Universitat des Saarlandes

Fachrichtung 6.1 — Mathematik

Preprint Nr. 340

Feynman formulae and phase space Feynman
path integrals for tau-quantization of some
Lévy-Khintchine type Hamilton functions

Yana A. Butko (Kinderknecht), Martin Grothaus and Oleg
G. Smolyanov

Saarbrucken 2013






Fachrichtung 6.1 — Mathematik Preprint No. 340
Universitat des Saarlandes submitted: 16th December 2013

Feynman formulae and phase space Feynman
path integrals for tau-quantization of some
Lévy-Khintchine type Hamilton functions

Yana A. Butko (Kinderknecht)
Saarland University
Department of Mathematics
P.O. Box 15 11 50
66041 Saarbriicken
Germany
kinderknecht@math.uni-sb.de, yanabutko@yandex.ru

Martin Grothaus
Technical University of Kaiserslautern
Department of Mathematics
Postfach 3049
67653 Kaiserslautern
Germany
grothaus@mathematik.uni-kl.de

Oleg G. Smolyanov
Lomonosov Moscow State University
Department of Mechanics and Mathematics
119992, Vorob’evy gory, 1, Moscow
Russia
Smolyanov@yandex.ru



Edited by

FR 6.1 — Mathematik
Universitat des Saarlandes
Postfach 15 11 50

66041 Saarbricken

Germany

Fax: + 49 681 302 4443
e-Mail:  preprint@math.uni-sbh.de
WWW:  http://www.math.uni-sb.de/



Abstract

This note is devoted to representation of some evolution semigroups.
The semigroups are generated by pseudo-differential operators, which are
obtained by different (parame-trized by a number 7) procedures of quanti-
zation from a certain class of functions (or symbols) defined on the phase
space. This class contains functions which are second order polynomials with
respect to the momentum variable and also some other functions. The con-
sidered semigroups are represented as limits of n-fold iterated integrals when
n tends to infinity (such representations are called Feynman formulae). Some
of these representations are constructed with the help of another pseudo-
differential operators, obtained by the same procedure of quantization (such
representations are called Hamiltonian Feynman formulae). Some repre-
sentations are based on integral operators with elementary kernels (these
ones are called Lagrangian Feynman formulae and are suitable for compu-
tations). A family of phase space Feynman pseudomeasures corresponding
to different procedures of quantization is introduced. The considered evolu-
tion semigroups are represented also as phase space Feynman path integrals
with respect to these Feynman pseudomeasures. The obtained Lagrangian
Feynman formulae allow to calculate these phase space Feynman path in-
tegrals and to connect them with some functional integrals with respect to
probability measures.

KEYWORDS Feynman formulae; Phase space Feynman path integrals, Hamil-
tonian Feynman path integrals, symplectic Feynman path integrals, Feynman—
Kac formulae, functional integrals; Hamiltonian (symplectic) Feynman pseu-
domeasure, Chernoff theorem, pseudo-differential operators, approximations
of semigroups, approximations of transition densities.
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1 Introduction

This paper is devoted to approximations of evolution semigroups eth generated

by pseudo-differential operators H. The operators H are obtained from a given
function (q,p) — H(q,p) (which is called a symbol of H) by some linear procedure
(which is called a quantization). We consider a class of such procedures, parame-
terized by a number 7 € [0, 1]. This class includes gp-, pg- and Weyl quantizations.
We obtain representations of the considered evolution semigroups by phase space
Feynman path integrals which we define as limits of some usual integrals over fi-
nite dimensional spaces when the dimension of these spaces tends to infinity. Our
approach is to approximate the semigroup e~ (for a/g\iven procedure of quan-
tization) by a family of pseudo-differential operators e~*# obtained by the same
procedure of quantization from the functiorl e_”i.\ Note, that if the function H
depends on both variables ¢ and p, then e=* # e~tH . Nevertheless, under certain
conditions one succeeds to prove that

et = lim {e‘iH} : (1.1)
The limit in the right hand side is the limit of n-fold iterated integrals over the
phase space when n tends to infinity (such expressions are called Hamiltonian
Feynman formulae). This limit can be interpreted as a phase space Feynman path

t
integral with exp (— i H(q(s),p(s))ds) in the integrand.
0

On a heuristic level the same approach was used already in Berezin’s papers [3],
[4] for investigation of Schrodinger groups e~ #H. Berezin has assumed the identity

__—n
e — lim [e‘i;H} (1.2)
n—oo
and has interpreted the pre-limit expressions in the right hand side of the iden-
tity (1.2) as approximations to a phase space Feynman path integral. Moreover,
Berezin has remarked that Feynman path integral is “very sensitive to the choice of
approximations, and nonuniqueness appearing due to this dependence has the same
character as nonuniqueness of quantization” (see [4]). In other words, Feynman
path integral is different for different procedures of quantization. This difference
may appear both in integrands and in the set of paths over which the integration



takes place. Berezin has considered the case of Weyl quantization and his calcu-
lations have lead to a quit odd expression in the integrand of his Feynman path
integral. The question, how to distinguish the procedure of quantization on the
language of Feynman path integrals, remained open.

The rigorous justification of the above mentioned approach for approximation of
evolution (semi)groups was first obtained only in 2002 in the paper [41]. The
main technical tool suggested in [41] was the Chernoff Theorem (see Theorem 2.1
below, cf. [16]). It is a wide generalization of the classical Trotter’s result used for
rigorous handling of Feynman path integrals over paths in configuration space of a
system (see, e.g., [31]). In the paper [41] the identity (1.2) has been established for
T-quantization of a class of functions (¢,p) — H(q,p) whose main ingredient is a
function (q,p) — h(q, p), which is Fourier transform of a finite o-additive measure.
This ingredient allows to use Parseval equality to succeed the proof. A scheme to
construct a phase space Feynman path integral is also presented in [41] (however,
quit independently on the established Hamiltonian Feynman formulae (1.2)).
Later on, evolution semigroups e~ have been treated by the same approach in
papers [13], [14], [7]. In [13] the identity (1.1) has been established for the case
of gp-quantization of a function (q,p) — H(q,p), which corresponds to a particle
with variable mass in a potential field. The semigroup e~ *# has been considered
on the Banach space C.,(R?) of continuous, vanishing at infinity functions. The
scheme of [41] was adopted (for the case of gp-quantization) to interpret the ob-
tained Hamiltonian Feynman formula (1.1) as a phase space Feynman path integral
with respect to a Feynman type pseudomeasure. In [14] the identity (1.1) has been
established for the semigroup e " on O (R?) in the case of gp-quantization of a
function (q,p) — H(q,p), which is continuous and negative definite with respect
to p, continuous and bounded with respect to ¢. This class of functions H con-
tains, in particular, Hamilton functions of particles with variable mass in potential
and magnetic fields and relativistic particles with variable mass. The semigroup
e M (again on Cu(R?)) generated by 7-quantization of a function H, which is
polynomial with respect to p with variable, depending on ¢ coefficients, has been
approximated in [7] by a family of pseudo-differential operators with some gp-
symbols. The obtained Hamiltonian Feynman formula has been interpreted as a
phase space Feynman path integral with respect to the Feynman pseudomeasure
defined in [13].

This article continues the researches of [41], [13], [14], [7]. We consider Banach

space L'(RY) and evolution semigroups e ' generated by 7-quantization of a

function (¢,p) — H(q,p), which is polynomial with respect to p with variable,
depending on ¢ coefficients. For all 7 € [0, 1] we prove that the considered semi-
groups are being approximated as in (1.1) by families of pseudo-differential oper-
ators with 7-symbols e7*. We develop the scheme of [41] to construct a family



of Feynman pseudomeasures ®7, 7 € [0, 1], and show that the limit in the right
hand side of (1.1) for each 7 € [0, 1] does coincide with a phase space Feynman
path integral with respect to the corresponding pseudomeasure ®7. For the case
of gp-quantization we obtain the same result for a slightly more general class of
functions H. We plan to obtain analogous formulae for Schrodinger groups e~ #H
by the method of analytic continuation in our subsequent work. The considered
semigroups e *f are represented for all 7 € [0,1] also by some limits of integral
operators with (more or less) elementary kernels (such representations are called
Lagrangian Feynman formulae). These representations are suitable for direct cal-
culations. Moreover, the pre-limit expressions in the obtained Lagrangian Feynman
formulae coincide with some functional integrals with respect to probability mea-
sures corresponding to stochastic processes associated to the generators H. These
different representations of the same semigroups allow to calculate some phase
space Feynman path integrals and to connect them with stochastic analysis.

2 Notation and preliminaries

2.1 The Chernoff theorem and Feynman formulae

Let (X, - |lx) be a Banach space, £(X) be the space of all continuous linear
operators on X equipped with the strong operator topology, ||-|| denote the operator
norm on £(X) and Id be the identity operator in X. If Dom(L) C X is a linear
subspace and L : Dom(L) — X is a linear operator, then Dom(L) denotes the
domain of L. A one-parameter family (7});>o of bounded linear operators T} :
X — X is called a strongly continuous semigroup, if Ty = Id, Ty, = T o T; for all
s,t > 0and lim;_¢ [|[Typ—p||x = 0 for all p € X. If (T});>0 is a strongly continuous

semigroup on a Banach space (X || - || x), then the generator L of (T});>0 is defined
by
T —
Ly = lim Rl 4
t\,0 t

with domain

To—
Dom(L) := {gp e X ' lim =2 — % exists in X}.
t\0 t

Consider an evolution equation aa—{ = Lf. If L is the generator of a strongly

continuous semigroup (7}):>o on a Banach space (X, ||| x), then the (mild) solution
of the Cauchy problem for this equation with the initial value f(0) = fo € X is
given by f(t) = Tify for all fy € X. Therefore, solving the evolution equation
% = Lf means to construct a semigroup (7}):>o with the given generator L. If
the desired semigroup is not known explicitly it can be approximated. One of the
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tools to approximate semigroups is based on the Chernoff theorem [16] (here we
present the version of Chernoff’s theorem given in [41]).

Theorem 2.1 (Chernoff). Let X be a Banach space, F : [0,00) — L(X) be a
(strongly) continuous mapping such that F(0) = Id and ||F(t)|| < e™ for some
a € [0,00) and allt > 0. Let D be a linear subspace of Dom(F’(0)) such that the
restriction of the operator F'(0) to this subspace is closable. Let (L,Dom(L)) be
this closure. If (L,Dom(L)) is the generator of a strongly continuous semigroup
(T1)i0, then for any ty > 0 the sequence (F(t/n))")nenw converges to (1})i>o as
n — oo in the strong operator topology, uniformly with respect to t € [0, 1], i.e.

7, = tim [F(t/m)]". 1)

Here the derivative at the origin of a function F': [0,e) — L(X), € > 0, is a linear
mapping F’(0) : Dom(F’(0)) — X such that

Y

where Dom(F’(0)) is the vector space of all elements g € X for which the above
limit exists.

A family of operators (F(t));>o suitable for the formula (2.1) is called Chernoff
equivalent to the semigroup (7i);>o, i.e. this family satisfies all the assertions of
the Chernoff theorem with respect to this semigroup. In many cases the operators
F(t) are integral operators and, hence, we have a limit of iterated integrals on the
right hand side of the equality (2.1). In this setting it is called Feynman formula.

Definition 2.2. A Feynman formula is a representation of a solution of an initial
(or initial-boundary) value problem for an evolution equation (or, equivalently, a
representation of the semigroup solving the problem) by a limit of n-fold iterated
integrals as n — o0.

We use this notation since it was Richard Feynman ([19], [20]) who introduced a
functional (path) integral as a limit of iterated finite dimensional integrals. The
limits in Feynman formulae coincide with (or in some cases define) certain func-
tional integrals with respect to probability measures or Feynman type pseudomea-
sures on a set of paths of a physical system. A representation of a solution of an
initial (or initial-boundary) value problem for an evolution equation (or, equiva-
lently, a representation of the semigroup resolving the problem) by a functional
integral is usually called Feynman—Kac formula. Hence, the iterated integrals in a
Feynman formula for some problem give approximations to a functional integral in
the Feynman-Kac formula representing the solution of the same problem. These



approximations in many cases contain only elementary functions as integrands and,
therefore, can be used for direct calculations and simulations.

The notion of a Feynman formula has been introduced in [41]. The method to
obtain Feynman formulae has been developed in a series of papers [41]-[46]. This
method is based on the Chernoff theorem and has been successfully applied recently
to obtain Feynman formulae for different classes of problems for evolution equations
on different geometric structures, see, e.g. [12], [8]-[14], [22], [32], [33], [35], [36],
[37], [38], [39].

We call the identity (2.1) a Lagrangian Feynman formula, if the F(t), t > 0,
are integral operators with elementary kernels; if the F'(t) are pseudo-differential
operators (the definition is given in Section 2.2), we speak of Hamiltonian Feynman
formulae. This terminology is inspired by the fact that a Lagrangian Feynman
formula gives approximations to a functional integral over a set of paths in the
configuration space of a system (whose evolution is described by the semigroup
(T3)t>0), while a Hamiltonian Feynman formula corresponds to a functional integral
over a set of paths in the phase space of some system.

2.2 Pseudo-differential operators, their symbols and tau-
quantization

Let us consider a measurable function H : RY x R? — C and 7 € [0,1]. We
define a pseudo-differential operator (¥DO) H, with 7-symbol H on a Banach
space (X, || - ||x) of some functions on R¢ by

~

Hop(q) = (27r)‘d//e"p’(q‘ql)H(Tq +(1—=7)q,p)p(q1) dgr dp, g €R? (2.2)
R4 R4

where the domain Dom(ﬁT) is the set of all ¢ € X such that the right hand side of
the formula (2.2) is well defined as an element of (X, ||-||x). We always assume that
the set of smooth compactly supported functions C>°(RR%) belongs to the domain
of the operator ﬁT. R

The mapping H +— H, from a space of functions on R? x R? into the space
of linear operators on (X, | - |x) is called the T-quantization, the operator H,
is called the 7-quantization of the function H. Note that if the symbol H is a
sum of functions depending only on one of the variables ¢ or p then the YDOs
H, coincide for all 7 € [0,1]. If H(q,p) = qp = pq, q¢,p € R! then HTgo( ) =
—z'Tqaﬁq@(q) —i(l—7)& 2(a¢(q)). Therefore, different 7 correspond to different
orderings of non—commutlng operators such that we have the “qp”-quantization
for 7 =1, the “pq”-quantization for 7 = 0 and the Weyl quantization for 7 = 1/2.
A function H is usually considered as a Hamilton function of a classical system.



Then the operator }AIT is called the Hamiltonian of a quantum system obtained by
T-quantization of the classical system with the Hamilton function H.

In the sequel we use the following result (cf. [41][Lemmad]). The Schwartz space
of smooth rapidly decreasing functions on R? we denote by S(R?).

Lemma 2.3. Let 7 = 1. Let f,g : R? — C be bounded continuous functions and
A :R? x R?T — C be the 1-symbol of WDO X\,. Let H(q,p) = f(q)g(p)\(q,p),q,p €
R, Then

]/:?190 = (fo /):1 o§> ®
for all p € S(RY) N Dom(ﬁl) N Dom(fo Ao 9)-

Proof. Let ¢ € S(R?) N Dom(ﬁll) N Dom(fo A o g). Let F and F~! stand for
Fourier transform and its inverse respectively. Then

Hyp(q) = (27T)_d//eip'("““)H(q,p)sO(ql)d6h dp =

R? R4

— (2m) "2 / ¢ £(q)g(p)A (0, p) Flol ().

Rd

and

3 Feynman formulae for tau-quantization of some
Lévy-Khintchine type Hamilton functions.

In the sequel we consider 7 € [0,1] and (X, || - ||x) := (L*(R9), || - ||1) the space of
functions on R¢ absolutely integrable with respect to the Lebesgue measure. Let
us introduce two Hamilton functions A and H. Let the function h : R x R — C
be given by the formula

h(g.p) = clq) +ib(q) -p+p- Alg)p, ¢.p € R, (3.1)

7



where for each ¢ € R? we have b(q) € RY, ¢(q) € R, A(q) is a symmetric d x d-
matrix. Let us consider also a function r : R? — C given by the formula

yp . WP
- | — e N 2
= [ (1- e s ) v, 32
R4\{0}

| 2

where N is a Radon measure on R%\ {0} with [ lflyP
RA\{0}
we consider the case when N does not depend on ¢ € R%. We assume that for

q,p € R? we have

N(dy) < co. Note that

H(q,p) = h(g,p) +r(p) (3.3)

=c(q) +ib(q) -p+p- Alg)p + / (1 — WP 12_{ '|§|2) N (dy).
R4\ {0}

If ¢ > 0 then the Hamilton function H is continuous negative definite with respect
to the variable p € R? and the formula (3.3) is just the Lévy-Khintchine formula.
We don’t assume in the sequel that ¢ > 0, that’s why we call our symbol H a
Lévy-Khintchine type function.

To handle the proofs we need to assume (sometimes different) boundness and
smoothness conditions on the symbol H. All the assumptions, we use in the sequel,
are collected below.

Assumtion 3.1. (i) There exist constants 0 < ay < Ay < 400 such that for all
p € R? and all ¢ € R? the following inequalities hold

aolp|®* < p- Alq)p < Aolp|*.

(ii) The coefficients A, b, ¢ with all their derivatives up to the 4th order are con-
tinuous and bounded.

(iii) The coefficients A, b, ¢ are infinite differentiable and bounded with all their
derivatives.

(iv) The function H(g,-) is of class C°°(R?) for each q € R<.

Consider an operator H, with the T-symbol H for 7 € [0,1] in L*(RY), i.e. for any
function ¢ € Dom(H,) C L'(R?)

~

Ho(q) = (2m)~* / / e? @ H(rq+ (1= g, p)elq) dgy dp, g € RE (3.4)

R? R4



Remark 3.2. Note that (due to [7] and [14]) the operator H, with 7-symbol H
given by the formula (3.3) for A € C?*(RY), b € CYRY), ¢ € C(R?) and each
7 € [0,1] can be extended to the set CZ(RY) of twice continuously differentiable
functions bounded with all their derivatives by

~

Hyp(q) = — tr(A(g) Hess o(q)) + [b(q) — 2(1 — 7)div A(q)] - Ve(g)+  (3.5)
+[e(q) + (1 = 7)divd(q) — (1 — 7)* tr(Hess A(q))]0(q)+

+ /y#) <¢(q+y) —lq) - M) N(dy),

1+ yf?

i.e. H, is a sum of a second order differential operator with continuous coefficients
and an integro-differential operator generating a Lévy process.

Assumtion 3.3. We assume that the coefficients A, b, ¢, N are such that the
closure (L™, Dom(L")) of a ¥DO (H,, C>*(R%)) with the 7-symbol H as in (3.3)
generates a strongly continuous semigroup (77 )¢ on the space X.

Remark 3.4. Due to the representation (3.5) it is clear that the requirement
C>*(R?) C Dom(L7) is equivalent to the requirement C*°(RY) C Dom(7). The
last one holds for example if the measure N has a compact support. In the case
¢ = 0, N = 0 the explicit conditions on A, b to fulfill the Assumption 3.3 are
given in [47]. Then the case with nonzero coefficients ¢ and N can be proceeded
by the technique of relatively bounded perturbations of generators (see Def.4.4.1
and Th.4.4.3 in [25]).

Consider a family (F,(t));so of ¥DOs with the 7-symbol e *#(@P) in the space X,
i.e. for any ¢ € Dom(F,(t))

Fr(t)e(q) = (27T)d//eip'(qql)etH(T“(lT)ql’p)go(ql)dqldp. (3.6)

Rd R4

Lemma 3.5. Under Assumption 3.1(i),(ii) for any ¢ € C*(R?) and any 7 € [0, 1]
we have Fr(t)p € X. For allt > 0 the operators F,(t) can be extended to bounded
mappings on the space X and there exists a constant k > 0 such that for allt > 0
holds the estimate:

IE0)] < e (3.7)

Proof. Using the inequalities of Assumption 3.1(i) and the fact, that the real part
of each continuous negative definite function is nonnegative (see inequalities (3.123)
and (3.117) in [25]), we obtain the estimate

sup e tH@P)| L et oxp (—t min c(q)> . (3.8)
qERd qcR4



Hence, the function f;, = (27)~%2e7t@) ¢ L}(R?) for each ¢ € R? and ¢ > 0.
Moreover, f;,(0) = (27)~%2e7%(@). Therefore, the inverse Fourier transform of f; ,
has the view e (9 P/, where for each ¢ € R? and ¢ > 0 the function P/ € C.,(R%)
is a density of a probability measure. This follows from the Bochner Theorem and
the fact that Fourier transform maps L'(R?) into C,(R?).

Consider first the case 7 = 0. Then for each ¢ € C>°(R?) by Fubini-Tonelly
Theorem we have

1 oot}
F00ol) = g | [ € 10 gy

Ré R4
= [wlare @ pra - a)da
R4
Again by Fubini-Tonelli Theorem for each ¢ € C°(R9)

[Eo(D)el

] [ etae o re o~ i
Rd

< / / p(a)le"®) P (g — q1)dgydg
1

Rd R4

N / () et { / Pita = ql>d4 da1 < oxp <‘t iy c<x>) Il
a Rd Te
Therefore, for any ¢ € C®°(RY) we have Fy(t)¢ € L*(R?) and Fy(t) is a bounded
operator from C%°(R?) into L*(R?). Then due to the B.L.T. Theorem the operator
Fy(t) can be extended to a bounded operator on L'(RY) with the same norm.
Hence, the lemma is true for 7 = 0. Let us now prove the lemma for the case
7€ (0,1].

Let us now consider the function H given by (3.3) as a sum of functions h and r
(see formulas (3.1), (3.2), (3.3)). Under Assumption 3.1(i),(ii) consider a family
(G%..(t))iz0 of operators on L'(R?) defined for each fixed 6 € (0, 1] by the formula

1 . e_tc(eq)
0 _ ip-(¢—q1) o, —th(0q,p) —
GA,b,c(t)gp(q) (27T)d//€ € QO(QI)dChdp (47rt)d/2(detA(9q))1/2
R4 R4
—q —th(0q)) - A7 (0q)(q — q1 — tb(0
y /exp (_(q ¢ — tb(0g)) 415( 0)(q — a1 — th( CI))> S(a)dq, g€ R

Rd
(3.9)
Each GY, (t) is a integral operator with the kernel

gf(z) _ (47rt)_d/2(det A(l,))—l/Qe—tc(x) eXp{ _ (Z - tb(:r;)) . A;:(QJ)(Z - tb(x)) }’
(3.10)

10



for = 0q and z = ¢ — ¢;. Note, that ¢ is an inverse Fourier transform of the
function (27)~%2e~"@) Due to [35] there is a constant k& < oo such that for § = 1
the estimate [|GY , .(£)|| < " holds. For each fixed 6 € (0, 1] the operator G% , .(t)
equals the operator Gh%bg’cg(t) with new coefficients Ay(q) = A(0q), bp(q) = b(Qq),
co(q) = ¢(fq) which remain as smooth and bounded as the original A, b and c are.
Therefore, the estimate [|G% , .(t)|| < €* still holds for each 6 € (0,1] and the same
k. Hence, by Fubini-Tonelli Theorem for ¢ € C2°(R?) we have

F(t)o(q) = (27)° / / P a0 o~ HETH0=0)00) o4 gy dp

Rd Rd
= (QW)—d/gp(ql){/eip-(q—m) —th(rq+(1-7)q1,p) o~ ()dp dg
R4 R4
= / o(@) g7 5 ) (g — ar)dan (3.11)

R4

Here the function in the squared brackets for each fixed ¢,q; € R? and 7 € (0, 1] is
an inverse Fourier transform of the product e~ #(7a+(1=7)ai) . (27)=4/2c=t() j e a
convolution of a function g, a+(1=m)n given by the formula (3.10) and a probability
measure [; corresponding to the Lévy process with the symbol . And this function
is taken at the point (¢ — ¢;). Hence, with y := ¢ + 1_7qu and = q /T

|E-(t)el], = /'/ (077" 5 1) (g — 1)dan | dg
Rd Rd
//|90 Tq+(1 T)Ql ,ut}(q—(h)d(hdq:
R4 R4
/{//\90 g TN (g ql—z)dqldq]ut(d?«“) <
Rd R4 R4
< [ mtez) Sug{ [ [ —z—x>|so<m>|dxdy]
R z€R R R
= rtsup [ Gy Olierl(y - 2)dy
zeRde

where ¢, (q) := (7q) and the operator G7, . is given by the formula (3.9) for each
€ (0,1]. Therefore, due to the estimate [|G7, .(t)] < € for each ¢ € C*(RY)

11



we have

170l
<rtsup [ Gy lb)lerl = 2y < T only = 7 [ otra)ldg = ol
zeR
R4 Rd

Once again by the B.L.T. Theorem the estimate HFT(t)g0H1 < e*||o||; is true for
all ¢ € L'(RY). O

Remark 3.6. Due to results of [14] in the case 7 = 1 the statement of the Lemma
is also valid in the space X = O (R?) with & = 0. Therefore, in the case 7 = 1
by Riesz—Thorin theorem the estimate (3.7) holds also in all spaces L,(RY), p > 1
(with some other constants k).

Remark 3.7. As it follows from the representation (3.11), the operators F(t) can
be considered as integral operators acting on ¢ € C*(R?) as

E(t)elg) = / o(a) [or 7« ] (g — a)dar, g € RY (3.12)

Ra
Hence, this representation can be used to construct a Lagrangian Feynman formula.

Lemma 3.8. Let N = 0 in the formula (3.2), i.e. H = h. Under Assumption
8.1(i),(ii) and Assumption 3.3 for any ¢ € C>°(R?), any 7 € [0,1] and any to = 0
we have

lim

Ftp—¢ =
A PA R 7
lim p + Hyo

=0 and lim |[F-(t)p — Fr(to)glli = 0.
1 —to

Proof. Let ¢ € C*(R%) c Dom(H,), t > 0. By Taylor’s formula with 6 € (0,1)
we have

EMe—v 5
ELASEA SIS vy
T

1
= t/ (277)_d//6ip'(q_‘;’1)h2(7q+ (1-— T)ql,p)e‘eth(m*(l_ﬂql’p)go(ql)dqldp dq.
Rd Rd Rd

Here p — h*(tq+ (1 —7)q1,p) is a 4th order polynomial with bounded coefficients
continuously depending on ¢ and ¢;. Let us present the calculations for the case

12



d=1and b =0, ¢ =0 for simplicity. General case can be handled similarly.

F.(t)p — ~
‘ By = o
t 1
t .
— o /ezp-(qql)A2(7_q +(1— T)Ch)p —0tA(Tg+(1-7)q1)p? ©(q1)dq dp| dgq
R [R2
3 ip-(q— — T —T
— % /8;11 [e’p (q q1)} [A2(7q+ (1 —T)q1)6 0tA(Tq+(1 )q1)p2¢(q1)] dqidp| dg
R
t
=5 / [ @] 93 | A2(7q + (1 = T)qr)e” A0 o g,) | dgydp| do.
R |R2

(3.13)
Consider first the case 7 = 1. Then
08, [A2(rq + (1= ) )e A 0P o )] = A2(g)e Ao G0 )
and by the Fubini—Tonelli theorem

HFl(t)SO—SD
t

t/ (27r)_1// ip-(g—q1) AQ( Je _etA(q)p290(4)(CI1)] dqidp| dg
R

a—q1)?
t/ / (470 A()) /2™ BT 5D )y | dg

—l—f’\IlSO

9—q1)
tﬁ//*ﬂwlﬂAmw¢wmmm—af”*%w%n
Consider now the case when 7 € [0,1). Then
0y, [A%q + (1 = 7)qp)e AT (g )
4
e OtAreH(1-Da)” Z 0tp*) by (g + (1 = T)gr, q1),
k=0

where the functions (z,y) — vx(z,y) are linear combinations of the products
AF(2)(A%) ™) (2)p™ (y) with m,n = 0, ..., 4. Hence, ¥y (x,-) € C.(R) and (-, y) €

13



Cp(R) for all z,y € R. Therefore, with the change of variables Votp = p, % =y
we have

‘ )y —¢

t
4

= — /ei”'(q‘q” ~OAlra N Gt oy (rq + (1 — T)qr, q1)dardp| dg
R [R? k=0

4
t .
— /\elp'ye—A(q_\/%(1—7')3/),02 Z(pQ)kwk(q o \/%(1 - T)y, q— \/%y)dpdy dq

+ fAITgO

1

R [R? k=0
4 &
e
= A L N
=y

X (g — VOl — 1)y, q — \/G_ty)dy'dq

.U2 4 4
<t [thmag) V2 HCo (144 S o [ 1% o — VB ldady <3 Chlle®
k=0 R k=0

R

with some positive constants Cj, < oo and C}, < oco. Analogously, for ¢ € C>(R?)
by Taylor’s formula with 6 € (0,1) and t,¢y > 0, t — t, we have

155 () — Fr(to)ll, = |t — o

x/ (27?)_d/eip'(q_q1)h(7q+ (1 —T)ql,p)e_ﬁow(t—to”"(“”(l_ﬂql’p)gp(ql)dqldp dq.

Rd R2d

Once again let us present the calculations for the case d =1 and b =0, ¢ = 0 for
simplicity. For any fixed ¢, > 0 take t € (to/2,2ty). Hence, a(t) :=to+ 0(t — to) €

14



(t0/2, 2t0) and

1) = Fr(to)elly = |t =t

X / (27r)_1 /eip(q—ql)A(Tq + (1 _ T)ql)p2€—a(t)A(Tq+(1—T)q1)p2Sp(ql)dqldp dg
R R2

¢(q1)dq:| dq

§=q—q1

< [ | [amatoAra + (1 = a0t [}

R R
_(q—q1)2
Slt=tl / / (2toa0) ™ 2e™ T Clto) (1 + (g — 00)?)|olar)|darda
R R
< [t — to|C'(to)|l¢llx

with some positive constants C' < oo and €’ < oo depending only on ty. In the
case to = 0 we have F(ty) = Id and we proceed as before

1E+(t)e — ¢l

I
~

I
e W

(2%)1/6“0'(‘1‘11)/4(7(1 + (1 _ T)q1)pze’etA(T“(l*T)ql)pzgo(ql)dqldp dgq
R2

(27?)_1/831 [eip'(q—ql)] A(Tq+ (1 _ T)q1)6_9tA(TQ+(1_T)q1)p2go(ql)dqldp dq

R2

2m) 1 [P [Alrg + (1= Pyge AT ()] dawdp) dy

RQ

2
<t Cille® 1,
k=0

I
e

where the integrals in the penultimate line can be handled as in (3.13). A 3-e—
argument concludes the proof of thr? | E(t)p — Fr(to)ellr = 0 for all p € LY(RY).
—10

O]
Theorem 3.9. Let L*(RY), 7 € [0,1] and H = h, where h is given by the formula
(3.1). Under Assumption 3.1(i),(ii) and Assumption 3.3 the family (F;(t))i=o0 given

by the formula (3.6) is Chernoff equivalent to the semigroup (17 )0, generated
by the closure (L7,Dom (L)) of a DO (H,, C*(R%)) with the T-symbol H(q,p).

15



Therefore, the Feynman formula

(1)@ = lim (F(t/n))"¢ (3.14)

n—oo

holds in L*(R?) locally uniformly with respect to t € [0,00). Moreover, this Feyn-
man formula (3.14) converts into the Lagrangian one:

(T7)p(q0) = llm / / o(qn ng/qs (=7 qk (@r—1 — qr)dqy - . . dgn,  (3.15)
R

where Gaussian type density g7 (z) is given by the formula (3.10). Additionally, un-
der Assumption 3.1(iii) we have F,(t) : S(R?) — S(RY) and the Feynman formula
(3.14) with ¢ € S(RY) converts also into the Hamiltonian one:

n—oo

(T7)¢(go) = lim (27)~" / eXP( Zpk (@t —%)) (3.16)

t n
X exp (—5 > H(rgra + (1 T)QkaPk)) e(q)dqidps . . . dgndpy,

k=1
where q,41 := qo for all n € N in the pre-limit expressions in the right hand side.

This Theorem follows immediately from two previous Lemmas, Remark 3.7 and
the Chernoff Theorem 2.1.

Remark 3.10. If we consider the case H(q,p) = p- Ap + c(q), ¢,p € RY, where
the matrix A doesn’t depend on ¢ (it is the Hamilton function of a particle with
constant mass in a potential field ¢), then ¥ DOs H, (and hence the semigroups
(T7 )t>o0 ) do coincide for all 7 € [0,1]. However, the families (F;(t)):>0, given
by (3.6), are different since they are 1/DOs whose 7-symbols e~ *P4r+e@)] pnontriv-
ially depend on both variables ¢ and p. Nevertheless, one can easily show, that
| Er (8 — Fry(t)el|s = C(11, 72)t with some constant C' depending only on 71 and
Ty (see [34] for further discussion).

Remark 3.11. Let 7 = 1. Under Assumptions 3.1(i),(ii) and Assumption (3.3)
with N = 0 and ¢ € C®(RY) the function T can be represented also by a
Feynman-Kac formula (cf. [21] §2.1, [26] §5.7):

T7 ¢(q0) = Ey {eXp (jC(Ss)d8> 90(&)} (3.17)

16



where E[° is the expectation of a (starting at gp) diffusion process (&)i>o with
variable diffusion matrix A and drift b. Therefore, the Lagrangian Feynman for-
mula (3.15) gives (suitable for direct calculations) approximations of a functional
integral in the Feynman—Kac formula (3.17). Moreover, due to the representation
(3.17) for the case b = 0 one can expect (compare with the formula (3) in [30]) that
the expression in the right hand side of the Lagrangian Feynman formula (3.15)
does coincide with the following functional integral

17 olan) =5 | exp / x)ds ) exp 5 / AN - aX) )< (319

X exp ( — %/tA‘l(Xs)b(Xs) : b(Xs)dS)w(Xt)}a

where E? is the expectation of a diffusion process (Xt):>o with variable diffusion
t

matrix A and without any drift, a stochastic integral [ A~ (X,;)b(X,) - dX is an
0

It6 integral. Since the functional integrals in formulae (3.17) and (3.18) coincide,
one obtains the analogue of the Girsanov—Cameron-Martin—Reimer-Maruyama
formula for the case of diffusion processes with variable diffusion matrices. Due to
Remark 3.2 the similar results are then valid for all 7 € [0, 1].

Lemma 3.12. Consider the general case of symbol H = h+1r given by the formula
(3.3) and 7 = 1. Under Assumption 3.1(i),(iii),(iv) and Assumption 3.3 for any
¢ € C(R?) and ty = 0 we have

lim

t\.0 t

+ H,p|| =0 and tlgg | F-(t)p — Fr(to)pll1 = 0.

1

Proof. Fix ty > 0 and let tg € [0,to + 1]. By Taylor’s formula with 6 in between
t and tg, by the Fubini—Tonelli theorem, by Lemma 2.3 and Lemma 3.5 with a

17



probability measure py = (271)~%2F e~ )], for each p € C=(RY) we have

t—t (e .
(2@2 / / P H (g, p)e= "1 (q))dgidp

Rd Rd 1
=le—tol | (Fe=%) o] <t =l [[|(7e=7) ]+ | (7e?7), o]
1 1 1 1 1 1

=1t=tol [ (5 ) o () o]+ (7)o 7]
L 1 1 1 1

<t =tol || (), (o 0)|| + IO 7]

[ F1(t)p — Fi(to)ellr =

2
<t —tol | S Crlto)ll (o % ©) @11 + eww“l]
L k=0

2
<t —tol | Y Culto)no@®) ™11 + e'“’H?sOHl]
Lk=0

= [t — to| K(to, ¢) (3.19)

with some constants Cy(tg) < oo depending only on ty and K(tg,p) < oo de-
pending only on ¢ and . These constants Cj () arise from the calculations with

the operator <h6*9h> obtained in the Lemma 3.8. Note, that all calculations in
1

Lemma 3.8 remain true for any ¢ € S(R?). Moreover, by Assumption 3.1(iv) we
have r € C*°(R?) and, as a negative definite function, r grows at infinity with all
its derivatives not faster than a polynomial (cf. Lemma 3.6.22 and Theo.3.7.13 in

[25]). Therefore, i, (rme*97”> ¢ € S(RY) for any ¢ € C*(R?) C S(RY) and any

m € NU {0}. In the same way by Lemma 2.3 and Lemma 3.8 with [0,1] 3¢ — 0
and 6 € (0,t) we obtain

)y —¢ :tH<H7€3H> “OH o
t 1 17l T

<), () o2 (), () e+ (72, ()

=t[(2e ) (o) +2 (e ) (o x [Fel) + Fr(6) (o * [))

+ﬁf190

1

<
1

4 2
> Cllg®lli+2) CUllFe) @ + H<r2>s0H1] = tK'(p)
= k=0

]

Theorem 3.13. Let 7 = 1. Under Assumptions 3.1(i), (i), (iv) and Assumption
3.3 the family (F;(t))i=o0 given by the formula (3.6) is Chernoff equivalent to the
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semigroup (1] )i>0, generated by the closure (L™, Dom(L7)) of a DO (}A[T, C>®(R%))
with the T-symbol H as in (3.3). Therefore, the Feynman formula

(T7)p = lim (Fr(t/n))"e

holds in L*(R®) locally uniformly with respect to t € [0,00). The obtained Feynman
formula converts also into a Lagrangian Feynman formula

(T7)(q0) = (3.20)
& AT Mg ) (ap—ag 1 +2e—bap— 1)t/ (ap —ap_1 2 —blag_1)t/n)
— hm e k=1 4t/n
TL—)OOR2nd
- d —-1/2 —% i c(qr—1)
X H ((2mt/n)* det A(gr—1)) e k=1 ©(qn)dqr prejn(dzr) - .. dgp pre/m(dzy)
k=1

and with ¢ € S(R?) into a Hamiltonian Feynman formula

1 \
(T)e(e0) = lim =3 / exp (z ;pk (g1 — ch)) (3.21)

R2nd
t n
X exp (_ﬁ Z H(Qk—i-lapk)) ¢(qu)dqidpy . . . dgndpy,
k=1
where q,11 := qo in the pre-limit expressions for each n € N.

Proof. The statement of the Theorem is a straightforward consequence of Chernoff
Theorem 2.1, Lemma 3.5 and Lemma 3.8. Lagrangian Feynman formula is obtained
with the help of representation (3.12). Under Assumptions 3.1 (i), (iii), (iv) we
have F,(t) : S(R?) — S(R?) (due to Lemma 3.3 in [14]). Therefore, all expressions
in the right hand side of the Hamiltonian Feynman formula are well defined. [

4 The construction of phase space Feynman path
integrals via a family of Hamiltonian Feynman
pseudomeasures for 7 € [0, 1].

A Feynman pseudomeasure on a (usually infinite dimensional) vector space is a
continuous linear functional on a locally convex space of some functions defined
on this vector space. The value of this functional on a function belonging to its
domain is called Feynman integral with respect to this Feynman pseudomeasure.
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If the considered vector space is itself a set of functions taking values in classical
configuration or phase space then the corresponding Feynman integral is called
configuration or phase space Feynman path integral.

There are many approaches for giving a mathematically rigorous meaning to phase
space Feynman path integrals. Some phase space Feynman path integrals are de-
fined via the Fourier transform and via Parseval’s equality (see [40], cf. [2]; see [38],
[18], [15] and references therein); some are defined via an analytic continuation of
a Gaussian measure on the set of paths in a phase space [40], some — via regular-
ization procedures, e.g., as limits of integrals with respect to Gaussian measures
with a diverging diffusion constant [17]; the integrands of some phase space Feyn-
man path integrals are realized as Hida distributions in the setting of White Noise
Analysis [5], [6]. A variety of approaches treats Feynman path integrals as limits
of integrals over some finite dimensional subspaces of paths when the dimension
tends to infinity. Such path integrals are sometimes called sequential and are most
convenient for direct calculations. The general definition of a sequential Feynman
pseudomeasure (Feynman path integral) in an abstract space (on a set of paths in
a phase space, in particular) can be found in [40]. Some concrete realizations are
e.g. presented in [41], [13], [1], [24], [29], [28], [27], [23].

Let us outline some general concepts of the construction of Feynman pseudomea-
sure, in particular phase space Feynman path integrals. One of the most con-
venient definitions of a Feynman pseudomeasure on a conceptual level is via its
Fourier transform. However, the most convenient for calculations is the sequential
approach, which treats Feynman path integrals as limits of finite dimensional inte-
grals with unboundedly growing dimension. Let X be a locally convex space and
X* be the set of all continuous linear functionals on X. So, let E be a real vector
space and for all z € E and any linear functional g on E let ¢ (x) = e Let
Fr be a locally convex set of some complex valued functions on E. Elements of
the set F'(E)* are called F(F)*-distributions on E or just distributions on E (if
we don’t specify the space F'(E)* exactly). Let G be a vector space of some linear
functionals on E distinguishing elements of F and let ¢, € I for all g € G. Then
G-Fourier transform of an element n € F}; is a function on G denoted by 7 or F|n]
and defined by the formula

1n(g) = Fnl(g) = n(¢y).

If a set {¢, : g € G} is total in Ff (i.e. its linear span is dense in Fg) then any
element 7 is uniquely defined by its Fourier transform.

Definition 4.1. Let b be a quadratic functional on G, a € E and o € C. Then
Feynman a-pseudomeasure on E with correlation functional b and mean a is a
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distribution ®y 40 on E whose Fourier transform is given by the formula

Fltnaalle) = o (42 +ig(w)).

If o = =1 and b(x) > 0 for all x € G then Feynman a-pseudomeasure is a Gaussian
G-cylindrical measure on F (which however can be not o—additive). If o = i then
we have a “standard” Feynman pseudomeasure which is usually used for solving
Schrodinger type equations. In the sequel we will consider only these “standard”
Feynman i—pseudomeasures with a = 0.

Definition 4.2 (Hamiltonian (or phase space) Feynman pseudomeasure).
Let E = @Q x P, where @ and P are locally convex spaces, Q = P*, P = Q* (as
vector spaces) with the duality (-, -); the space G = P x Q is identified with the space
of all linear functionals on E in the following way: for any g = (py,q,) € G and x =
(q,p) € E let g(x) = {q,py) + (q4.0). Then Hamiltonian (or symplectic, or
phase space) Feynman pseudomeasure on E is a Feynman i-pseudomeasure
® on E whose correlation functional b is given by the formula b(py, q5) = 2(qy, Pg)
and mean a = 0, i.e.

F[®](g) = exp (i{gg. py)))-

Definition 4.3. Assume that there exists a linear injective mapping B : G — E
such that b(g) = g(B(g)) for all ¢ € G (B is called correlation operator of
Feynman pseudomeasure). Let Dom(B™1) be the domain of B~t. A function
a 1B 1(2)(a
Dom(B~1) 3z f(z) = ez "
man a—pseudomeasure (cf. [42]).

is called the generalized density of Feyn-

Example 4.4. (i) If E = R? = G then the Feynman i-pseudomeasure on E with
correlation operator B can be identified with a complex-valued measure (with
unbounded variation) on a d-ring of bounded Borel subsets of R? whose density

(B7'2)  In this case the

with respect to the Lebesgue measure is f(z) = e™2
generalized density coincides with the density in usual sense.

(ii) If we consider the Hamiltonian Feynman pseudomeasure on £ = @) x P then
take B : (p,q) € G C E* — (¢,p) € E. Then we have ¢g(B(g)) = g(B(py,4,)) =
9(q,pg) = 2(q4,py) = b(g). Moreover, B~' : E — E* is defined by the formula
B7Y(q,p) = (p,q) and hence the generalized density of the Hamiltonian Feynman

pseudomeasure is given by the formula f(q,p) = exp{i(q,p)}.

The concepts given above allow to introduce the following definition of a Feynman
pseudomeasure in the frame of sequential approach (in the sequel we assume any

standard regularization of oscillating integrals, e.g., [ f(z)dz = lir%f f(z)e*€|zl2dz).
E YE
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Definition 4.5 (Sequential Feynman pseudomeasure). Let {E,},en be an
increasing sequence of finite dimensional subsets of Dom(B™!). Then the value of
a sequential Feynman a—pseudomeasure <I>{ "} (with mean a = 0) associated with
the sequence {E,}nen on a function v : E — C (this value is called sequential
Feynman integral of 1)) is defined by the formula

—1 111 a1 L)z
Q{ng}(w)zlim</e SE I IC ) /w el

n

where one integrates with respect to the Lebesque measure on E,, if the limit in the
r.h.s. exists.

The fact that a function ) belongs to the domain of the functional ®{#~} depends
only on restrictions of this function to the subspaces E,. In the particular case of
Hamiltonian Feynman pseudomeasure Definition 4.5 can be read as follows:

Definition 4.6. Let {E, = Q, X P,}nen be an increasing sequence of finite di-
mensional vector subspaces of E = () x P, where Q),, and P, are vector subspaces
of Q and P respectively. The value ®(5,1(G) of the Hamiltonian Feynman pseu-
domeasure ®g, \, associated with the sequence { Ey}nen, on a function : £ — C,
i.e. a Feynman path integral of 1, is defined by the formula

n—oo

En En

. -1 .
g,y (¥) = lim ( / e'Pa) dqdp) / (g, p)e'P? dg dp, (4.1)

if this limit exists. In this formula (as well as before) all integrals must be considered
in a suitably reqularized sense.

In the sequel we present a construction of the Hamiltonian Feynman pseudomea-
sure for a particular family of spaces E;”" with 7 € [0,1], cf. [41], [7]. For any
t > 0 let PC([0,t],R%) be the vector space of all functions on [0,] taking val-
ues in R? whose distributional derivatives are measures with finite support. Let
PC'(]0,t], R?) denote the space of all left continuous functions from PC([0,], R%).
Let PC7([0,t],R?) be the collection of functions f from PC([0,t],R?) such that
for all s € (0,¢)

f(s)=7f(s+0)+(1—7)f(s—0). (4.2)
For each x € R? let

Q7" ={f € PCT([0,4],RY) : f(0) = lim f(¢), f(t) =},

t—+0

P, ={f € PC'([0,],R) : f(0) = lim f(t)}

t—+0
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and E;"" = Q" x P,. The spaces Q" and P; are taken in duality by the form:

wmmwﬂmwm

where ¢(s)ds denotes the measure which is the distributional derivative of ¢(-).
We will consider the elements of E;”" as functions taking values in E = Q x P =
R? x R4

Let to = 0 and for any n € IN and any k£ € IN, £ < n, lettkzgt. Let F,, C
PC([0,t],RY) be the space of functions, the restrictions of which to any interval
(tr—1,tx) are constant functions. Let Q7 = F,, N Q;"", P, = F,, N P,. Let JT be the
mapping of E7 = Q7 x P, to (R? x R%)", defined by

T (q,p) = (q(t —0),p(L), ..., q("2 —0), p(B=2h) (2t — 0), p(
= (CIlapla ---- 7qn7pn)'

S

) =

The map J7 is a one-to-one correspondence of ET and (R¢ x R?)". Therefore, in
this particular case Definition 4.6 can be rewritten in the following way:

Definition 4.7. The Hamiltonian (or phase space) Feynman path integral

= [ vapnedgd = [ viae).no)e e MH@
EPT e

of a function v : Q7" X Py — R is defined as a limit:

() = lim /wwwm@,%%w .....
(4.3)

X exp [Z > ok (ge — Qk)] dqi dp;........dq, dpy,
k=1

where ¢,+1 := x in each pre-limit expression.

Remark 4.8. The generalized density of the pseudomeasure ®7 can be defined
through the formula

| vl )@ dp) =

EIT

lim C, / »(q(s), ) exp /p s)ds| vn(dq) vu(dp),
QT X Pp, 0
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where (C,) ™' = [, p, €XD [z f(fp(s)gi(s) ds} vn(dq) v, (dp) and v, is Lebesgue mea-
sure.

Remark 4.9. The construction described above is a modification and an extension
of constructions introduced in [41], [33], [13] and [7].

5 Phase space Feynman path integrals for evo-
lution semigroups generated by 7-quatization
of some Lévy-Khintchine type Hamilton func-
tions for 7 € [0, 1]

In this section we show that Hamiltonian Feynman formulae obtained above can
be interpreted as some phase space Feynman path integrals. Therefore, the cor-
responding phase space Feynman path integrals do exist and coincide with some
functional integrals with respect to countably additive (mainly probability) mea-
sures associated with some Feller type semigroups.

Theorem 5.1. Let 7 € [0,1] and H = h, where h is given by the formula (3.1).
Let Assumption 3.1(i), (iii) and Assumption 3.3 fulfil. Let (1] )i>o be the semigroup
generated by the closure (L™, Dom(L7)) of a ¥ DO (PAIT, C>(R%)) with the T-symbol
H. Then the Hamiltonian Feynman formula (3.16) can be interpreted as a phase
space Feynman path integral

t

— [ H(q(s),p(s))ds
T o(z) = / ¢ i 2(q(0))®7 (dgdp). (5.1)

x,T
Et

Proof. Indeed, using Definition 4.7 we get

(T7o)a) = lim 2m) [ exp ( S e (gier - qk>> x

(Rd)Qn

t n
X exp (—; > H(rgey + (1 - T)QImPk)) e(q1) dgi dpy - -~ dgy dpy, =

k=1
t

— [ H(q(s),p(s))ds
= / e’ ©(q(0))®7 (dgdp),

T, T
Et

where, in each pre-limit expression in the Hamilton formula, we have ¢,.1 = z;
moreover, ¢; = q(t/n—0) — ¢(0) as n — oo due to the definition of the space Q"
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and

n n t

> H(Tqu+ (1=, p) = ) Hla(t), p(te) (e —ti1) — /H(Q(S)’p(S))dS

t
n —_ p—
k=1 k=1 0

since any path (q(s),p(s)) € E;"" is piecewise continuous and has a finite number
of jumps, H is a continuous function. n

Remark 5.2. Note, that the integrand in the Feynman path integral (5.1) is the
same for all 7 € [0,1], only the space E;”", defining the sequential pseudomeasure
7 is different; this space contains those paths ¢(s) which are “7-continuous” (see
the formula (4.2) as the definition).

Remark 5.3. Under Assumptions 3.1(i),(ii), Assumption 3.3 and due to the for-
mula (3.5) (i.e. Lemma 2.1 in [7]) we see that H.o(q) = Hi(q,D)¢(q), where
H7(q, D)p(q) is a pseudo-differential operator with 1-symbol

H'(q,p) = c-(q) +ib;(q) - p+p- Alq)p

and we have
b-(q) = b(q) — 2(1 — 7) div A(qg),

¢r(q) = c(q) + (1 = 1) divb(q) — (1 — 7)* tr(Hess A(q)).

Therefore, due to Theorem 3.9 and Theorem 5.1 there is a kind of “change of
variable formula” for H(q,p) = c(q) +ib(q) - p + p - A(q)p:

T7 o(x) = / exp | - / H(q(s), pls))ds | o(q(0)) B (dgdp) =

- [ e[ / H(4(5)0(5))ds| olal0) 2 o).
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ie.,

t

170() = [exp |~ [ os)- Alao)p(s) ds
X exp —/ [c(q(s)) + (1 — 7)divb(q(s)) — (1 — 7)* tr(Hess A(q(s)))|ds | x

0
t

X exp —i/ [(b(Q(S)) —2(1—7)div A(q(s))) - p(s) |ds | ©(q(0))®}(dqdp) =

0

/ — [ p(s)-Ala(s))p(s) ds—i | bla(s))p(s) ds— [ c(a(s))ds
e 0 0 0

¢(q(0)) @7 (dgdp).

T, T
Et

Due to Definition 4.7 the Hamiltonian Feynman formula (3.21) can be interpreted
as a Hamiltonian Feynman path integral with respect to the Feynman pseudomea-
sure ®!. Therefore the following theorem is true (cf. [7]).

Theorem 5.4. Let 7 = 1. Under Assumptions 3.1(1),(iii),(iv) and Assump-
tion 3.3 the semigroup (T} )i>o, generated by the closure (L7, Dom(L")) of a DO
(H., C>(R%)) with the T-symbol H as in (3.3) can be represented by a Hamiltonian
Feynman path integral with respect to the Feynman pseudomeasure @ :

— [ H(q(s),p(s))ds
m@—/eoqpqmw%mm. (5.2)

xz,l
B

Remark 5.5. Note, that our definition of the space Ef*' differs from the definition
of the space EY in the paper [7]. Hence the corresponding sequential Feynman
pseudomeasures used above and in [7] are also different. This leads to different
Feynman path integrals representing the considered evolution semigroup (cf. with

Theorem 3.5 in [7]).

Remark 5.6. Lagrangian Feynman formula (3.15) (resp. (3.20)) actually pro-
vides a tool to compute Feynman path integral (5.1) (resp. (5.2)). The limits in
both Lagrangian formulas coincide with functional integrals over some probability
measures.
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