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Quasicomplexes and Lefschetz numbers

Jörg Eschmeier

Dedicated to the memory of Béla Szőkefalvi-Nagy

In a recent paper of Tarkhanov and Wallenta [8] a definition of Lef-
schetz numbers for morphisms a = (a•) of Fredholm quasicomplexes
E• = (E•, d•) with trace class curvature is proposed. In the present
note we show that there always exist trace class perturbations of a and
E• to a cochain mapping A = (A•) of a Fredholm complex (E•, D•),
and we clarify the relation between the Lefschetz number of A relative
to the perturbed complex (E•, D•) and the Lefschetz number of a rela-
tive to the original quasicomplex (E•, d•). Furthermore, we prove that
the Lefschetz numbers relative to E• satisfy a natural commutativity
property.

1 Quasicomplexes

For Banach spaces E and F and 1 ≤ p < ∞, we denote by Cp(E,F ) the
Schatten class consisting of all bounded operators T ∈ L(E,F ) for which the
sequence (αn(T ))n of approximation numbers

αn(T ) = inf{‖T − S‖; S ∈ L(E,F ) with dim(ImS) < n}

is p-summable. We write C∞(E,F ) for the set of all compact operators from
E to F .

Let d ∈ L(E0, E1), d′ ∈ L(F 0, F 1) and ai ∈ L(Ei, F i)(i = 0, 1) be bounded
linear operators between Banach spaces. We call

E0 d−→ E1

a0 ↓ ↓ a1

F 0 d′−→ F 1

a commuting square if a1d = d′a0. To indicate that the last identity only holds
up to operators of Schatten class Cp, that is, a1d − d′a0 ∈ Cp(E0, F 1), we say
that the square is p-essentially commuting. A complex of Banach spaces is a
sequence

E• : 0→ E0 d0→ E1 d1→ . . .
dN−1

→ EN → 0

of bounded linear operators between Banach spaces such that di+1di = 0 for
all i. We denote by H i(E•) = Ker di/Im di−1 (i = 0, . . . , N) the cohomology

1



groups of a complex E• as above and use the standard convention that non-
defined spaces or maps have to be interpreted as the zero spaces or zero maps.
Following [8] we call E• a quasicomplex of curvature Cp or a p-quasicomplex if
di+1di ∈ Cp(Ei, Ei+2) for all i. The case of quasicomplexes with C∞-curvature
has also been studied in [2], where C∞-quasicomplexes were called essential
complexes.

A p-quasicomplex E• as above is called Fredholm if there are bounded opera-
tors εi ∈ L(Ei, Ei−1) such that

di−1εi + εi+1di ∈ 1Ei +K(Ei) (i = 0, . . . , N).

1.1 Lemma. Suppose that

E0 d−→ E1

a0 ↓ ↓ a1

F 0 d′−→ F 1

is a p-essentially commuting square of Banach spaces with 1 ≤ p ≤ ∞ such
that the operator d is Fredholm. Then there are operators Ci ∈ Cp(Ei, F i)
with the property that

(a1 − C1)d = d′(a0 − C0).

Proof. Since d is Fredholm, there is an operator ε ∈ L(E1, E0) such that

K1 = dε− 1E1 , K0 = 1E0 − εd

are finite-rank operators. Then the operator C1 defined by

C1 = a1 − d′a0ε = (a1d− d′a0)ε− a1K1

belongs to Cp(E1, F 1) and satisfies the identity d′a0ε = a1 − C1. Because of

d′(a0 − a0K0) = d′a0εd = (a1 − C1)d

the assertion holds with C1 as defined above and with C0 = a0K0. �

Let us suppose that

0 −→ E0 d0−→ E1 d1−→ E2 −→ 0
a0 ↓ a1 ↓ a2 ↓

0 −→ F 0 d′0−→ F 1 d′1−→ F 2 −→ 0

is a diagram of bounded linear operators between Banach spaces such that the
horizontal maps form complexes and such that the two squares in the diagram
are p-essentially commuting.

1.2 Lemma. In the setting explained above suppose further that dimH i(E•) <
∞ for i = 1, 2 and that there are topological direct complements N of the
kernel of d0 in E0,M of the image of d0 in E1. Then there are operators
Ci ∈ Cp(Ei, F i)(i = 1, 2) such that

(a2 − C2)d1 = d′1(a1 − C1).
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Proof. Since the upper horizontal map in the p-essentially commuting square

M
d1−→ E2

a1 ↓ ↓ a2

F 1 d′1−→ F 2

is Fredholm, Lemma 1.1 implies that there are operators C2 ∈ Cp(E2, F 2) and
K ∈ Cp(M,F 1) such that (a2 − C2)d1 = d′1(a1 −K) on M . Since the upper
horizontal map in the p-essentially commuting square

N
d0−→ Im d0

a0 ↓ ↓ a1

F 0 d′0−→ F 1

is invertible, Lemma 1.1 shows that there are operators K1 ∈ Cp (Im d0, F 1)
and K0 ∈ Cp(N,F 0) with (a1 −K1)d0 = d′0(a0 −K0) on N . In particular, it
follows that (a1 −K1) Im d0 ⊂ Im d′0 ⊂ Ker d′1. But then the operator

C1 = (K1, K) : E1 = Im d0 ⊕M −→ F 1

belongs to Cp(E1, F 1) and satisfies

d′1(a1 − C1)(x⊕ y) = d′1(a1 −K1)x+ d′1(a1 −K)y

= (a2 − C2)d1y = (a2 − C2)d1(x⊕ y)

for all x ∈ Im d0 and y ∈M . �

Let E• = (En, dn)Nn=0, F
• = (F n, d′n)Nn=0 be p-quasicomplexes of Banach spaces.

A morphism between E• and F • is a sequence a = (an)Nn=0 of bounded linear
operators an : En → F n such that d′nan − an+1dn is of Schatten class Cp for
every n. Let us suppose in addition that the p-quasicomplexes E• and F • are
Fredholm. Our next aim is to show that there are perturbations of Schat-
ten class Cp of E•, F • and a which form a commuting diagram of Fredholm
complexes of Banach spaces.

It was shown in Theorem 10.2.5 of [2] for the case p =∞, and in Theorem 3.1
of [8] for the general case, that there are Schatten p-class perturbations Dn of
dn and D′n of d′n such that (E•, D•) and (F •, D′•) are Fredholm complexes of
Banach spaces. Since the result in [8] was shown under the stronger Fredholm
condition that there are operators εi ∈ L(Ei, Ei−1) such that

di−1εi + εi+1di ∈ 1Ei + Cp(Ei) (i = 0, . . . , N),

we include a proof which shows that the latter condition holds automatically.

1.3 Theorem. Let E• = (En, dn)Nn=0 be a p-quasicomplex with 1 ≤ p ≤ ∞.
Suppose that E• is Fredholm, that is, there are operators εi ∈ L(Ei, Ei−1)
such that

di−1εi + εi+1di ∈ 1Ei +K(Ei) (i = 0, . . . , N).
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Then there are operators τ i ∈ Cp(Ei, Ei+1) with

(di+1 − τ i+1)(di − τ i) = 0 (i = 0, ..., N − 1)

and operators hi ∈ L(Ei, Ei−1) such that

di−1hi + hi+1di ∈ 1Ei + Cp(Ei) (i = 0, . . . , N).

Proof. The existence of the operators τ i can be proved by induction on N .
For N = 1, nothing has to be shown. Let E• = (En, dn)Nn=0 be a Fredholm
p-quasicomplex with N > 1. Set K = ker dN−1. By Lemma 2.6.13 in [2] the
operator dN−1 has finite-codimensional range and there is a topological direct
complement L of K in EN−1. Then the operator

δ : L→ ImdN−1, x 7→ dN−1x

is a topological isomorphism and the composition

τ : EN−2 dN−2

−→ EN−1 dN−1

−→ ImdN−1
δ−1

−→ L ↪→ EN−1

defines an operator τ ∈ Cp(EN−2, EN−1). Obviously the operator defined as
P = δ−1dN−1 is the projection of EN−1 onto L with kernel K. Therefore we
obtain that

dN−1(dN−2 − τ) = dN−1dN−2 − dN−1τ = dN−1(1− P )dN−2 = 0.

Define DN−2 = dN−2 − τ ∈ L(EN−2, K). Then it is elementary to check that

E• : 0→ E0 d0→ E1 d1→ . . .
dN−3

→ EN−2 DN−2

→ K → 0

is a Fredholm p-quasicomplex again. Hence a straightforward inductive argu-
ment completes the proof of the existence of the operators τ i.

DefineDi = di−τ i (i = 0, . . . , N−1). Then (En, Dn)Nn=0 is a Fredholm complex
of Banach spaces. It is well known (see the proof of part (b) of Theorem 2.6.13
in [2]) that in this case there are operators hi ∈ L(Ei, Ei−1) such that

1Ei − (Di−1hi + hi+1Di) ∈ L(Ei)

are finite-rank projections. Clearly this observation completes the proof. �

To prove that a morphism of Fredholm p-quasicomplexes E• = (En, dn)Nn=0

and F • = (F n, d′n)Nn=0 admits perturbations of Schatten class Cp to a cochain
mapping of Fredholm complexes, we proceed in two steps. We first replace E•

and F • by Fredholm complexes Ẽ• and F̃ • using the previous result. Then the
following result will allow us to replace the morphism by a cochain mapping
of the complexes Ẽ• and F̃ •.

1.4 Theorem. Let E• = (En, dn)Nn=0 and F • = (F n, d′n)Nn=0 be Fredholm
complexes of Banach spaces and let a = (an)Nn=0 be a sequence of bounded
linear operators an ∈ L(En, F n) such that

d′nan − an+1dn ∈ Cp(En, F n+1)

for all n. Then there are operators Cn ∈ Cp(En, F n) such that

d′n(an − Cn) = (an+1 − Cn+1)dn (n = 0, . . . , N − 1).
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Proof. Since E• is a Fredholm complex, the closed subspaces Ker dn ⊂ En

and Im dn ⊂ En+1 possess topological direct complements and the cohomology
groups Hn(E•) = Ker dn/Im dn−1 are finite dimensional for all n (Lemma
2.6.13 in [2]).

By Lemma 1.2 there are operators CN ∈ Cp(EN , FN), C̃N−1 ∈ Cp(EN−1, FN−1)
such that

d′N−1(aN−1 − C̃N−1) = (aN − CN)dN−1.

Define ãN−1 = aN−1 − C̃N−1. Then the horizontal lines in the diagram

0 −→ E0 d0−→ E1 d1−→ . . .
dN−3

−→ EN−2 dN−2

−→ Ker dN−1 −→ 0
a0 ↓ a1 ↓ aN−2 ↓ ãN−1 ↓

0 −→ F 0 d′0−→ F 1 d′1−→ . . .
d′N−3

−→ FN−2 d′N−2

−→ Ker d′N−1 −→ 0

are Fredholm complexes of Banach spaces such that all squares are p-essentially
commuting. Again as an application of Lemma 1.2 we obtain the existence of
operators ĈN−1 ∈ Cp(Ker dN−1,Ker d′N−1), C̃N−2 ∈ Cp(EN−2, FN−2) such that

d′N−2(aN−2 − C̃N−2) = (ãN−1 − ĈN−1)dN−2.

Choose a closed subspace L ⊂ EN−1 with EN−1 = Ker dN−1 ⊕ L. Then the
operator

CN−1 : EN−1 = Ker dN−1 ⊕ L→ FN−1, x⊕ y 7→ C̃N−1(x⊕ y) + ĈN−1x

belongs to Cp(EN−1, FN−1) and satisfies the identities

d′N−1(aN−1 − CN−1) = (aN − CN)dN−1

and
d′N−2(aN−2 − C̃N−2) = (aN−1 − CN−1)dN−2.

Continuing in this way, we find operators Cn ∈ Cp(En, F n)(0 ≤ n ≤ N) which
satisfy the required intertwining relations. �

Combining Theorem 1.3 and Theorem 1.4 we obtain our main perturbation
result for morphisms of quasicomplexes with Schatten class curvature.

1.5 Corollary. Let E• = (En, dn)Nn=0, F
• = (F n, d′n)Nn=0 be Fredholm p-quasicom-

plexes of Banach spaces with 1 ≤ p ≤ ∞ and let a = (an)Nn=0 be a sequence of
bounded linear operators an : En → F n with

d′nan − an+1dn ∈ Cp(En, F n+1)

for all n. Then there are perturbations Dn of dn, D′n of d′n and An of an of
Schatten class Cp such that (E•, D•), (F •, D′•) are Fredholm complexes and

D′nAn = An+1Dn

holds for all n. In the case that E• = F • one can choose D• = D′•.
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2 Lefschetz numbers

Let E• = (En, dn)Nn=0 be a Fredholm quasicomplex of trace class curvature
consisting of Hilbert spaces En and let a = (an)Nn=0 be a morphism of E•, that
is, a sequence of bounded operators an : En → En such that

dnan − an+1dn ∈ C1(En, En+1)

for all n. By Theorem 1.3 there exist operators εi ∈ L(Ei, Ei−1) with

di−1εi + εi+1di ∈ 1Ei + C1(Ei) (i = 0, . . . , N).

According to Corollary 1.5 we can choose trace class perturbations Dnof dn,
An of an such that (En, Dn)Nn=0 is a complex and A = (An)Nn=0 is a cochain
mapping of (En, Dn)Nn=0 into itself. Then the relations

Di−1εi + εi+1Di = 1Ei − ri (i = 0, . . . , N)

define trace class operators ri on Ei. In Theorem 4.2 of [8] it was shown that

N∑
i=0

(−1)itr(Ai, H i(D•)) =
N∑
i=0

(−1)itr(Ai − (Aiεi+1)di − di−1(Ai−1εi)).

To see what happens if the operators Ai on the right-hand side are replaced
by the operators ai, we recall the arguments from [8]. The relations

(Aiεi+1)Di +Di−1(Ai−1εi) = Ai − Airi (i = 0, . . . , N)

show that the cochain mappings (An)Nn=0 and (Anrn)Nn=0 of the complex (E•, D•)
are homotopic, and hence induce the same cohomology maps. Using Theorem
19.1.5 from [4], we find that

N∑
i=0

(−1)itr(Ai, H i(D•)) =
N∑
i=0

(−1)itr(Airi, H i(D•))

=
N∑
i=0

(−1)itr(Airi) =
N∑
i=0

(−1)itr(Ai − Aiεi+1Di −Di−1Ai−1εi).

Since the alternating sum of the traces of the operators

aiεi+1di − Aiεi+1Di + di−1ai−1εi −Di−1Ai−1εi

= aiεi+1(di−Di) + (di−1−Di−1)ai−1εi + (ai−Ai)εi+1Di +Di−1(ai−1−Ai−1)εi

is zero, it follows that

N∑
i=0

(−1)itr(Ai, H i(D•))−
N∑
i=0

(−1)itr(Ai−ai) =
N∑
i=0

(−1)itr(ai−aiεi+1di−di−1ai−1εi).

As proposed in [8], we call the number occurring on the right-hand side of the
last equation, the Lefschetz number of the morphism a relative to (E•, d•).
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2.1 Definition. Let E• = (En, dn)Nn=0 be a Fredholm quasicomplex of Hilbert
spaces with trace class curvature and let a = (an)Nn=0 be a morphism of E•.
Then the Lefschetz number of a relative to E• is defined as

LE•(a) =
N∑
i=0

(−1)itr(ai − aiεi+1di − di−1ai−1εi),

where εi ∈ L(Ei, Ei−1) are arbitrary operators with di−1εi + εi+1di ∈ 1Ei +
C1(Ei) for all i.

Note that the remarks leading to the above definition show that the alternating
sum of traces defining LE•(a) is independent of the particular choice of the
operators εi. An inspection of the proofs of Theorem 1.3 and Theorem 1.4
shows that one can always choose trace class perturbations Dn of dn and An of
an in such a way that A = (An) is a cochain mapping of the Fredholm complex
(E•, D•) with

LE•(a) =
N∑
i=0

(−1)itr(Ai, H i(D•)).

As in the classical situation the Lefschetz numbers possess a certain commu-
tativity property.

2.2 Theorem. Let E• = (En, dn)Nn=0 be a Fredholm quasicomplex of Hilbert
spaces with trace class curvature and let a = (an)Nn=0, b = (bn)Nn=0 be mor-
phisms of E•. Then ab = (anbn)Nn=0 and ba = (bnan)Nn=0 are morphisms of E•

and
LE•(ab) = LE•(ba).

Proof. By Corollary 1.5 and its proof, there are trace class perturbations
Dn of dn, An of an and Bn of bn such that (E•, D•) is a complex and such
that DnAn = An+1Dn and DnBn = Bn+1Dn for all n. Since ab and ba are
morphisms of E• and since

AnBn − anbn, BnAn − bnan ∈ C1(En)

for all n, we find that

LE•(ab) =
N∑
i=0

(−1)itr(aibi − aibiεi+1di − di−1ai−1bi−1εi)

=
N∑
i=0

(−1)itr(AiBi, H i(D•)))−
N∑
i=0

(−1)itr(AiBi − aibi)

=
N∑
i=0

(−1)itr(BiAi, H i(D•))−
N∑
i=0

(−1)itr(BiAi − biai)

+
N∑
i=0

(−1)itr(BiAi − biai − AiBi + aibi)
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= LE•(ba) +
N∑
i=0

(−1)itr((Bi − bi)Ai + bi(Ai − ai)− (Ai − ai)Bi − ai(Bi − bi))

= LE•(ba) +
N∑
i=0

(−1)itr((Bi − bi)(Ai − ai)− (Ai − ai)(Bi − bi)) = LE•(ba),

where the operators εi are chosen as in Definition 2.1. �

If E• and F • are Fredholm quasicomplexes of Hilbert spaces with trace class
curvature, a is a morphism from E• into F • and b is a morphism of F • into E•,
then exactly as in the proof of Theorem 2.2 it follows that LF •(ab) = LE•(ba).

In [8] the question arose whether, for every morphism a = (an)Nn=0 of a Fred-
holm quasicomplex E• = (En, dn)Nn=0 of Hilbert spaces with trace class cur-
vature, there are trace class perturbations Dn of dn such that (E•, D•) is a
complex and a is a cochain mapping of (E•, D•). We give an elementary
counterexample.

Assume that there were a positive answer. Denote by H2 = H2(T) and H∞ =
H∞(T) the Hardy space on the unit circle and its multiplier space. For f ∈
L∞(T), let Tf ∈ L(H2) be the Toeplitz operator with symbol f . Since Tz is
Fredholm with [Tz, Tz] ∈ C1(H2), there would have to be an operator C ∈
C1(H2) with

Tz(Tz + C) = (Tz + C)Tz.

Since the commutant of Tz consists of all Toeplitz operators with symbol in
H∞, there would be a function g ∈ H∞ with Tz+C = Tg. But it is well known
that there are no non-zero compact Toeplitz operators on H2. Thus we obtain
the contradiction that z = g ∈ H∞.

We conclude the paper with an elementary one-dimensional example in which
an integral formula for the Lefschetz number can be given.

2.3 Example. Let f, g ∈ C∞(T) be smooth functions on the unit circle. It is
well known that the essential spectrum of Tg is given by σe(Tg) = g(T), that
Tfg − TfTg ∈ C1(H2) and that

tr [Tf , Tg] =
1

2πi

∫
∂D
f(dzg)dz,

where the integral is the contour integral along the unit circle and dzg ∈ C∞(T)
is given by (zdzg)(eit) = −i d

dt
(g(eit)) (see e.g. Section 1 in [3]).

Suppose that 0 /∈ g(T). Then Tg is Fredholm and 1 − TgTg−1 , 1 − Tg−1Tg
are both trace class. Hence the Lefschetz number of Tf relative to Tg can be
calculated as

LTg(Tf ) = tr (Tf − TfTg−1Tg)− tr(Tf − TgTfTg−1)

= tr [Tg, TfTg−1 ] = tr [Tg, Tfg−1 ]

=
1

2πi

∫
∂D
gdz(fg

−1)dz =
1

2πi

∫
∂D

(
dz(f)+gfdz(g

−1)
)
dz = − 1

2πi

∫
∂D

f(dzg)

g
dz.
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By choosing f = 1, we obtain the well known index formula

ind(Tg) = LTg(1) = − 1

2πi

∫
∂D

dzg

g
dz.
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