ry, Ay as usual (see Section 1) we obtain as
before that for an eigenfunction f of A, with eigenvalue A the corre-

For half integral k = k+1 (k € Z) we write f[y]i(2) = (

sponding f® is a A;CR)—eigenfunction of eigenvalue \ — g(g —1). The
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weight raising and lowering properties and the commutation relations
for L,(CR), R,ER) have been discussed in [8]; since

LEG(f ) = G L fM),
ROG(f1) = Gra( RV,
AOF(FB) = G (A AP £(R)

hold, this discussion carries over to L(¢ 9 R(G), A@),

Taken together we have

Lemma 5. The assertions of Lemma 2 are true for the case of half
integral weight k = 5 + 1 as well.

Lemma 6. Let k = 14k € 3 +7Z and denote forv = £5 by B(k—1,v)
the (induced) representation of G = SLy(R) (acting by right transla-
tion) on the space of square integrable functions p : G — C satisfying

p((b(2),)9) = ey*p(9) (2= +iy € H)

p(r(m)g) = €""p(9).
Then the (g,[?)—module v(k,u) of K-finite functions in the space of
B(k — 1,v) is spanned by the functions @, for n € v+ 27 with

Zn(G7(0) = €™30(G) (G€C, 0ER)
(which condition determines @, up to scalar multiples).

The (g, N) module of the discrete series representatz’on e oféY 1s for
v = k mod 27Z realized as the unique nontrivial (g,K) -submodule of
V(k,v) or " equivalently as the unique nontrivial (g, K)-quotient of V (2—
k,v), its K- -types are indexed by the n € v + 27 with n > k.

]f f: H — C is a holomorphic cusp form of weight k (for some
congruence subgmup) and f(G the corresponding functzon on G the
function &) generates a (g,K) module isomorphic to 7, and is a
vector of the lowest IN(—type k in this module.

Analogous statements hold for antiholomorphic cusp forms and discrete
series respesentations T, .

Proof. This is a reformulation of Proposition 6 in [11]. O

The situation for harmonic weak Maafl forms is now similar to that in
Section 2, except that due to the fact that 2k is odd we cannot get
both holomorphic and antiholomorphic forms by applying raising and
lowering operators.

Proposition 7. Let f be a harmonic weak Maaf form of half integral
weight 2 — k with k > 1, k € v + 2Z for the congruence subgroup
[' CT'1(4) and denote by F the corresponding function on G = SLg(R)
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(which is an eigenfunction of the Laplace-Beltrami operator A©) with
eigenvalue X = £(1 - £)).

Then L\9F generates (if it is non zero) a (g, I?)-module of type .
and_corresponds to an antiholomorphic modular form of weight k. The
(g, IN()—module generated by F is isomorphic to V(k, —v) if L\O)F # 0,
it is isomorphic to the discrete series representation 7, if LEF =0.

In both cases the (g, K)-module is indecomposable, but it is irreducible
only in the second case.

[1]

[10]
[11]

[12]

REFERENCES

Adams, J.: Character of the oscillator representation. Israel J. Math. 98 (1997),
229-252.

Bringmann, Kathrin; Ono, Ken The f(g) mock theta function conjecture and
partition ranks. Invent. Math. 165 (2006), no. 2, 243-266.

Bringmann, Kathrin; Ono, Ken: Dyson’s ranks and Maass forms, Annals of
Math. 171 (2010), No. 1, 419-449

Bruinier, Jan H.; Ono, Ken; Rhoades, Robert C. Differential operators for
harmonic weak Maass forms and the vanishing of Hecke eigenvalues. Math.
Ann. 342 (2008), no. 3, 673-693.

Bruinier, J. H. und Ono, K. Heegner divisors, L-functions and harmonic weak
Maass forms, Annals of Math., to appear

Bump, Daniel Automorphic forms and representations. Cambridge Studies in
Advanced Mathematics, 55. Cambridge University Press, Cambridge, 1997.
Gelbart, Stephen S.: Weil’s representation and the spectrum of the metaplectic
group. Lecture Notes in Mathematics, Vol. 530. Springer-Verlag, Berlin-New
York, 1976.

A. Pitale: Lifting from SL(2) to GSpin(1,4). Int. Math. Res. Not. 2005, no.
63, 3919-3966.

Roelcke, Walter Das Eigenwertproblem der automorphen Formen in der hy-
perbolischen Ebene. I, II. Math. Ann. 167 (1966), 292-337; ibid. 168 1966
261-324.

G. Shimura: On modular forms of half integral weight. Ann. of Math. (2) 97
(1973), 440-481

Waldspurger, J.-L.: Correspondance de Shimura. J. Math. Pures Appl. (9) 59
(1980), no. 1, 1-132.

D. Zagier, Ramanujan’s mock theta functions and their applications [d’apres
Zwegers and Bringmann-Ono| Séminaire Bourbaki 986 (2006-2007)



