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1. INTRODUCTION

The name “moonshine groups” is commonly used for the discrete sub-
groups of PSLy(R) which appear in connection with the famous moon-
shine conjectures of Conway and Norton [2], see [3]. In connection with
the study of euclidean lattices with high minima it has been noticed
by Quebbemann in [9, 10] that for some of these, namely the groups
Lo(N)t generated by the Hecke group I'g(N) and the Atkin-Lehner
involutions normalizing it for N = 2,3,4,6,7,11, 14, 15,23 the theory
of modular forms is very similar to that for the full modular group.
In particular, for these groups one can, using Dedekind’s eta function,
construct an analogue Ay of the discriminant function A, i.e., a cusp
form with a simple zero at infinity and no zeros in the upper half plane.
This made it possible to transfer the notion of an extremal modular
form to these groups and to study lattices which have these extremal
modular forms as their theta series.

The extremal modular form for the full modular group is one of the
basis functions fj, ,, of the space of weakly holomorphic modular forms
of weight k for the full modular group whose properties have been in-
vestigated by Duke and Jenkins in [4]. In this note we want to show
that some of these results from [4] can also be generalized to the spe-
cial moonshine groups mentioned above; we can even admit quadratic
characters on I'g(NN), suitably extended to the larger group. We plan
to use our results for the study of extremal lattices of these levels in fu-
ture work. A simple, but so far apparently unnoticed fact which makes
this transfer possible is stated in Corollary 4: If jy is the hauptmodule
for To(N)™, then ¢ - dé—gA ~ is an Eisenstein series (as is well-known for
level N = 1). This was initially established by the first named author
for prime levels N as above with the help of computer calculations
and the available explicit ¢ - expansions for jx in her 2013 master’s
thesis Universitat des Saarlandes. This fact can of course conversely
be used in order to compute the g - expansion of jy from the known
expansions of Ay and the relevant Eisenstein series in the cases under
investigation here.

2. PRELIMINARIES

For a square free positive integer N we consider the Hecke subgroup
To(N) = {(*)) € SLy(Z) | ¢ = 0(N)} of SLy(Z) and for m|N the
mr y
Nz
malizing T'o(N). By I'h(N)* C GLy(Q) we denote the subgroup gen-
erated by I'o(N) and the W, for m|N. It is well-known that the quo-
tient T'o(N)™ \ H of the upper half plane H C C by I'y(N)™ has only
one cusp class. Moreover, if we restrict N to be one of the integers
2,3,5,6,7,11,14,15,23, the compactified quotient has genus zero and

Atkin-Lehner involutions W,, = with det W,,, = m nor-
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An(z) = [Lun n(mz)?/71 ) where 1 is the Dedekind eta function

and o1(N) the divisor sum, is a cusp form of weight k1 (N) = 1(27??_](\%/)

for I'g(V) with character (M

cusp and having no zeros in H, see [9, 10, 5].

, having a zero of order 1 in the

Indeed, one checks that Ay is modular for the extended group T'o(N)™
with character ™) = ™) where ¢(“?) = (=) for (“}) € Ty(N)
if N is a prime congruent to 3 modulo 4 and t|p,(v) = 1 otherwise,

Y(Wy) =it p(Wy) = 1 for N € {6,14}, (W5) = 1 for N = 15.
(Notice that for the composite levels treated here ki (N) is even and
YR N) trivial on T'y(IN), so that there is no ambiguity in defining the
involutions. )

3. MODULAR FORMS FOR I'o(N)™*

For an integer k and a real character y on [o(N) with x(—1) = (—=1)*
we consider the Eisenstein series fi(z; x1, x2) defined in 4.7.6 of [8] and
the space & (N, x) given in 4.7.17 of [8] generated by the fi(£z; x1, X2)
for characters x; mod Ny, yo mod Ny with x = x1x2, N1 No|N and y;
primitive modulo N; or k£ = 2, x; and ys trivial, Ny = 1 and N,y a
prime.

By Theorem 4.7.2 of [8] the space & (N, x) is the orthogonal comple-
ment with respect to the Petersson inner product of the space of cusp
forms of weight k for I'o(N) with character x .

Moreover, the proof of Theorem 4.7.2 of [8] shows that for the special
N considered here the dimension d(N, x) of E(N, x) is given by

1 =1
dO(N7X) = {0 i?ﬁl )

(1 ifx#£1
di(N,x) = {0 otherwise

if N is prime, N = 3(4),

o= { 2 7

0 otherwise
if N = p1p, is a product of two distinct primes,

1 ify=1
2 otherwise

da(N, x) :{

if N is prime,
3 ifyxy=1
4 otherwise

dy(N, x) :{



if N = pips,
| 2 if N is prime
dr(N, x) = { 4 if N = pips
for k > 3.

In order to study the action of the involutions on the above spaces of
Eisenstein series we restrict attention for composite levels to characters
x on 'y (N) for which the operators W, of [1] commute, so that it makes
sense to split the space of modular forms for T'o(N) with character y
into eigenspaces with respect to the involutions. For our restricted list
of N this means that either y is trivial or N = 14 and y the Legendre
symbol modulo 7 or N = 15 and x the Legendre symbol modulo 15.
Combining the above results with Weisinger’s [13] calculation of the
action of the W, on Eisenstein series, we obtain then

Lemma 1. Let k € N, N a prime or a product of two distinct primes,
let x as above be a character on T'o(N)T which is real on To(N) with
x(=1) = (=1)* and such that (for composite N) the involutions W,
commute. Then E(N,x)* = Mp(To(N)*, x) N ELN, X|rov)) has di-
mension 1 except for k = 1, x # ¥, k = 2, x = 1 (in which cases
E(N,X)* = {0}).

In the one-dimensional cases we write E,(CX) for the element of E(N, x)T
whose Fourier expansion at oo has constant term 1 (if N is fized).

Similar to the case of modular forms for the full modular group multi-
plication by Ay defines an injective linear map from M, (To(N)*, x) to
My vy (To(N)H, xp" ™)) whose image is the space of cusp forms. It
will therefore be useful to twist a given character x by ¢" if one wants
to connect modular forms of weight k with those of weight k 4 r, in
particular if r = ¢ky(N) is a multiple of k1 (V).

Theorem 2. Let k € N, N from the list in the previous section, x
as above. Denote by k' = k'(N, x, k) the smallest non negative integer
k' =k mod ky(N) with My (To(N)*, xy)¥ %) £ {0}. Then one has

[ E1(N) if k= 0mod ky(N), x # "
1+ ki (N) if k=1mod k{(N),
L = Xw—k’FO(N)UWNFO(N) #1
Tt =1
\ ke{0,...,k(N) =1} in all other cases

In all cases My (To(N)*, x* %) = Eu(To(N)*, xy* %) = (N, x)*
18 one-dimensional.

Proof. Since the existence of a cusp form f in My (To(N)*, x1o¥ %) can
be ruled out by considering Air (where 7 is the order of the zero of f at
N

o0) and the minimality of &, this follows from the previous lemma. O
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Corollary 3. Let k,x, N be as above, k' = K'(N, x, k), assume k > k'.

Then dim My (To(N)T, x) =1+ kk (]’f,) and the forms

O =) @) e s k—#
ES E N3y with r+ s =
v B VAN with T+ s = P

form a basis of this space.

Proof. By induction on k ( N), the case k = k’ being given by the pre-
vious Lemma. O

Remark. If N is not restricted to our list of special levels the dimension
of the space of cusp forms for I'y(N)* with character x and weight &
can be calculated using the trace formula from [12]. If N = 1 and y is
trivial the corollary gives the familiar dimension formula for modular
forms for the full modular group SLo(Z).

Corollary 4. Let k, N be as before, denote by jn the hauptmodule for
the modular curve To(N)* \ H of genus zero, normalized to jx = ¢ '+

c1q+ -+ (with ¢ = exp(2mwit), 7 € H). Then —Ay qd;’/qv Egﬁg)()zv)

Proof. —An-q- %" is a modular form of weight 2+&;(N) and character
N) = 4pF1(N) for Ty(N)* with constant term 1 at co. By the theorem,

My, (v (Do (N) ™, x™V)) is one-dimensional, spanned by Eﬁ(k )()N) O

Corollary 5. a) Let N = 2. Then all zeros of the Fisenstein

series EIEX) of weight k < 4 in the fundamental domain F*(2) of
[7] are on the arc

A ={zeC||z| = f 2 < arg(z) < )

b) Let N = 3. Then all zeros of the Eisenstein series of the Fisen-

stem series E of weight k < 4 in the fundamental domain

F*(3) of [7] are on the arc
1 5

A ={zeC||z|= ==, = <2z

c) Let N = 5. Then all zeros of the Fisenstein series E,gX) of
weight k < 4 for To(5)" in the fundamental domain
|
| >

F*(5) = {z€C| |z \z+2y>——-<Re() 0}
U {zeC||z 5,|z+2|>2\/5,0<Re() )

>

s|~

from [11] (notice that this is mzsprmted in [11]) are on the arc
A =F*5)N{ze€C| |z| = == 0r|z+2|—2\[

Proof. The assertions for y = 1 have been proven in [7, 11], so we have
to reduce our assertions for nontrivial y to the cases treated there.
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a) Since E§¢2)E§¢2) = Eél) by the one-dimensionality of Mg(T'o(2)", 1),
this follows from the result of [7] for the zeros of ES".
b) Again by dimension reasons we have

(E) = B = (B
V) p(v? 1 V%) (42
BB = B = BB,

and the assertion follows from the results of [7] for EWM, Eél).
¢) Again by dimension reasons we can multiply any of the Eisen-

stein series of weight 2 with a suitable Eisenstein series of weight

4 to obtain Eél), and the assertion follows from the result of [11]

[Prop. 2.3] for Eél) (for a correction see arXiv:math/0607409v3).
U

Remark. At present we see no way to obtain similar results for non
trivial y and higher weights. Also, it seems to be difficult to treat the
other levels in our list.

4. WEAKLY HOLOMORPHIC MODULAR FORMS

As in [4] we call a holomorphic function on H which is meromorphic in
the cusp of T'o(N)* \ H and transforms like a modular form of weight
k and character x under I'o(IN)* a weakly holomorphic modular form
for To(N)* and denote by My(T'o(N)T, x) the space of such weakly
holomorphic modular forms.

Lemma 6. Let N,k,x € Z be as in the previous section and write
k=Fk+10-k(N) with k" = K (N,x,k) as in Theorem 2. Then for

each integer m > —{, there exists a unique f,i’;l € Mi(To(N)™, x) with
q-expansion of the form

() =™+ 0",

and f,i’% can be written as

K —k .
19% = AngW ) Fix.o.n(IN)

where Fy, . p N 15 a monic polynomial of degree D = €+ m with integer
coefficients.

The f,?;)l with m > —{ form a basis of My(To(N)T, x). The coefficients
a,(CX) (m,n)q™ in ,g’jZL(T) =q "+ a,(cX) (m,n)q" are integers.

Following [4] we write f,gX) = f,gx_)ﬁ = EoY AL in the sequel.

n

Proof. This follows from the results in the previous section in the same
way as in [4] in the case of level 1. O
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Lemma 7. Let k, N,y be as before wz’th k = K(N,x, k), denote by x

the character on To(N)* with x¥ = x™) = "N Then one has
00 () _ ™) djn
B B ok = Bl () = —0 AN

Proof. Checking the cases in Theorem 2 we see that &'(NN, )Z, 24k (N)—
k)) =2+ ki (N) — k, so that My g, (v)—k 7# {0}, i.e. E2+k (v 15 well
defined.

E(X( ))
2+ki1(N)
the assertion follows (use Corollary 4 for the second equality). U

Since Moy, vy (To(N) T, X)) is one-dimensional, generated by

Lemma 8. With notation as before (in particular ¢ = exp(2mit)) we

have

—tky (N) 1, (14+€)ky (N) .
) 1 Ag\f(z)El(j(w ' )< )Eéikll(ﬂjv) kll )(T)q 'dgq
(2) =

2 AIH( )U(r) = 3(2))

B £ fk") M G
N 27r7,/ (2) 27?2/ (2)

where C' is a suitable (z.e. suﬂiczently small) czrcle around zero in the
q-plane, oriented counterclockwise.

k,m

Proof. The first equality is proved in the same way as Lemma 2 in [4]:

We write w

()

Fix.on(in(7)) = e
' AL EX ()

use f,if?)l(T) = ¢ ™ +0(¢"t!) and the Cauchy integral formula to obtain

an expression

/ ¢ (i Y . ) - i

= AN(]N)E (Jn) (N =€)

of Fy.p.n(¢) as an integral around a suitable counterclockwise circle
around 0 in the jy-plane, and replace the equality —q qu Ey =
EwE14_ 4 used in [4] with the equality

Fk,x,D,N(C) =

—tkq (N) :;z\kj(N) (N) d]N
B DB o0 -0 (7) = Bl n(7) = =4+ - An ()

(where yy—th1 (V) = \~1p(1H0k1(N)) from Lemma 7 to perform a change
of variables from the variable jy to the variable gq.

The second equality then follows (again as in [4]) from the equalities

) = AYEEXT (),

Lyp(1+0)k1 (V)

1500 = A EN e (),

thy (N))
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where we have written yy—1(N) as y~1yp(1+0x (V) and used that one
has2—k =24k — K (N, x, k) —(1+ 0k =K' (N,x,2—k)— (14+0)k;.
Notice also that one has = = x1~2* in all cases. O

Remark. The lemma above is used in [6] in order to prove estimates
for the weights in which the extremal modular form for SLy(Z) has only
non-negative coefficients. We plan to investigate this question for the
extremal modular form of level N and character x as studied above;
in fact this was the motivation for the study of this situation in the
present article.

Theorem 9. With notations as before we have

S 0 oy = L
2 Jem GCENCR

Proof. This is proved as in the proof of Theorem 2 in [4] using Cauchy’s
integral formula and the lemma above. U

Remark. Notice that in level N # 1 the characters y belonging to f;
and yy =2 = yp@F=k+2 o f, . are not the from the same series of
characters xu" (r € Z) but instead are related by switching from this
series to the “dual” series of x9"™ 2 (r € Z).

Corollary 10. With notations as before we have for all integers m,n

the equality

a;X)(m, n) = —agfii%)(n, m).

Proof. Again as in [4]. O

Theorem 11. With notations as before let k be such that k = k' (N, x, k),
let m,n € Z with

ged(m,n) =1 = ged(N,m).
Then nk=1 | a,(CX)(m,n).

Proof. This is proved in the same was as theorem 3 of [4], using the
fact that the condition k = k'(N, x, k) implies that My(To(N)*, x) is
one-dimensional, spanned by the Eisenstein series in it. Il

Remark. It is not clear whether it is possible to generalize the result
of Theorem 1 of [4] on zeros of the fi,, to the present situation. A
start toward such a generalization is given by Corollary 5.
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