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Abstract

Goss polynomials provide a substitute of trigonometric functions
and their identities for the arithmetic of function fields. We study the
Goss polynomials G (X) for the lattice A = F,[T] and obtain, in the
case when ¢ is prime, an explicit description of the Newton polygon
NP(Gi(X)) of the k-th Goss polynomial in terms of the g-adic ex-
pansion of kK — 1. In the case of an arbitrary ¢, we have similar results
on NP(Gy(X)) for special classes of k, and we formulate a general
conjecture about its shape. The proofs use rigid-analytic techniques
and the arithmetic of power sums of elements of A.

MSC 2010 Primary 11F52 Secondary 11G09, 11J93, 11T55

Introduction. Throughout, F = I, will denote a finite field with ¢ elements,
where ¢ is a power of the natural prime p, and A = F[T] the polynomial ring
over A in an indeterminate 7. It is a well-established fact that the arithmetic
of A and its quotient field K := F(T') is largely similar to that of their number
theoretical counterparts Z and Q. Both Z and A are euclidean rings, discrete
in the completions R (resp. Ko, :=F((T7!))) of Q at the archimedean valu-
ation (resp. of K at the place at infinity) with compact quotients R/Z and
K. /A. The finite abelian extensions of Q and A, described in both cases by
classical abelian class field theory, may be explicitly constructed through the
adjunction of roots of unity or torsion points of the Carlitz module, respec-
tively. Comparable similarities hold for the non-abelian class field theories of
@ and K, presumably governed by the predictions of the Langlands conjec-
tures, and for topics like elliptic curves and (semi-) abelian varieties over Q,
which to some extent correspond to Drinfeld modules and their generaliza-
tions over K. Likewise, there is a strong analogy between classical (elliptic)
modular forms/modular curves and Drinfeld modular forms/curves.

In both cases, the arithmetic behind modular forms is encoded in their series
expansions around cusps and in the action of Hecke operators. The study
of these questions for Drinfeld modular forms requires substitutes for cer-
tain classical, notably trigonometric, functions and their identities, which
are routinely used in elliptic modular forms theory. The required substitute
is provided by the Goss polynomials Gy x = G a(X) of F-lattices A in Cy,
the completed algebraic closure of K., and in particular, the polynomials
G} := Gy 4 for the F-lattice A = A. It turns out that the series (Gj)g>1 of
these is crucial for the understanding of modular forms and modular curves
for the group GL(2, A) and its congruence subgroups, and for many other
topics in the arithmetic of A and K, see, e.g., [3], [4] and [9].

The most important question is about the size and arithmetic nature of their



zeroes. The behavior of Gy is rather erratic, depending in a complicated
fashion on the p-adic expansion of k£ — 1 and the vanishing/nonvanishing of
certain multinomial coefficients (mod p), and a general answer, though de-
sirable, is not in sight.

Nevertheless, besides some incomplete results for general ¢, we succeed to
give an explicit description of the Newton polygon of Gy over the valued
field K (equivalent with the description of the size of its zeroes), in the
important special case where ¢ = p is prime: see Theorem 6.12, which is our
principal result. Its proof uses non-archimedean contour integration and the
arithmetic of power sums of elements of A. In a weakend form, this result
may be (hypothetically) generalized to arbitrary finite fields F = F,, which
is the contents of Conjecture 3.10. It is compatible with extensive numerical
calculations and may perhaps be approached by means different from those
in this paper.

The research leading to the present result was partially carried out when I
was on sabbatical leave at the Centre de Recerca Matematica CRM at Bel-
laterra, Spain. With pleasure I acknowledge the support of that institution,
and I heartily thank its staff for their hospitality.

Notation.

A = F[T], where F =F,, #(F) = ¢ = power of the prime p

K =TF(T), endowed with the valuation v, at infinity and the absolute value
| . | normalized such that v, (T) = —1 and |T| = ¢

K. = F((T™')), the completion of K w.r.t. | . |, with ring of integers Oy,
and maximal ideal m,

Cs = the completed algebraic closure of K, with its canonical extensions
of | . | and v, denoted by the same symbols

B(z,r) the open ball {w € Cy | |w — 2| < r} around z € Cy with radius
r € |C% | and corresponding closed ball BT (z,r) = {w € Cy | |w — 2| < r}.

Review of Goss polynomials (see [4]). An F-lattice (lattice for short) in
C4 is a discrete F-subspace A of C,. Discreteness means that A intersected
with each ball BT(0,¢") in Cy is finite. Hence

(2.1) A=[JA

reN

with finite lattices A, = AN B*(0,¢"), and many of the following considera-
tions easily turn over from finite to general lattices. Assume for the moment
that A is finite, of dimension d > 1 over F. The exponential function ey of A



is defined as

(2.2) enz) =2 J] (- ;)7

0AXEA

which is easily seen to be F-linear, of shape

(2.3) en(z) = Z ;27

with coefficients a; = o;(A), g = 1, ag # 0. Applying logarithmic deriva-
tion, we find

(2.4) ta(z) = ) L > i X

The basic observation, due to David Goss [8], is that the sum
2.5) Cenls) =Y —
. k,A = (Z — /\)k.J
AEA

a rational function in z, may be expressed as polynomial in t,.

2.6 Theorem [8]. There exists a unique series Gpa(X) (k=1,2,3,...) of
polynomials with coefficients in F(A) such that Cya(2) = Gra(ta(2)). The
Goss polynomials Gy p satisfy:

(1) G is monic of degree k with G A(0) = 0;

(ii) Gk,A(X) = X(Gk_LA(X) + Oéle_q,A(X) + -+ OZZ‘Gk_qi,A(X) + - ),
where we formally put Gy a =0 for k < 0;

(1it) Gppn = (Gra)? (p = char(F));

(i) X?G A (X) = kGrp1a(X).
The recursion (ii) implies

(2.7) Gea(X) = X" ifk <gq,
and it translates to the generating function

uX

(2.8) Ga(u, X) =) Gra(X)u = T Xent)

k>1



with another indeterminate u. From (2.8) we may derive the following closed
formula ([4] 3.8):

(2.9) Gra(X Z Z < )ain+la
0<j<k 1

where i = (ig, 41, ...,4s) runs through the set of (s + 1)-tuples (s > 0) that
satisfy ig + 74 +---+i5 = j and ig + i1q + - +i¢° = k — 1, (Z) is the
0 01 7

multinomial coefficient =, evaluated in F, < C., and ol =afall - als,

The preceding generalizes to arbitrary (not necessarily finite) lattices, where
the exponential function e (2) of (2.2) becomes a convergent possibly infinite
product with an everywhere convergent power series expansion

(2.3) en(z) = Zaizqi

and Cj a is a meromorphic function on C,, with poles of order k£ at A. Put
for the moment e, := ey, Ck, := Ci ., and Gy, := G, with A, asin (2.1).
Standard estimates show that for r — oo we have

e ¢, — ey locally uniformly;
o (i, — Cj A uniformly on closed balls disjoint from A.

As a consequence, the G, converge coeflicientwise toward a polynomial G o
with the property Cy a(2) = Gra(ta(2)), where t5(z) = ” ( 7- Hence all the
assertions of Theorem 2.6 along with their consequences (2.7), (2.8), (2.9)
remain valid for A.

2.10 Proposition. Let ¢ € Cy be a non-zero constant. The functions
attached to the lattices A and N' = cA are related by

(i) een(cz) = cea(z);
(i) ai(ch) = =T a;(A);
(iti) Cren(cz) = Cpa(2);
() Grea(c™'X) = ¢ "Gra(X);

(v) if we write Gy (X Zg;” A)X* then

i<k

Gri(cA) = ¢ gra(A).



Proof. (i), (ii) and (iii) are straightforward from definitions. We have

Gron(c () € Greaten(c2)) = Cren(c2)
W (Chon(2) = FGra(ta(2)),

hence (iv), and (v) is a trivial consequence.
Note that (ii) and (v) mean that o; (resp. gi;) regarded as a function on the
set of lattices has weight ¢' — 1 (resp. 1).

3. The conjecture. Let T € C,, be the Carlitz period, which is the A-
analogue of the period 2mi of the classical exponential function exp(z). It is
characterized up to (¢ — 1)-th roots of unity through the fact that L :=7A
uniformizes the Carlitz module, the A-analogue of the multiplicative group
scheme G,,. For all of this and its arithmetic significance, see [9]. Several
“classical” formulas for 7 are known ([4] 4.10-4.12); we will only need the
following facts:

(3.1) 7 =

(3.2) er(z) = Z DiiZQi’

where Dy =1, Dy = [i][i —1]¢---[1]* for i > 1, and [j] = T¥ — T € A. For
arithmetical reasons we are primarily interested in the G 1, but in view of
(2.10) we may restrict to studying Gk, 4, which is technically more convenient.

Therefore, from now on A = A, and the functions e, t,C}, G) without a
subscript A will always refer to A = A. It is easy to verify directly (and it
follows formally from the conjunction of (3.1), (3.2) and (2.10) (ii)) that

(3.3) e(z) = Zakzqk

k>0
with ap =1, |ag| = 1 and |ag| < 1 for k > 2.
Next, let

|. li: Co — R

z o |z|; = infeek |2 — 2] = mingek |2 — x|



be the “imaginary part” function on C,. We define the following subsets
(actually: analytic subspaces) of C\.:

F = {z€Cx||z|=|2i > 1}
(3.4) Fo = {z€Cx | |2l =|2li=q"}, ne Ny ={0,1,2,...},
O = {2zeCx ||z > 1}.

Note that always |z|; < |z|, with equality if log, |2| & Z. The additive group
A acts through shifts z — z + a on £, and each z € §; is A-equivalent
with at least one and at most finitely many 2z’ € F. Hence the canonical
map A\ F — A\ Q is biholomorphic, and the A-periodic meromorphic
function Cy = Cj 4 (cf. (2.5)),

Cul) = X oz = Gult2)

acA

is determined through its restriction to F.
3.5 Lemma. The absolute value of t7"(z) on F is given by:
—1 _ n+1 —1 . _ n—e
10gq|tq (Z)|_q_q (1—(176),Zf|2|—q 7n€N)0§€Sl

In particular, log, |t~ (2)| = ¢ — ¢"™" for z € F,. Proof. This follows from
(2.2) and a tedious but straightforward calculation, counting the a € A below
some bound and their degrees. Note that log, it = log, |74~ |+log, [t
which gives the formula (2.3) in [6]. 3.6 Corollary. The functiont provides a
biholomorphic isomorphism between the quotient space A\ F and the pointed
closed ball BT(0,1) \ {0}. The same statement holds for t replaced by t7!.
Proof. We have A\ F — A\ Q; — B*(0,1) \ {0}, where the second
isomorphism comes from (3.5) and the surjectivity of e = e4 =t~ as a map
from C,, onto itself. We also note

(3.7) For a € A, the following are equivalent:
(i) (Fata)NF#0
(i) F+a=F,

(i) a€ A, :={a € A| dega < n}.

It is obvious that C} cannot have any zeroes z € Cy with |z] < 1. Accord-
ingly, all the zeroes x of G(X) satisfy |z| < 1.

In what follows, we adopt the notation of [10] I sect. 6 for Newton polygons.
That is:



(3.8) If f(2) = > a;2" is a polynomial (or power series) with coefficients in
Cw, the Newton polygon NP(f) of f is the lower convex hull of the points
(4, Vs0(a;)) in R?. Then we have the following equivalent conditions about
the zeroes of Cj and G (X):

3.9 Proposition. Let k € N be given. The following assertions are equiva-
lent:

(1) all the zeroes z of Cy, satisfy |z| = ¢" for some n € Ny;
(ii) all the zeroes z of Cy in F lie in F, for some n € Ny;

(iii) all the zeroes x # 0 of G(X) satisfy log, || = —q(qqn_—_ll) for some
n e No,'

(iv) all the slopes of the Newton polygon of Gr(X) are of the form —q(q;—_ll)
for some n € Ny.

Proof. The equivalence of (i) and (ii) comes from the A-periodicity of Cj,
the equivalence of (i) or (ii) with (iii) from the definition of G(X) and (3.5),
and the equivalence of (iii) and (iv) is the characterizing property of the
Newton polygon ([10] II Theorem 6.3). Based on numerical calculations and
the study of many special cases, we make the following

3.10 Conjecture. For each k € N, the equivalent assertions in Proposition
3.9 hold.

We succeed in proving the conjecture in the case where ¢ = p is prime;
see Theorem 6.12, which provides a neat description of the Newton polygon
NP(Gr(X)). Its proof will occupy the largest part of this paper.

3.11 Remark. The Goss polynomials G (X) of A = A have their coefficients
in K. As elements z € C, algebraic over K., with |z|; not of the form ¢"
with some n € Ny generate ramified extensions of K, the conjecture would
follow if the splitting field of G(X) could be shown to be unramified over
K.

4. Contour integration. Our argument will be based on non-archimedean
contour integration as presented in [7] pp. 93-95. We briefly recall the main
ingredients.

Let B = B(zp,q") be the “open” ball around zy € C. with radius ¢" €
|C* | = qU, B = B*(2,¢") the corresponding “closed” ball, with boundaray
OB :={z € Cy | |z — 20| = ¢"}. The ring of holomorphic functions O(9B)

7



of OB is isomorphic with Cy, (v, v™1), the ring of convergent (possibly doubly
infinite) Laurent series in a coordinate v of absolute value 1 on 0B, for which
we can choose v = 220, where wy € C has absolute value |wo| = ¢". An
invertible element of O(@B) has the form

(4.1) f=v nezzanv with |ao| > IB%(’CL""

Conversely, each f with such a Laurent expansion is invertible on 0B. The
number m is well-defined through the choice of an orientation on 0B (implicit
in our choice v = #2%¢) and is called the order ordps(f) of f at OB. If now
f is meromorphic on BT, without zeroes or poles on 0B, the formula

(4.2) > _ordy(f) = ordos(f)

zeB

holds, where ord,(f) is the zero order of f at x € B (negative if f presents
a pole at x).

(4.3) Let wq be a fixed element of C, of absolute value |wg| = ¢"*¢, r € Ny,
0 < e < 1,andlet v := z/wy be the coordinate on dB, where B = B(0,¢" ).
We calculate the Laurent expansion of Cy(z) on 0B. We have for z = wyv €
0B, |v] = 1:

1 1
Ck(Z)ZE%m:z;m:ZﬁZy

where the first sum ), is over those a € A of degree at least r + 1, i.e.,
la| > |wp|, and ), the sum over the finite set A, = {a € A | dega < r}.
For |a| > |wy| we find

(2 —1a)k <a(1—_1 5))k = (—a)_k; (_Zk) a” (—wp)"0’,

where the binomial coeffiencients (_Zk) = (—1) (k_ilﬂ') must be evaluated
in C. As the inner sum converges sufficiently fast, we may change the
summation order and get for the first term > _;:

5 et e (1)

Jal ol =0
>|wg
(4.4) Cen N
_ kE ( ) w[z) E a_k_Z’UZ.
Z>0 a€EA
la|>]wg|



Next, let a € A,, i.e., |a] < |wy|. Then
1 . —k, —k ( -1+ Z) iy —i, i
— =z = a'wy v,
G IS °
hence the ) ,-term is

(4.5) > ﬁ => (k - 21 " Z) R N

a€A, >0 a€A,

Note that the term corresponding to i = 0 in (4.5) vanishes, since Z a’ is

aeAr
the sum over a non-trivial F-vector space, and therefore cancels. Together

with (4.4), the wanted Laurent expansion of Cy(z) on 0B = {z € C | |2| =
q" ¢} results:

Cr(z) = Z a,v" with
neE”L
a, = (=1)F (k_:’") wgz a"" (n>0)
(4.6) i
app = (k 1+n —k nz a® (n > O)
acA,
and a_q,...,a_, = 0.

It will turn out (see (6.5)) that the contribution of ), (i.e., of those a,, with
n > 0) will be negligible for our question. Therefore we focus on studying
the coefficients a_j_,,.

5. Power sums. For n,r € Ny we define the power sums

Sp(n) = Z a™ and

a€A monic

(51) of degree r

Sy(n) = Z a"

a€A,_1
where we adopt the convention that deg0 = —o0, so A_; = {0}, Sp(n) =
0if n > 0 and Sp(0) = 1. Then the coefficient a_j_, in (4.6) equals
wak n (k—l-i—n) 5r+1(7l).

n

Obviously, for r > 0:
Se(n) = 0 if 20 (modgq—1)
= — Z si(n) ifn=0 (modqg—1).

0<i<r



The s,(n) are studied in [5]. For the moment we need the recursion (loc. cit.
2.3):

(5.3) sin) == (7’;) T™s,_1(m), so(n) = 1,

m<n
m=n (mod g—1)

which in view of (5.2) translates to the same recursion

Sin) =3 (Z) T™S,_1(m), So(n) = 0, n > 0, Sy(0) = 1

m<n
m=n ( mod g—1)

for the S,.(n).

Let m,n be non-negative integers, written in their p-adic expansions

m = Moy + Mipp + mz,pp2 +X1---
n = nO,p+n1,pp+"' with Mip, Nip € {0717"-7p_ 1}7

from which we get in the obvious way the g-adic expansions

m = mg + miq + mag* + - -
n=mny+mnq+--- with m;,n; € {0,1,...,¢—1}.

Define the p-adic (resp. g¢-adic) digit sum ¢,(n) := ng, + nip + -+ - (resp.
¢(n) =ng+ny+---). The Lucas congruence

() =TI () tmoar)

with the usual convention that ( = 0 if n < m implies

mip < n;, for all i)

(2)#0 < (
(5.4) & Ly(n ( ) + £p(n —m)
= (m; <n; for all i) = ¢(m) < {(n),
where we abuse language (as we will do in the sequel) and write “=" for the

congruence of integers in I, — C.

(5.5) Let p: NogU{—o00} — Ny U {—o00} be the following operator. Write
n € Ny as a sum Z ¢ of {(n) powers of ¢, where always iy, < i4

1<s<4(n)
and ¢’ occurs precisely n; often. Then p(n) = —oo if £(n) < ¢ — 1 and
p(n) =n— Z ¢" otherwise. Further, p(—o0) = —o0, p* = po pF~ for
1<s<g—1

10



k > 2. Note that p(n) depends only on the g-expansion of n, and therefore
also makes sense for arbitrary p-adic numbers n € Z,. With the conventions
deg(0) = —oo and —oo +n = —oo for n € Ny, we have:

5.6 Proposition ([5] Prop. 2.11). For r,n € N,
deg s,.(n) < p(n) + p*(n) +-- -+ p'(n),

with equality if the the following condition is satisfied:

(%) For0<s<m, <p57Zn)

It follows from (5.4) that (%) always holds if ¢ = p is prime; therefore, we
have an ezxact formula for deg s.(n) in this case.

) 0 (mod p).

5.7 Corollary. s,(n) =0 ifr > €(n)/(¢ —1). In particular, s.(n) = 0 if
n<q —1. U

5.8 Corollary.
(i) We also have S,(n) =0if r > {(n)/(¢ — 1).
(ii) If 0 <n=0(mod ¢q— 1) then S;(n) = —1.

(iii) Let (n,r) satisfy the condition (%), n = 0 (modgq — 1), and 2 < r <
¢(n)/(q —1). Then deg S,(n) = p(n) + -+ p"(n).
Proof.
(i) Recall that n = £(n) (mod ¢ — 1). Further, m < n, m =n (modq — 1)

and () # 0 implies £(m) < £(n) — (¢ — 1). Therefore the assertion
results via induction from the recursion (5.3) for S,.(n).

(ii) Si(n) = ch =—1.

ceF

(iii) By (5.2), Sy(n) = Zsz(n) The degs;(n) are given by (5.6), and
i<r
deg Sy(n) = degs,—1(n) = p(n) + -+ + p"*(n), since p""1(n) > 0
excludes cancellation between the s;(n).

For later use, we add the following definitions related to p. Given k£ € N, let
the p-adic expansion of £ — 1 be given as

kE—1= ko,p + kl,pp—i— kQ,pPQ + -

11



Put

(5.9) (k=1)"=@p—-1—kop)+ (@ —1—=kipp+(p—1—kop)p” +---
5.10 Remarks.

i) k-1)*+k—-1=@p-DA+p---)=—-1,ie, (k—1)*=—-kas a
p-adic number, but we will suppress this identity since it could create
some confusion.

(ii) Instead of the p-adic expansion, we can use the ¢g-adic expansion of k—1
in defining (k —1)*, which by (i) gives the same number (k—1)* = —k.

Consider the g-adic expansion

>0
with /; =q— 1 for 1 >0

= Z ¢ with i, < 1s+1, where the term ¢; occurs
s>1
precisely ¢; times as in (5.5).

Given r € Ny, define

(5.11) A (k) = q"

Then A\o(k) =0 = p"(\.(k)).

6. The case ¢ = p prime. We now come back to the situation (4.3) and
the Laurent expansion (4.6) of Ci(2).

6.1 Proposition. Assume q = p prime, and let ng = no(k,r) be the least
natural number n such that the coefficient a_j_,, = wo_k_" (k_:“”) Sr+1(n) in
(4.6) doesn’t vanish. Then the coefficient a_y_,, dominates in the Laurent
expansion (4.6), i.e., |a_g_n,| > max ||

n#—k—ng
6.2 Corollary. The Conjecture 3.10 holds true if ¢ = p. That is, all the
zeroes of Cx(z) in F actually lie in U F., and the Newton polygons of the

r>0

Goss polynomials Gi(X) have the slopes described in (3.9)(iv).

Proof (modulo (6.1)). This has been described in (4.1). O

12



Before starting the proof of (6.1), we collect a number of facts and definitions.

(6.3) For r € Ny, let 7,.(k) be the number of zeroes z of Cy(z) in F which
satisfy ¢" < |z| = |z]; < ¢! As A, = {a € A | dega < r} acts by shifts
z +—— 2+ a on these z, ¥,(k) = 7,.(k)¢"™" with v,(k) € N.

6.4 Lemma. Let for the moment BT (0, R) be the ball in Cy with radius
R > 1. The number of zeroes minus the number of poles of Cy in B(0, R)
(counted with multiplicities) is always negative. Proof.  Let ro € Ny be
maximal with ¢" < R. The poles of C}, on BT (0, R) are the elements of A,,,
ecach of order k, which gives k - ¢"*! for the order of the pole divisor. Each
zero z of Cj, has absolute value |z| > 1 and is A-equivalent with some zy € F.

Two such, zp and z, are identified under t : A\ F — B¥(0,1) \ {0} if and

only if they differ by an element of A,,, where ¢"* < |z| = || < ¢
Hence
70
> (k)
r1=0

is the number of zeroes of GGj, on the annulus
{fwelCyx |w=1t(z2),2€ F, 1< 2| =]z < R} — B™(0,1),

which is strictly less than k since G (X) has degree k and is divisible by X.
On the other hand, each zero z € BY(0, R) of C}, is modulo A,, represented

by some 2y € F as above with ¢" < |z| = |20]; < ¢"* !, for which there are
gt choices.
Hence there are
) qTO_H -
ro
Z Y (k) - gt <k-q

r1=0

many zeroes of Cy on BT (0, R). The lemma implies that, under the assump-
tion that some coefficient a,, of (4.6) dominates, the corresponding index m
must be negative. We may enforce that conclusion.

Assume that in the situation (4.3) Cj is not invertible on dB. Let ng < ng
be the minimal and the maximal subscript such that |a,,| = |a,,| and
la,| < |ap,| for n # ng,n;. In this case, Cy has n; — ng zeroes on 0B.
Increasing the radius ¢" "¢ of B slightly so that we don’t pick up new zeroes
or poles of Cy, we get a slightly larger open ball B’, where C}, restricted to
OB’ is invertible. In the resulting Laurent expansion Za’n(v’)” of Cy on

2€Z
0B’ the term a;, will dominate. Therefore, again by (6.4), n; < 0. Thus we

13



have shown:

6.5 Lemma. Let m € Z be an index such that in the expansion (4.6) the
inequality |a,,| > max |an| holds. Then m ist strictly negative. [
ne

In particular, in our attempt to proving (6.1) we may restrict to considering
the coefficients a_j_,, in (4.6),

(6.6) e G E()

n

Its nonvanishing requires

@ (") 20 00 s o

n

Let k —1 = Zkivppi and n = an‘,ppi be the p-adic expansions. Then

(a) is equivalent with n;, + k;, < p for each ¢ > 0, which is the same as
n <, (k—1)* where (k — 1)® is defined in (5.9) and a <, b denotes the
ordering on Z, defined by the majorization of the p-adic digits of a by those
of b.

The non-vanishing of S,;1(n) implies (and for ¢ = p is equivalent with)
ln) > (r+1)(g—1) and £(n) = 0(mod g — 1), as follows from (5.8).

JFrom now on, we assume for the remainder of this section that ’ q = p is prime ‘,

except for (6.8), (6.9) and (6.15), where we discuss implications for the gen-
eral case. Then the minimal n > 0 such that a_;_,, doesn’t vanish is

(6.7) no(k, ) = A ()

with A\, y1(k) as defined in (5.11), as a moment’s thought shows. (We have
l(ng) = €y(ng) = (r+1)(g—1), the minimal value allowed by (b), S,11(ng) # 0
by (5.8) and the assumption ¢ = p, and the (r 4+ 1)(¢ — 1) digits of nyg
are placed such that ng is minimal with ng <, (k — 1)* among all n with

tn) = (r+1)(¢—-1).)

Proof of Proposition 6.1. Let n > ny be such that a_;_,, # 0. We must show
that [a_g—n| < |a—k—n,|, Which in view of | (*72") | = | <k_1—"0> | =1 and

n ng

|wo| = ¢"¢ is equivalent with

deg S, 11(n) — deg S,41(ng) < (r 4+ €)(n — ng).
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Now the left hand side is 0 for 7 = 0 and equals (p(n) — p(ng)) + (p*(n) —
p2(ng)) + -+ + (p"(n) — p"(ng)) for r > 1, as follows from (5.8). For each
s =1,2,...r, the numbers composed of the first s(¢ — 1) digits of ng (resp.
n) satisfy
no — p*(no) < n— p*(n),

since m := ng — p*(ng) is minimal with ¢(m) = s(¢ — 1) and m <, (k —
1)*. Hence, for r > 1 all the p*(n) — p*(ng) are less or equal to n — ng,
and deg S,11(n) — deg S,11(no) < r(n —ng) < (r +¢€)(n —ng) as desired.
U

6.8 Remark. Suppress for the moment the assumption of ¢ = p, and define
ny = ny(k,r) by the formula (6.7), i.e., ny = A\p1(k). If <k*1f"6> #0 #

Sr+1(ng), then it is obvious from (5.8) that ng is minimal with thoat property,
that is, n{, = ng as in (6.1). If moreover (ng,r + 1) satisfies condition (x) of
(5.6), then we have an exact formula for deg S, 1(n), and the proof of (6.1)
also applies to this case.

On the other hand, if » = 0 and ng is as in (6.1), then since S1(ng) = —1,
(6.1) also holds in this case. This means, unconditionally (i.e., for general
q):

6.9 Proposition. The function Cy has no zeroes z in F with 1 < |z| <
q, or equivalently, NP(G(X)) has no slopes strictly between 0 and —q.
U

We return to the ’assumption q= p‘ and have a closer look to the zeroes of

Ci in F. Asin (6.3), and taking (6.2) into account, we let 7,.(k)g" ™ be the
number of zeroes of ('}, in Fr Then 7, (k) equals the number of zeroes x of
Gr(X) with log, 7| = —q(q;__ll), and

(6.10) y(k) =k =Y (k)

is the multiplicity of 0 as a zero of Gx. We now determine these numbers.

Consider the situation (4.3) with the ball B = B(0,¢"*¢). As follows from
the proof of (6.4), (vo(k) + 71 (k) + -+ - v-(k))g"™" is the number of zeroes of
C} in B, and so

(6.11) (k — (k) — - — 7.(k)g"t = —ordspp(Cr) = k + no(k, 1),

where ng(k,r) = A.41(k) is the quantity that occurs in (6.1) and (6.7). This
allows to solve for the 7;(k). The result, which englobes all of our knowledge
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of the zero distribution of Cj and G (X), is contained in the next theorem.

6.12 Theorem. Suppose that ¢ = p is prime, and let k — 1 be written in

its g-adic expansion k — 1 = ko + kig + --- + kng"™, kn # 0, k; = 0 for

i> N =N(k). Let further (k —1)* =Y liq" with {; = ¢ — 1 — k; and \;(k)
i>0

be the numbers defined in (5.9) and (5.11).

(1) All the zeroes of Cy in F actually lie in U]-}. Accordingly, all the
r>0
slopes of the Newton polygon of Gi(X) are of shape —q(%) for some
re No.

(ii) The number of zeroes of Cy in F, is v, (k)q"Tt. Accordingly, the length
of the segment with slope _q(qu:11> in NP(Gg(X)) is v.(k), where v, (k)
s given by

— 1Dk Ar(k)— A k
’Yr(k): (q ) +qq7":_(1) T+1( )7 7"20

(iii) Let 7(k) be the least integer r such that \.(k) +k = 0 (mod ¢~). Then
(k) =0 forr > 7(k) and v,.(k) # 0 for 0 <r <7(k).

w) Let —1) = i be the sum of g-adic digits of k — 1, with repre-
Let ¢(k k; be th f q-adic d fk—1 h
i>0
sentative R(k) modulo g — 1 in {0,1,...,q —2}. Then the multiplicity
v(k) of 0 as a zero of G(X) is given by
(k) = (R(R) + 1)g/=b/=)
with Gauf$ brackets [ . |.

Proof. (i) has already been shown, and (ii) comes from solving the system
(6.11) for the ~,(k).

(iii) Given k and r, write the g-adic expansion

r}/r(k) = Z gr,iqi

>0

and let i(r, k) be the least integer i such that ¢,; < ¢; = ¢ —1—k;. E.g.,
1(0,k) = min{i | k; < ¢ — 1}. Further,

o i(r+1,k) > i(r,k) + 1 by the construction of A,(k), and
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o (., =0 fori>i(rk).
We have
Bt A (k) = (Kipy + Loy + D8 + iy

Therefore, q(k+\,(k)) = k+X41(k) is equivalent with i(r+1,k) = i(r, k) +1
and the set of identities (with 7 := i(r, k))

k{‘"‘grj = k€+1+€r+1j+1
k%+1 - k%+2

As k; = 0 for i large, the latter holds if and only if k; +(,; = ¢, 7, and
ki = ki o =---=0. Now we have the equivalences:

10(B) = 05 gk + A(K) = K+ Aus (k) (from (ii)

S i(r+1,k) =i(r,k) + 1 and, with i = i(r, k), k;+ €5 =L, 15,1,
B ki+1:k€+2:"':0

< i(r, k) > N(k)

& M\(k) + k= 0(mod ¢V ®)

s r>7(k)
This shows (iii).
(iv) From (6.10) and (6.11) we see that vy(k) = lim k—i_—);r(k), where by
(iii) the limit attained for r = 7 = 7(k). Nowr;oois minimal such that

TFlgq—1) >+l +--+ln1=N(g—1)—l(k —1) + ky, i.e., such that
(N=7)(q—1)+ky < Ll(k—1).

Our \#(k) has g-expansion lo+{1q+- -+ {y_1¢V " +ag” +bg" ! with b =0
if a+ ky < ¢ — 1. The remainder a + b satisfies a +b € {0,1,...,¢— 2} and

a+b=7(q—1) = (bo+ L+ +Lly1) =Lk —=1) —ky — (N =7)(q - 1).

Let R := R(k) be the representative ( mod ¢—1) of £(k—1)in {0,1,...,¢—2},
and consider the cases

(1) R>ky and (IDR < ky.

Incase (I),a+b=R—kyand N —7 = [=D) As R —ky < q—1— ky,

o
a=R—Fkyand b =0. We find k + M\-(k) = (R + 1)¢" and thus (k) =

—_
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(R + ].)(]NiF = (R + 1)(][6(’“*1)/((1*1)]_

Incase (II), a+b=q—14+R—kny,a=q—1—ky, b =R, and N —
7= [l(k—1)/(qg—1)] — 1. In this case, k + M\:(k) = (R + 1)¢™*! and so
(k) = (R+ 1)V = (R + 1)gl"*=V/(@=1] 6.13 Remark. The formula
6.12 (iv) for (k) has been found empirically by F. Pellarin, in a slightly
different but equivalent form. The quantity (k) plays a crucial role in the
study of Drinfeld modular forms, their expansions around cusps [8], [4], the
geometry of Drinfeld modular curves [3], and presumably for zero estimates
in the transcendence theory of Drinfeld modular forms and related functions

[1], [2], [11].

We present two numerical examples which display all the ingredients of the
theorem.
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6.14 Examples.

(i) Letq=p=3and k =43, k—1 =2-3+32+33 Then {(k—1) = 4 and
R(k) = 0. Further, (k—1)*=2+0-3+32+3%+2-3"+2-35+--- 50
Mo(k) =0, A\ (k) =2, Aa(k) = 2+32+3% \3(k) =2+324+33+2-3%, -+
The formulas of (6.12) imply (k) = 28, 71 (k) = 6, Ya(k) = v3(k) - -+ =
0, v(k) = 9, which is equivalent to stating that the breakpoints of
NP(Gy3(X)) are (9,18), (15,0), (43,0).

(ii) Let g=p=2and k =49, k—1 = 2*42°. Then {(k—1) = 2 and R(k) =
0, (k—l)* = 1+22+23—|—26+27+ ++, 80 )\0(]4)) = O, )\1(]€> = 1 )\2<k) 3

As(k) = 7, M(k) = 15, A5(k) = 79. Theorem 6.12 gives 70(/{) = 24,
The breaks of NP(G49(X)) are (4,102),(7,60), (13,24), (25,0), (49,0)

6.15 Remark. Suppress again the assumption ¢ = p, and let £k — 1 =

Z kiq', kx # 0, be the g-adic expansion. Let k have the following prop-
0<i<N
erty:

(A) For r > 0, the number nj = njy(k,r) := \.,1(k) satisfies <k—71ljrn6> £ 0,
0

that is, A41(k) <, (K —1)*.

Note that for 0 < s < r + 1 the relation

P Ari1(R)) = Arpa (k) = As(F)

holds. The identities () (IC’) = (%) ((“Z;) and (§) = (,%,) for binomial

b c a—b
coefficients show that also the following condition is satisfied:

(B) Forr >0and 0 < s <r+41, ( ?O,IE]:)T )#OlnC

Therefore Remark 6.8 applies, ng(k, ) = no(k,r) as in 6.1, and all the state-
ments of (6.1), (6.2) and also of Theorem 6.12 remain Valid for such k even
if ¢ fails to be prime. That is, G(X) has only the slopes described in 6.12
(ii), with widths given by the formulas in 6.12 (iii) and (iv).

7. Results for general ¢. In this last section ¢ is allowed to be an arbitrary
prime power. We first point out that Proposition 6.9, covering a small part
of the assertions of Conjecture 3.10, is established for such general q. Next,
we describe two series of natural numbers k& where the condition (A) (thus
also (B)) of (6.15) is fulfilled. In these cases, we have complete control of the
Newton polygon of G(X).

7.1 Example. Let k have the shape ¢" —1 with » € N. In that case, a closed
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expression for G (X) is known ([4] (3.10)4(4.3)):

Gro(X)=XT 14 BXT 0o 4 f X0

r—1

i

with 3 = Y where L; := [i][i—1]---[1] € A has degree ¢(£=") (see (3.2)).

L;

Together with L. = TA and (2.10) (v), we find

Gi(X) = Gpa(X) =X+ B X7 4 4 B XY O

q—1

r—1

with coefficients 3; € Cy that satisfy |3;] = 1 for 1 < i < r — 1. Hence
we know a priori for such k that yo(k) = ¢"~' — 1, 75(k) = 0 for ¢ > 0, and
(k) = ¢~ — ¢"~!. This may also be seen using Remark 6.15.

Viz, the ¢g-adic expansions for k = ¢" — 1 are:

F=1 = (¢=2)+(¢—Dg+--(g— g
+@=10)"+(@@—-1g '+,

(k-1 = 1

so M(k) =1+ (q—2)q", Ma(k) =1+ (¢—1)¢" + (¢ — 2)¢" ™, ... Therefore,
condition (A) is fulfilled, and the formulas of Theorem 6.12 yield ~o(k) =

(g=1)k—X1(k)

q qT—l—l7 ’}/1(]5):72(/{?):-..:0, ﬁ(/{}—l):r(q—l)_L
R=q—2,7(k)=(¢—1)¢"".

7.2 Example. Let k£ have the shape ¢" 4+ 1 with r € N. Then

k—1 = q"

(k=1 = (¢—=D+@-1Dg++@-1)d " +(q—2)¢ +(¢g— g+ +

(k) = (@D +(g—Lg+-+(g—1)g™" (<)

Aas(B) = (=D +-(¢=1)¢ " +(g=2)¢" +(@—1g* ' +- (¢ =g+ ¢

Obviously, condition (A) is fulfilled, and we get

Yo(k)
71(k)

'7r—1(k>
Ve (k)

both cases (k) = 2.

qg—1

0= ’77“-!—1(]{;) = 77’-!—2(]{;) =

Furthermore, ¢(k — 1) = 1, so R =1 (resp. 0) if ¢ > 2 (resp. ¢ = 2), and in

Now we give two formulas for 4o(k) valid for arbitrary k and g.
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7.3 Proposition. Given k, let j = j(k) be the largest integer j such that the
binomial coefficient (kilfj(q71)> doesn’t vanish in I, and let ny(k,0) be the

least natural number n divisible by ¢ — 1 and such that (k 1+”) # 0. Then
(i) 20(k) = (g = 1)j(k) and (i) 7o(k) = “=E2ER hold.

q

Remarks.

(i) In view of (5.8) (ii), no(k,0) agrees with the quantity defined in (6.1).
By (6.7) it equals Ay (k) if ¢ =p

(ii) Going through painful case distinctions on the p-expansion of k, we
could directly show the identity of the two expressions for vo(k). It is
however easier to verify both formulas independently.

Proof of (7.3).

(i) Consider the series expansions (2.3) of ex( Zoz 27 (0 € Ox)
>0

and ep(z) = z — 2%. Right from definitions, we have the coeflicientwise

congruence e4(z) = ep(z) modulo the maximal ideal m,, of O, which

implies
Gk(X) = Gk’A(l') = Gk’F(X> (mod moo).
Therefore,
(k) = number of zeroes (counted with multiplicities)

of Gi(X) of absolute value 1
= number of zeroes z # 0 of Gy r(X).

JFrom (2.9) we may derive the closed formula (see also [4] 3.7)
. —1—9(g—1 .
Grr(X) = Z(_l)ﬂ <k‘ J(Q )) Xhk—ila=1),
Jj=0 J
which implies the assertion.

(ii) Dueto (6.8) and (6.9), the identity (6.11) is valid for = 0 and arbitrary
q with our value of ng(k,0). O

The number j(k) may be easily determined for k = ¢" — 1 or ¢" + 1, which of
course reproduces the results of (7.1) and (7.2), respectively. We finish with
an example (necessarily with ¢ # p) where the formulas of (7.3) produce a
result different from the formula in (6.12) (ii), i.e., where ny(k,0) # A (k).
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7.4 Example. Let ¢ = p?, and let the g-expansion of k — 1 start with

k=1 = 1+(p-1Dg+---
(k=1 = (¢—=2)+ O+ (p@—-1Dp)g+---

Then A\ (k) = (¢ —2) +q, so <k_1+’\1(k)> vanishes by the Lucas congruence.

(k)

Therefore, ng(k,0) is strictly larger than A;(k).

Conclusion. Since the Conjecture 3.10 is of a qualitative nature, there is
some hope for a conceptual proof valid in the general case (¢ not necessarily
prime), perhaps by rigid-analytic means and using properties of the functions
CY, or following Remark 3.11. On the other hand, as the behavior (mod p)
of the multinomial coefficients in (2.9) or the binomial coefficients in (4.6)
is difficult to control, it is hardly imaginable that there exists a general
description of N P(G(X)) similarly explicit as the one supplied by Theorem
6.9 in the case ¢ = p.
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