Universität des Saarlandes

Fachrichtung 6.1 – Mathematik

Preprint

Examples Of Microstructures Related To The Theory of Martensitic Phase Transformations

Martin Fuchs and Abdellah Elfanni

Preprint No. 35 Saarbrücken 2001

Universität des Saarlandes

Fachrichtung 6.1 – Mathematik

Examples Of Microstructures Related To The Theory of Martensitic Phase Transformations

Martin Fuchs

Saarland University Department of Mathematics Postfach 15 11 50 D–66041 Saarbrücken Germany E-Mail: fuchs@math.uni-sb.de

Abdellah Elfanni

Saarland University Department of Mathematics Postfach 15 11 50 D–66041 Saarbrücken Germany E-Mail: elfanni@math.uni-sb.de

submitted: July 23, 2001

Preprint No. 35

Saarbrücken 2001

Edited by FR 6.1 – Mathematik Im Stadtwald D–66041 Saarbrücken Germany

Fax: + 49 681 302 4443 e-mail: preprint@math.uni-sb.de WWW: http://www.math.uni-sb.de/

Abstract

We consider the problem

I^∞ = inf_{u∈W} ∫ Ω φ(∇u(x, y)) dxdy in the class W = {u ∈ W^{1,∞}(Ω) : u/_{Γ0} = 0, |u_y| = 1 a.e.}, where Ω is either the rectangle (0, 1)^2 or the parallelogram {(x, y) ∈ R^2 : 0 < y < 1, y < x < y + 1}, and Γ_0 denotes the boundary part {0} × [0, 1] in the first case, for the parallelogram we let Γ_0 = {(x, x) : 0 ≤ x ≤ 1}. The function φ : R^2 → [0, ∞) is an elastic potential with wells in (0, ±1). We prove that I^∞ = 0 by considering minimizing sequences which differ substantially for both cases.

Exemples de microstructures relatifs à la théorie de transformations martensitiques de phase

Résumé: On considère le problème

I^∞ = inf_{u∈W} ∫ Ω φ(∇u(x, y)) dxdy sur la classe W = {u ∈ W^{1,∞}(Ω) : u/_{Γ0} = 0, |u_y| = 1 p.p.}, où Ω désigne à la fois le rectangle R = (0, 1) × (0, 1) ou le parallélogramme P = {(x, y) ∈ R^2 : 0 < y < 1, y < x < y + 1}, et Γ_0 = {0} × [0, 1] si Ω = R, dans le cas du parallélogramme on pose Γ_0 = {(x, x) : x ∈ (0, 1)}. La fonction φ : R^2 −→ [0, ∞) est une densité d’énergie ayant deux puits de potentiel (0, ±1). Nous montrons que I^∞ = 0 moyennant la construction de suites minimisantes qui diffèrent d’une manière considérable dans les deux cas.

Version Française Abrégée Soit Ω un sous-ensemble de R^2 qui désigne à

la fois le rectangle R = (0, 1)^2 ou le parallélogramme P = {(x, y) ∈ R^2 : 0 < y < 1, y < x < y + 1}. On note par Γ_0 la partie de la frontière de Ω définie par:

Γ_0 := { {0} × [0, 1], si Ω = R, {(x, x) : x ∈ [0, 1]}, si Ω = P. Nous nous intéressons au problème de minimisation suivant:

I^∞ := inf_{u∈W} ∫ Ω φ(∇u(x, y))dxdy (0.1) sur la classe W := W(Ω) = {u ∈ W^{1,∞}(Ω) : |u_y| = 1 p.p., u = 0 sur Γ_0}. La densité d’énergie φ : R^2 → [0, ∞) est une fonction borélienne bornée sur les ensembles bornés et ayant deux puits de potentiel (0, ±1) i.e. φ(0, 1) = φ(0, −1) = 0. (0.2) Les résultats obtenus dans cette note sont regroupés dans le théorème suivant: Théorème:

a) Sous les hypothèses ci-dessus on a I^∞ = 0.

b) On suppose que φ est continue et vérifie φ(ξ, η) = 0 si et seulement si (ξ, η) = (0, ±1). Alors on a:

i) Le problème (0.1), n’atteint pas son infimum.

ii) Soit {u_n} ∈ W une suite minimisante du problème (0.1) telle que sup_n ‖u_n‖_W 1,∞_{(Ω)} < ∞.

Alors u_n → 0 uniformément sur Ω et ν_{(x,y)} = 1 2 δ_{(0,−1)} + 1 2 δ_{(0,1)} p.p. dans Ω, où ν_{(x,y)} est la mesure de Young associée à {∇u_n}.

1 Introduction

Let Ω ⊂ R^2 either denote the rectangle R = (0, 1)^2 or the parallelogram P = {(x, y) : 0 < y < 1, y < x < y + 1} with boundary part

Γ_0 := { {0} × [0, 1], if Ω = R {(x, x) : x ∈ [0, 1]}, if Ω = P. Then we consider the minimization problem

I^∞ := inf_{u∈W} ∫ Ω φ(∇u(x, y)) dxdy (1.1) on the class W = W(Ω) = {u ∈ W^{1,∞}(Ω) : |u_y| = 1 a.e. , u = 0 on Γ_0}. Here φ : R^2 → [0, ∞) denotes a Borel function which is bounded on bounded sets and such that

φ(0, 1) = φ(0, −1) = 0. (1.2)

For example, if we think of a model in martensitic phase transformation, φ could be the elastic energy density of the martensite with two wells in (0, 1) and (0, −1) representing the stress free states of two variants of the martensite. Γ_0 stands for the austenite-twinned martensite interface, and the boundary condition u = 0 on Γ_0 refers to elastic compatibility with the austenite phase in the extreme case of complete rigidity of the austenite (see [1], [2] and [6]) . Problems of type (1.1) without the constraint |u_y| = 1 were discussed by Chipot and Collins (see [3] and [4]), we refer to the work of Kohn and Müller (compare [7], [8], see also Winter [10]) where this constraint is introduced and where they analyse a minimization problem including surface energy on the Sobolev class W^{1,2}(Ω). Our results can be summarized as follows.

THEOREM 1.1. a) Under the above assumptions we have I^∞ = 0.

b) In addition to (1.2) assume that φ is continuous and that φ(ξ, η) = 0 if and only if (ξ, η) = (0, ±1). Then the following statements are true:

i) Problem (1.1) cannot attain its infimum.

ii) Let {u_n} ∈ W denote a minimizing sequence to problem (1.1) such that sup_n ‖u_n‖_W 1,∞_{(Ω)} < ∞. Then

u_n → 0 uniformly on Ω and ν_{(x,y)} = 1 2 δ_{(0,−1)} + 1 2 δ_{(0,1)} a.e. on Ω,

where ν_{(x,y)} is the Young measure associated to {∇u_n}.

A complete proof of this theorem together with the analysis of the situation for more complicated geometries will be given in the paper [5] where also some of the assumptions concerning the energy density φ are removed. The main point is part a) of Theorem 1.1 where we construct minimizing sequences which differ substantially for the rectangle and the parallelogram, for example, in case Ω = P we find a minimizing sequence {u_n} s.t. |(u_n)_{yy}|(Ω) < ∞ holds for each n which of course can not be expected for the rectangle (see [W]).

REMARK 1.1. a) For i) of Theorem 1.1 b) it is enough to assume in addition to (1.2) that φ(ξ, η) = 0 implies ξ = 0.

b) If Ω denotes the parallelogram P and if for example φ has wells in (0, 1), (0, −1), (1, −1), then u(x, y) = x−y is a solution of (1.1). So our assumption in Theorem 1.1 b) seems to be quite natural, and for obtaining the uniqueness result of ii) in fact it cannot be weakened.

2 Construction of minimizing sequences

We start with the case Ω = P . Let N denote some large integer and define δ =^1_{N+1} , a_i = iδ, i = 0, . . . , N + 1. We further let

h(t) := { t, 0 ≤ t ≤^δ_2 δ − t,^δ_2 ≤ t ≤ δ. and extend h periodically from [0, δ] to [0, 1]. The triangle Δ = {(x, y) ∈ R^2 : 0 ≤ x ≤ 1, 0 ≤ y ≤ x} is subdivided as follows

Δ =^N ⋃ i=1 R_i ∪^N ⋃ i=0 Δ_i, R_i = [a_i, a_{i+1}] × [0, a_i], i = 1, . . . , N, Δ_i = { (x, y) ∈ R^2 : a_i ≤ x ≤ a_{i+1}, a_i ≤ y ≤ x } , i = 0, . . . , N.

Δ_i

a_1 a_2 a_6 = 1 R_i

The function u : Δ → R defined as

u(x, y) = h(y) if (x, y) ∈^N ⋃ i=1 R_i x−a_i δ h (_δ x−a_i (y − ai) + ai ) if (x, y) ∈ Δ_i belongs to W^{1,∞}(Δ) and satisfies u = 0 on Γ_0, as well as |u_y| = 1 a.e. and

u_x = 0 on N⋃ i=1 R_i. Finally we extend u to the whole parallelogram P by letting u(x, y) := u(1, y) = h(y) if (x, y) ∈ P, x ≥ 1. Clearly u ∈ W(Ω), and (1.2) implies ∫ Ω φ(∇u(x, y)) dxdy = N∑ i=0 ∫ Δ_i φ(∇u(x, y))dxdy ≤ c_1 ·^N ∑ i=0 L^2(Δ_i) ≤ c_2 δ ≤^{c3}_N with positive constants c_k independent of δ. In this way we can generate a minimizing sequence u_n ∈ W(Ω) such that

∫ Ω φ(∇u_n)dxdy ≤ c_4 n −→n→∞ 0, and from the construction it also follows that |(u_n)_{yy}|(Ω) ≤ c_5 n.

In case Ω = R we need a modification of a construction due to Kohn and Müller (see [7]) which we summarize in the next lemma , the details are given in [5].

LEMMA 2.1. There exists a function w ∈ W^{1,∞}(R) such that |w_y| = 1 a.e., w = 0 on Γ_o and w(x, 0) = w(x, 1) = 0 for all x ∈ [0, 1].

Given Lemma 2.1 we want to show that I^∞ = 0. Let δ =^1_N , N ∈ N, and define R_i := [0, δ] × [(i − 1)δ, iδ], i = 1, . . . , N,

R_1

R_2

1

δ u(x, y) := δw (_x δ ,^{y−(i−1)δ}_δ ) , if (x, y) ∈ R_i, where w is taken from Lemma 2.1. The boundary behaviour of w implies that u is a well-defined Lipschitz function on^N ⋃ i=1 R_i. If we let u(x, y) = u(δ, y) for (x, y) ∈ R with x ≥ δ, then u ∈ W(Ω) and ∫ Ω φ(∇u(x, y))dxdy = N∑ i=1 ∫ R_i φ(∇u(x, y))dxdy ≤ c_6 · δ = c_6 N Altogether Theorem 1.1 a) is established.

3 Nonexistence of minimizers and Young measures

The following Poincaré type inequality is crucial (see [10] and [5]).

LEMMA 3.1. Consider u ∈ W^{1,∞}(Ω) such that u = 0 on Γ_0. Then there is a constant γ such that ∫ Ω |u(x, y)|dxdy ≤ γ ∫ Ω |u_x(x, y)|dxdy.

Now, assume that u ∈ W(Ω) is minimizing, i.e. ∫ Ω φ(∇u(x, y))dxdy = 0. (3.1) If the wells of φ are located on {0} × R then (3.1) implies u_x = 0, and from Lemma 3.1 we get u = 0 contradicting |u_y| ≡ 1 a.e.

Let {u_n} denote a minimizing sequence as in Theorem 1.1 b)ii). Then there exists a function u ∈ W^{1,∞}(Ω), u/_{Γ0} = 0, such that

u_n → u uniformly, ∇u_n^∗⇀ ∇u in L^∞(Ω) weak − ∗ at least for a subsequence. Now the bounded sequence of gradients generates a Young measure {ν_{(x,y)}}_{(x,y)∈Ω} (see [9]), in particular ∫ Ω φ(∇u_n)dxdy → ∫ Ω ∫ R^2 φ(ξ, η)dν_{(x,y)}(ξ, η)dxdy,

thus ∫ R^2

φ(ξ, η)dν_{(x,y)}(ξ, η) = 0 a.e., hence spt(ν_{(x,y)}) ⊂ {(0, ±1)} which

means

ν_{(x,y)} = α(x, y)δ_{(0,−1)} + (1 − α(x, y))δ_{(0,1)} (3.2) for some measurable function α such that 0 ≤ α(x, y) ≤ 1. This implies (writing again (ξ, η) for the variables in R^2 ) ∫ Ω |(u_n)_x|dxdy −→ ∫ Ω ∫ R^2 |ξ|d ν_{(x,y)}(ξ, η) = 0, lower semicontinuity gives

∫ Ω |u_x|dxdy ≤ lim inf_{n→∞} ∫ Ω |(u_n)_x|dxdy, thus u_x = 0 and therefore u ≡ 0 on account of Lemma 3.1. This shows ∇u_n^∗⇁ 0 in L^∞(Ω) weak - ∗, in particular

0 = lim_{n→∞} ∫ D (u_n)_ydxdy = ∫ D ∫ R^2 ηdν_{(x,y)}(ξ, η)dxdy (3.3) for any Borel set D ⊂ Ω. From (3.2) and (3.3) we deduce ∫ D (1 − 2α(x, y))dxdy = 0, i.e. α(x, y) ≡^1_2 a.e.

References

[1] J. M. Ball and R. D. James : Fine phase mixtures as minimizers of energy. Arch. Rational Mech. Anal., 100, (1987), p. 13-52. [2] J. M. Ball and R. D. James : Proposed experimental tests of a theory of fine microstructures. Phil. Trans. Roy. Soc. London A, 338, (1992), p. 350-389.

[3] M. Chipot : Numerical analysis of oscillations in nonconvex problems. Numerische Mathematik, 59, (1991), p. 747-767. [4] M. Chipot and C. Collins : Numerical approximation in variational problems with potential wells. SIAM J. of Numerical Analysis, 29, 4, (1993), p. 473-487.

[5] A. Elfanni and M. Fuchs : The behaviour of microstructures with small shears of the austenite-martensite interface in martensitic phase transformations, in preparation.

[6] R. Kohn : The relationship between linear and nonlinear variational models of coherent phase transitions. In Proceedings of seventh Army Conference on applied Mathematics and Computing, West Point, june 1989.

[7] R. V. Kohn and S. Müller : Surface energy and microstructure in coherent phase transitions. Comm. Pure App. Math. 47, 4, (1994), p. 405-435.

[8] R. V. Kohn and S. Müller : Branching of twins near an austenite/twinned martensite interface. Phil. Mag. Ser. A 66 (1992) 697-715. [9] P. Pedregal : Parametrized measures and variational principles, Birkhäuser, 1997.

[10] M. Winter : Lavrentiev phenomenon in microstructure theory. Electron. J. Differential Equations, No 6 (1996).