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Abstract

In this note the Chernoff Theorem is used to approximate evolu-
tion semigroups constructed by the procedure of subordination. The
considered semigroups are subordinate to some original, unknown ex-
plicitly but already approximated by the same method, counterparts
with respect to subordinators either with known transitional proba-
bilities, or with known and bounded Lévy measure. These results are
applied to obtain approximations of semigroups corresponding to sub-
ordination of Feller processes, and (Feller type) diffusions in Euclidean
spaces, star graphs and Riemannian manifolds. The obtained approxi-
mations are based on explicitly given operators and hence can be used
for direct calculations and computer modelling. In several cases the
obtained approximations are given as iterated integrals of elementary
functions and lead to representations of the considered semigroups by
Feynman formulae.

Keywords: approximation of evolution semigroups, approximation
of transitional probability, the Chernoff Theorem, Feynman formula,
subordination, subordinate semigroups, Feller processes, subordinate
diffusions on graphs and manifolds.
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1 Introduction

tL) with a given generator L

The problem to construct a semigroup (e =0

(on a given Banach space) is very important for many applications. In one
hand, the semigroup e’ allows to solve an initial (or initial-boundary) value
problem for the corresponding evolution equation aa—{ = Lf. On the other
hand, the semigroup e'* defines the transition probability of the underlying
stochastic process. One of the ways to construct strongly continuous semi-
groups is given by the procedure of subordination. From two ingredients:
an original strongly continuous contraction semigroup (73);>¢ and a convolu-
tion semigroup (7;)¢=0 supported by [0, 00) (see all definitions in Sec. 2) this
procedure produces the strongly continuous contraction semigroup (th )0
with th = fooo Teni(ds). If the semigroup (7})=0 corresponds to a stochas-
tic process (X})i0, then subordination is a random time-change of (X;):>o
by an independent increasing Lévy process (subordinator) related to (7;)¢o-
If (7))o and (1)e=0 both are known explicitly, so is (T} )i=o. But if, e.g.,
(T})1=0 is not known, neither (7} )i itself, nor even the generator of (T} );=q
are known explicitly any more.

Sure, if a desired semigroup is unknown, it must be approximated. One of
the methods to approximate evolution semigroups is based on the Chernoff
Theorem. This theorem provides conditions for a family (just a family, not
a semigroup!) of bounded linear operators (F'(t)):>o to approximate a semi-

group (e'l);>o with a given generator L via the formula e'* = lim [F(t/n)]".
n—oo

This formula is called Chernoff approzimation of the semigroup et by the
family (F(t))i=0 and this family is called Chernoff equivalent to the semi-
group e, The most important condition of the Chernoff Theorem is the
coincidence of the derivative of F'(t) at ¢t = 0 with the generator L.

Chernoff approximation has the following advantage: if the family (F(¢)):o
is given explicitly, the expressions [F(t/n)]" can be directly used for calcu-
lations and hence for approximation of solutions of corresponding evolution
equations, for computer modelling of considered dynamics, for approxima-
tion of transition probabilities of underlying stochastic processes and hence
for simulation of these processes. Moreover, if all operators F'(t) are integral
operators with elementary kernels, the identity el = 71151010 [F(t/n)]" leads

to representation of the semigroup e’ by limits of n-fold iterated integrals
of elementary functions when n tends to infinity. Such representations are
called Feynman formulae. The limits in Feynman formulae usually coin-
cide with functional (or path) integrals with respect to probability measures
(Feynman-Kac formulae) or with respect to Feynman pseudomeasures (Feyn-
man path integrals). Feynman-Kac formulae allow to investigate the consid-



ered evolution, e.g., by the method of Monte Carlo, Feynman path integrals
are an important tool in quantum physics. Therefore, representations of evo-
lution semigroups by Feynman formulae provide additional advantages and,
in particular, allow to establish new Feynman-Kac formulae, to investigate
relations between different functional integrals, to develop the mathematical
apparatus of Feynman path integrals and to calculate functional integrals
numerically.

One further advantage of Chernoff approximation is the fact that this method
is applicable for a broad class of evolution semigroups corresponding to dif-
ferent types of dynamics on different geometrical structures (see, e.g. [2], [5],
[6], [18], [20], [21], [22] and references therein). This method, however, has
never before been applied to approximation of subordinate semigroups. And
the reason is already mentioned above: if the original semigroup (7})so is
not known explicitly then the generator of the subordinate to (73):=0 semi-
group (T{);=0 is not known explicitly too. This impedes the construction
of a family (F(t))i>0 with a prescribed (but unknown explicitly) derivative
at t = 0. This difficulty is overwhelmed in the present note by construc-
tion of families (F(t))is0 and (F,(f))io (they are defined in Sec. 3) which
incorporate approximations of the generator of (th )iso itself.

In this note the semigroup (7} )i=o subordinate to a given semigroup (7} )0
with respect to a given subordinator is considered. It is assumed that the sub-
ordinator is known explicitly, i.e. either its transition probability is known,
or its Lévy measure is known and bounded. Chernoff approximations of the
subordinate semigroup (th )e>0 are constructed in the case, when the semi-
group (7})¢>0 is not known explicitly but is already (Chernoff) approximated
by a given family (F'(t)):>0. These general results are applied further to ob-
tain approximations of semigroups corresponding to subordination of Feller
processes, and (Feller type) diffusions in Euclidean spaces, star graphs and
Riemannian manifolds. Some of the obtained Chernoff approximations turn
out to be Feynman formulae.

2 Notations and Preliminaries

2.1 Subordination of semigroups

We follow the exposition of the book [15] in this subsection. Let (X, ||-||x) be
a Banach space, £(X) be the space of all continuous linear operators on X
equipped with the topology of strong operator convergence, || - || denote the
operator norm on £(X) and Id be the identity operator in X. The symbol
Dom(L) denotes the domain of a linear operator L in X, i.e. L:Dom(L) —



X. A one-parameter family (7});>o of bounded linear operators T; : X — X
is called a strongly continuous semigroup, if Ty = Id, Ts1y = Ts o Ty for
all s,t > 0 and limy o || Ty — ¢||lx = 0 for all ¢ € X. The semigroup
(T})i>0 is called a contraction semigroup if || T;]| < 1 for all t > 0. A family
of bounded Borel measures (1;);>0 is called convolution semigroup on R?
if n(RY) < 1forallt > 0, n, 1 = neyy for all s, > 0, gy = & and
n: — 0 weakly (cf. Def. 3.6.1, Theo 2.3.7 and Lem. 3.6.2 of [15]) as
t — 0, where dq is the Dirac delta-measure concentrated at zero, and 7, * 7,
is the convolution of two measures. Each convolution semigroup (7;)¢o on R?
defines a strongly continuous contraction semigroup (Sy);>o on the Banach

space Coo(R?, || - ||oo) of continuous on R¢ functions vanishing at infinity
equipped with the supremum-norm || - || by the rule
Stele) = [elatumd),  YeeCu®]Iw):
R4

Let (1:)i=0 be a convolution semigroup of measures on R. It is said to be
supported by [0,00) if suppn, C [0,00) for all ¢ > 0. Each convolution
semigroup ()= supported by [0, 00) corresponds to a Bernstein function f
via the Laplace transform £: L[n,](x) = e %@ for all z > 0 and ¢ > 0. Each
Bernstein function f is uniquely defined by a triplet (o, A, ), where constants
o, A = 0 and p is a Radon measure on (0, co) with fooj T #(ds) < oo, through
the representation

o0

f)=c+ A2+ /(1 — e *Hu(ds), Vz:Rez>0. (2)

Note that n,(R) = 1, V¢t > 0, if and only if 0 = 0 (i.e., there is no "killing”,
cf. [3]).

Let (73):=0 be a strongly continuous contraction semigroup on a Banach space
(X, ] - |x) and (1)s=0 be a convolution semigroup on R supported by [0, 00)
with the associated Bernstein function f. The family of operators (T} )0
defined on X by the Bochner integral

o0

T/ = / Ty ne(ds) (3)

is again a strongly continuous contraction semigroup on X. The semigroup
(T/ )0 is called subordinate (in the sense of Bochner) to (T});so with respect

to (1¢)e=0-



Each convolution semigroup (7;)¢=0 corresponds to a Lévy process (&;);>0 via
e xn(x) = Elp(x — &)]. If a convolution semigroup (1;);>0 is supported by
[0,00) then the corresponding Lévy process (& ):>o has non-decreasing paths
almost surely and is called subordinator. Such processes can be used for a
time-change of another processes. Namely, if (X;);>0 is a (decent) Markov
process then the subordinate process (X¢,)i=0 (Xe, (w) = Xe,w)(w)) is again
a (decent) Markov process. E.g., if (X;)i>0 is a Feller process then (Xg,)i=o
is again a Feller process (see Definition in Sect 4.1). If (T}):>¢ is the strongly
continuous contraction semigroup corresponding to (Xi)iso, i.e. Tip(z) =
Elp(x + X3)], and (1:)=0 is the convolution semigroup of the subordinator
(&)i=0 then the defined in (3) subordinated semigroup (7} );=¢ corresponds
to the subordinate process (X¢,);>0. Many interesting processes (see §4.4 of
[11]) are obtained from the Brownian motion via subordination.
Let (1}):=0 be a strongly continuous semigroup on a Banach space (X, |||/ x)-
Its generator L is defined by
Ly :=lim liv=¢
N0 t

with the domain

Dom(L) := {gp eX ’ limM exists in X}.

t\O t

Consider, in particular, the given by (1) operator semigroup (S/)i=40 on

Cx(R) corresponding to a supported by [0, c0) convolution semigroup (7;)¢=o-

Assume that the corresponding Bernstein function is given by a triplet (0, 0, p).
Then the generator (L7, Dom(L")) of (S});=0 has the following properties:

C>*(R) € Dom(L") and for all ¢ € Dom(L")

[e.9]

L7(x) = / (@ + 5) — p(x))u(ds). (4)

0+

Let now (7})¢>0 be a strongly continuous contraction semigroup with the gen-
erator (L, Dom(L)) and f be a Bernstein function given by the representation
(2) with associated convolution semigroup (7;)¢0 supported by [0, c0). Then
Dom(L) is a core for the generator L/ of the subordinate semigroup (7} )0
and for ¢ € Dom(L) the operator L/ has the representation

o0

L= —op+ AL+ / (Tup — @)ulds). (5)

Note that if a linear subspace D C X is a core for L, then D is also a core
for L' (see [19], Prop. 32.5, p. 215).



For each convolution semigroup (7;)=0 the corresponding operator semigroup
(S/)=0 extends to a contraction semigroup (Sy)¢=o on the space By(R?) of all
bounded Borel functions on R. This semigroup belongs to the class of strong
Feller semigroups! if and only if all the measures 7, admit densities of class
LY(RY) with respect to the Lebesgue measure (cf. Examle 4.8.21 of [15]).
One may consider a strong Feller semigroup (S});>0 as a semigroup on the
space Cy(R?) of all bounded continuous functions and define its Cj-generator

(L",Dom(L")) for each € R? by

_ Sh - _

Lp(z) = K% t(p(:E)t #(z) with the domain Dom(L") = {(p € Cy(RY) :
57 o() —

11\1‘% £¢(z) ; #(z) exists uniformly on compact subsets of ]Rd}.

The operator (L, Dom(L")) in the space C,(R?) is an extension of the gen-
erator (L7, Dom(L")) of the semigroup (S7)i=0 on Cso(R?) and in particular
C%(RY) € Dom(L") (cf. Example 4.8.26 of [15]).

2.2 The Chernoff Theorem and Feynman formulae

Consider an evolution equation % = Lf. If L is the generator of a strongly
continuous semigroup (7});>o on a Banach space (X, || - ||x), then the (mild)
solution of the Cauchy problem for this equation with the initial value f(0) =
fo € X is given by f(t) = Tifp for all fo € X. Therefore, to solve the
evolution equation % = Lf means to construct a semigroup (7}):>o with the
given generator L. If the desired semigroup is not known explicitly it can be

approximated. One of the tools to approximate semigroups is based on the
Chernoff theorem [10].

Theorem 2.1 (Chernoff). Let X be a Banach space, F : [0,00) — L(X) be
a (strongly) continuous mapping such that F(0) = Id and ||F(t)|| < e for
some a € [0,00) and all t > 0. Let D be a linear subspace of Dom(F’(0))
such that the restriction of the operator F'(0) to this subspace is closable. Let
(L,Dom(L)) be this closure. If (L,Dom(L)) is the generator of a strongly
continuous semigroup (T})io0, then for any to > 0 and any ¢ € X the se-
quence (F(t/n))"¢)nen converges to Typ as n — oo uniformly with respect
to t € [0,t), i.e.

T, = lim [F(t/n)]" (6)

n—o0

LA semigroup (T});>0 is called strong Feller if it is a positivity preserving sub-
Markovian semigroup on By(R?) (i.e. 0 < Typ < 1 for all ¢ € By(RY) with 0 < ¢ < 1),
all operators T; map B,(R9) into the space of continuous bounded functions Cj(R?) and
(T})t>0 is a strongly continuous semigroup on Cu (RY) (cf. [3], [15]).

6



in the sence of the strong operator convergence locally uniformly with respect
tot > 0.

Here the derivative at the origin of a function F' : [0,e) — £(X), e > 0, is a
linear mapping F’(0) : Dom(F"(0)) — X such that

! R T F(t)g&— F(())QO
F'(0)p = 11\1% ;

)

where Dom(F’(0)) is the vector space of all elements ¢ € X for which the
above limit exists. A family of operators (F(t));>o suitable for the formula
(6), i.e. satisfying all the assertions of the Chernoff theorem with respect to
the semigroup (7})>0, is called Chernoff equivalent to this semigroup. The
equality (6) is called Chernoff approzimation of the semigroup (T})i=0 by the
family (F(t));=0. In many cases the operators F'(t) are integral operators
and, hence, we have a limit of iterated integrals on the right hand side of the
equality (6). In this setting it is called Feynman formula.

Definition 2.2. A Feynman formula is a representation of a solution of
an initial (or initial-boundary) value problem for an evolution equation (or,
equivalently, a representation of the semigroup solving the problem) by a
limit of n-fold iterated integrals of some functions as n — oc.

Richard Feynman was the first who considered representations of solutions of
evolution equations by limits of iterated integrals ([13], [14]). He has, namely,
introduced a functional (path) integral for solving Schrodinger equation. And
this integral was defined exactly as a limit of iterated finite dimensional in-
tegrals. Representations of the solution of an initial (or initial-boundary)
value problem for an evolution equation (or, equivalently, a representation
of the semigroup resolving the problem) by functional (path) integrals are
called nowadays Feynman—Kac formulae. It is a usual situation that limits in
Feynman formulae coincide with (or in some cases define) certain functional
integrals with respect to probability measures or Feynman type pseudomea-
sures on a set of paths of a physical system. Hence, the iterated integrals
in Feynman formulae for some problem give approximations to functional
integrals in the Feynman-Kac formulae representing the solution of the same
problem. These approximations in many cases contain only elementary func-
tions as integrands and, therefore, can be used for direct calculations and
simulations.

In the sequel we need also the following results of papers [6] and [9]:

Theorem 2.3 (Theo. 5.1 of [9]). Let X be a Banach space with a norm
|- |lx- Let (Ti(t))is0, k = 1,...,m, be strongly continuous semigroups on X

7



with generators (Lg, Dom(Ly)) respectively. Assume that L = Ly + -+ Ly,
with domain Dom(L) = Ny Dom(Ly) is closable and that the closure is the
generator of a strongly continuous semigroup (T(t))is0 on X. Let (F(t))i>o,
k=1,...,m, be families of operators in X which are Chernoff equivalent to
the semigroups (Ty(t))i=0 respectively, i.e. for each k € {1,...,m} we have
Fp(0) =1d, | Fr(t)]] < e™? for some ai, > 0 and there is a set Dy C Dom(Ly,),
which is a core for Ly, such that lim; Hw - LkgoHX = 0 for each
@ € Dy. Assume that there exists a set D C N Dy which is a core for
L. Then the family (F(t))i=0, where F(t) = Fi(t) o ---o F,(t) is Chernoff
equivalent to the semigroup (T(t))i=0 and hence the Chernoff approzimation
T, = lim [F(t/n)]

15 valid in the sence of the strong operator convergence locally uniformly w.r.t.
t>0.

Theorem 2.4 (Theo. 4 of [6]). Let Q be a metric space. Let X = Cy(Q) or
X = Cx(Q) with supremum norm || - || Let (T'(t))i=0 be a strongly con-
tinuous semigroup on X with generator (L,Dom(L)). Let A(-) be a bounded
strictly positive continuous function on Q). Let (Tv(t))t20 be a strongly continu-
ous semigroup on X with generator (L, Dom(L)), where Lo(q) :== A(q)Le(q)
forallp € X and allq € Q. Let (F(t))i=0 be a family of operators in X which
is Chernoff equivalent to the semigroup (T(t))=o. Then the family (F(t))eo,
where Fo(q) == (F(A(Q)t)@)(q) for all ¢ € X and all ¢ € Q, is Chernoff

equivalent to the semigroup (T(t))s=0 and hence the Chernoff approximation

T, = lim [F(t/n)]"

n—oo

is valid in the sence of the strong operator convergence locally uniformly w.
r.t. t > 0.

3 Approximation of subordinate semigroups

3.1 Case 1: transitional probabilities of subordinators
are known

In this subsection we consider the semigroup (th )t=0 subordinate to a given
semigroup (7});=0 with respect to a given convolution semigroup (7;);>o asso-
ciated to a Bernstein function f defined by a triplet (o, A, ). We assume that
the corresponding convolution semigroup (n);>o associated to the Bernstein



function fy defined by the triplet (0,0, ) is known explicitly and corresponds

to a strong Feller semigroup (SZ’O)t>0. This is the case of inverse Gaussian
(including 1/2-stable) subordinator, Gamma subordinator and some others
(see, e.g., [4] for examples). We are interested in approximation of the subor-
dinate semigroup (T} );s0 when the semigroup (7});0 is not known explicitly
but is approximated by a given family (F'(¢))¢o which is Chernoff equivalent
to (T)i=o-

Theorem 3.1. Let (T})i=0 be a strongly continuous contraction semigroup on
a Banach space (X, | - ||x) with the generator (L,Dom(L)). Let (F(t))i=o be
a family of contractions on (X, ||-||x) which is Chernoff equivalent to (1})>0,
ie. F(0)=1d, [[F(t)]| <1 forallt >0 and there is a set D C Dom(L),
which is a core for L, such that lim;_ Hw — LngX = 0 for each ¢ €
D. Let f be a Bernstein function given by a triplet (o, \, ) through the
representation (2) with associated convolution semigroup (n;)i=0 Supported
by [0,00). Let (n?)=0 be the (supported by [0,00)) convolution semigroup
associated to the Bernstein function fo defined by the triplet (0,0, p). Assume

that the corresponding operator semigroup (gfo)t>0 is strong Feller. Let m :
(0,00) — Ny be a monotone function with m(t) — oo ast — 0. Let (T} )=
be the semigroup subordinate to (T})i=o with respect to (n;)i=0 and L’ be its
generator. Consider a family (F(t))io of operators on (X, |- ||x) defined by
F(0) =1d and

Ft)p=e"oF(\t)oF(t)p, t>0,p€X, (7)

with Fo(0) = Id and®

Folt)p = / F(s/m()]"® nd(ds), >0, p€X. ®)

0+

The family (F(t))iso is Chernoff equivalent to the semigroup (T} )i=o and,
hence
T/p = lim [F(t/n)]"y

n—oo

for all ¢ € X locally uniformly with respect tot > 0.

Proof. Let us prove that the family (Fo(t))s=0 is Chernoff equivalent to the
semigroup (T/°),=o subordinate to (7});> with respect to (7)i=o. The gen-

20ne can take, e.g., m(t) := [1/t] = the largest integer n < 1/t.
3For any bounded operator B its zero degree BY is considered to be the identity oper-
ator.



erator L/ of this semigroup for each ¢ € Dom(L) is given by

[e.e]

Loy = / (T — @)pu(ds) (9)

0+

and D C Dom(L) is a core for L. The statement of the Theorem then
follows immediately from Theorem 2.3 since F'(At) is Chernoff equivalent to
Ty = e™E = ¢! for each A > 0. The proof, that the family (Fy(t))sso is
Chernoft equivalent to the semigroup (th %)¢=0, is the subject of the following
five Lemmas.

Lemma 3.2. Operators Fo(t) are contractions on X for all t > 0.

Proof. Taking into account that all operators F'(t) are contractions on X and
that n?(R) = 1 one has for each ¢ > 0

oo

IF @l = | [ (Fls/m)™ oailas / 17 men® | ntas)

0+

</I\[F(S/m(t))]\\mm lelly mi'(ds) < llellx -

Lemma 3.3. The family (Fo(t))i=o is strongly continuous.

Proof. Let us check first that the family (Fo(t));>0 is strongly continuous at
zero. For each ¢ € X we have

o0

lim|| Fo(6) — ol = lim / F(s/m(t)]™® o (ds) —
0+ X
. m(t) fo ; fo
<t || [ FGs/m(e)™ pnlds) - 70|+l | 700 - o]
0+ X
= lim / ([F(s/m(t))]m(%—Ts<p> ny (ds)
—0
0+ X

10



0
d
i)

t—0

< lim]OH [F(s/mi)]™® o — Typ

o0

0 : 0
| itds) + 2l [ oflas)

1

t—0

< lim / | i#sme™ o~ T

<lim sup |[[F(s/m(t)]"" o — Tup

=0 5ei0,1)

=0

‘X

since the convergence of H[F(s/m(t))]m(t) <p—TS<pH to zero as t — 0 is

uniform w.r.t. s on compact intervals due to the Chernoff Theorem and
since 1Y weakly converges to the Dirac delta-measure §y as t — 0.

Let us now check the strong continuity of the family (Fy(t))i>0 at a point
to > 0.

}Lr% | Fo(t)e — Folto)ell x

= lim / [F(s/m(t)]™ " ol (ds) - / [F(s/m(to))™ o1l (ds)
< Jim / (F(s/m(e)]™® o [? —n0)(ds)|| +

t—to

Jim [ | G /mn]™ e = (F(s/mta)]™ | (ds)

Choose € > 0 such that [to—¢,to+¢] C (0,00) and consider ¢ € [ty —e, to+e.
Let M be the maximum of m(t) on the segment [ty — &,tg + €], hence M <
oo. Let further t > tg, i.e. m(t) < m(ty). The opposite situation can be
considered similarly. Denote F':= F'(s/m(t)), Fy := F(s/m(ty)), m := m(t)

11



and myg := m(ty). Then

INCOININ T—

[F(s/m()]" ¢ = [F(s/mt)]" ™ ¢|| = IF"0 = Foll
[F™p = el x + 1 F6"p — Fo™ ¢l x

|Fo = Fopllx + |F" 7 (Fow) = Fo"H (Fow) || + [0 e — ol <

m

< _IFET ) = BT O+ 175 — ¢l
k=0

=

< |FETe) — B (Fy o) + [0 — ¢l
k=0

For any § > 0 choose R = R(d) so that [ n; (ds) < ¢. Then
R

t—to

lim 7 | PG /m(en™® o = [F(s/mito)"* ||t (ds)
<l [ [ (P/mien® o = F(s/me™ ]|

+ Jim ]o | PG /mnI™ & = [P (s /mito))]™ ||t (ds)

t—to

o0

<lim sup [[[F(s/m®)™ o = [F(s/mi@a)"™ o]+ 2l [ ()

= s€[0,R)
R

<3l s H F(s/m(t)) [F(s/m(to)))* ™ ¢ = F(s/m(to)) [F(s/mfts))]* "

since the family (F'(t)):>0 is strongly continuous. The above inequalities hold
for any ¢ > 0, hence one has

limn 7 | PG menI™® & = (R (s /mtto))]™ ||ty (ds) = 0.

t—to

12
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Due to the weak convergence of ! to 7]?0 and due to continuity and boundness
of the integrand as a function of (s, ) one has also

o0

i | [ 1F(s/m)™ o o~ ds)| =0,

t—to
0+ X

This ends the proof. m
Lemma 3.4. For a fized ¢ € D define the function ¥, : [0,00) — [0,00)
by Wi(s) = [[F™D(s/m(t))¢ —TsapHX. For each t > 0 and each s > 0 the
followmg estzmate holds:

‘I’t(S)g‘Tsw—sD_Lgo +HF(S/m())s&—so_L N

s s x s/m(t)

+

(i (i) (i) (i) ] )

Proof. Denote B := F™®~1(s/m(t))+F™D=2(s/m(t))+.. .+ F(s/m(t))+1d.
TherlllFm )(s/m(t))p—p = B(F(s/m(t))—Id)p and || B|| < m(t). Therefore,

X

Vu(s) _ || EmOs/m®)e ~ To ||
s\ Fm(t)(s/”z(t)); L Z+ ’ @ L )
and
HF’”“)(S/m(t))so Y 1. -
H S/;(§<t))@ — OB+ (m (OB)Le - L <
< ” S/m<s))<p 2 Lo _tlom |(m™'(t)B) Lo — Le|| -
O

Lemma 3.5. Let U, be as in Lemma 3.4. For each € > 0 there exist t. > 0
and s. > 0 such that for all t € (0,t.] and all s € (0,s.] holds the estimate

)
+(s) <e
S

13



Proof. Fix ¢ > 0. Choose s; > 0 such that ‘ T—‘i;f — LgoHX < ¢/3 for all
€ (0,s1]. This can be done since ¢ € D C Dom(L). Choose then ¢t; > 0

such that for all s € (0, s1] one has H% Lng < ¢/3. This can

be done due to assumption lim;_,g ||F(T Lgp” v =20 for each ¢ € D.
Since s/m() < sp/m(ty) for all s € (0,s1] and t € (0,%;], one has also

H Els/mt)p—p L(pH < ¢/3 for such s and t. Since the semigroup (73):=0

s/m
is strongly continuous choose sy € (0,s1] such that ||T.Ly — Ly|x < €/9
for all 7 € (0,s2]. Due to the Chernoff Theorem it is possible to choose
K € N such that for all & > K and all 7 € [0,s5/m(t1)] the inequality
| F*=1(7/(k — 1)) Le — TTLgoHX < ¢/9 holds. Choose t2 € (0,¢;] such that
m(ty) > K. Thus, the following estimate is true for s € (0, s3] and ¢ € (0, t3]

ZF’“ Ys/m(t)) Ly — Ly|| <

X
1 s 1)s/m(t)
m—; F (T Lo — Ti—1ys/mey Ly X—I—
1 m(t)
+ — Tk—lsthQO_L(p <
m(t);H (k—=1)s/m(t) HX
m(t)
1 1 ((k—1)s/m(t) 2K||Ly|lx | €
< —= > |[F*"" | ———=) Lo — Thnysymy L it s | .S
m(t)kg;{ ( K1 P e ymo | T T g

< 2K|| L[ xm ™ (t) + 2¢/9.

Due to our assumptions the function m : (0,00) — Ny is monotone with
m(t) — oo as t — 0. Therefore, one can choose t3 € (0,ts] with m(t3) >
BKILelX  Then due to Lemma 3.4 with t. :=t3 and s, := sy holds

U, (s)

<E.

Lemma 3.6. For each ¢ € D holds:

Folt)e—v n ll _g
: .

X

lim

'

14



Proof. With the function ¥, defined in Lemma 3.4, one has

lim M _ Lfosp <
t—0 t X
Yo — THo T, —
< lim Folt)e L4 + lim L 4 Ly
t—0 t X t—0 t X
0 1 0
Us/m(t)p = Tuppni (ds)|| - <lim— [ i(s)n;(ds).
0 X 0

Fix an arbitrary € > 0. Take . and s. as in Lemma 3.5. Let r. := min(s,, 1).
Take R. > 0 such that fR (ds) < e. For k = 1,2,3 choose functions
Xk € CE(R) with 0 <y < 1 such that suppx; C (—1,7.), suppxs C (R., ),
suppxa C (r./2,2R.) and 320 _ xx(s) = 1 for all s > 0. Then by Lemma 3.5

1 i 0 e q 0
lim > [ Tu(s)p; (ds) < lim = / sx1(s)m; (ds)+
0 0
2R. 0
1
+lim  sup \I/t(s)~—/xg() (ds)+11m ||('0||X/X3(s)n?(ds).
tﬁose[rg/Q,QRs] i f H
re/2 e

Due to the Chernoff theorem lim, ., sup W;(s) = 0 for any fixed r.
$€[re /2,2Re|

and R.. Define also y4 such that y4(s) := sxi(s) for all s € R. Since the

semigroup (gfo)t>0 is strong Feller, x; € C2(R) € Dom(L"") and x,(0) = 0

for k = 2,3,4, one has

g7 [ xeCenttas) = g LN 0) = (2700 0) = [ als)ntds)

t—0 ¢ t—0 t
0+ 0+

00 2R,

Therefore, [ x2(s)u(ds) = [ x2(s)u(ds) < plr./2,2R.] < co (cf. Lemma
0+ re/2

2.16 of [3]). And hence

2R.
1
fim s )7 [ xalohf(ds) <o

t—0 s€lre/2,2R.]

re/2
Similarly,
' 2 (p . oo oo
iy 2L o) = 2l [ xa(oln(as) < 22l
R. R

15



And, further, with K := fol sp(ds) < oo

Te Te 1

iim 5 [ sve)blds) == [x(sn(as) < [sutds) = K=

te>t—0 ¢
0 0 0

Thus, it is shown that for each fixed € > 0

lim < e(K + 2ol x)-

t—0

Foll)p—¢ Livg
t

X

Therefore, the statement of Lemma is true. O

Hence the family (Fo(t))eso is Chernoff equivalent to the semigroup (7;°);=q
subordinate to (7})sso with respect to (1?);o. And Theorem 3.1 is proved.
[

Remark 3.7. Let now X = (3(Q) or X = Cx(Q), where @ is a metric
space. Let o, A be not constants but continuous functions on () such that
A is bounded and strictly positive and ¢ is bounded from below. Assume
that the operator L/ defined as in (5) (but with variable o and \) with the
domain D (here D is as in Theorem 3.1) is closable and the closure generates
a strongly continuous semigroup (th )i=0 on X. Then due to Theorem 2.3,

Theorem 2.4 and Lemmas 3.2 — 3.6 the family (F(t¢));>0 of operators on
(X, || - |o) defined by F(0) = Id and

Fyp=e¢"" 0 F(t)o Fo(t)p, t>0,¢cX, (10)

with (Fo(t))i=0 as in Theorem 3.1 and with (F(t)):=0 such that

Ft)p(x) = (F(A=))p) (x), Vpe X, Veed, (11)

is Chernoff equivalent to the semigroup (T} );so.

3.2 Case 2: Lévy measures of subordinators are known
and bounded

In this subsection we again consider the semigroup (7, tf )t=0 subordinate to a
given semigroup (7})¢0 with respect to a given convolution semigroup (7; )0
associated to a Bernstein function f defined by a triplet (o, A, 1). We assume
that the corresponding convolution semigroup (1)):>o associated to the Bern-
stein function fy defined by the triplet (0,0, ) is not known explicitly. In
this case the family (Fo(t))s=0 of Theorem 3.1 is not known explicitly as well,

16



and hence the formula (10) is not proper for direct computations any more.
Let us assume that the Lévy measure u of ()0 is given explicitly and is
bounded (and nonzero). In this case the generator L™ of the corresponding

semigroup S”O is a bounded linear operator given as in (4). The generator
Lo of the semigroup (T %);>0 subordinate to (7});>0 with respect to (1) is
given by (9) and is also bounded. Therefore, the semigroup (77°);> can be
constructed, e.g., via Taylor series representation. We use another approach.

Theorem 3.8. Let (T})i=0 be a strongly continuous contraction semigroup on
a Banach space (X, | - ||x) with the generator (L,Dom(L)). Let (F(t))i=o be
a family of contraction operators on (X, || - ||x) which is Chernoff equivalent
0 (T1)t=0, t-e. F(0) = 1d, [|[F@)| < 1 for allt > O and there is a set
D C Dom(L), which is a core for L, such that lim;_,q H ‘p £ LQOHX =0 for
each p € D. Let f be a Bernstein function given by a tmplet (o, A\, i) through
the representation (2) with associated convolution semigroup (n;)¢=o0 Supported
by [0,00). Assume that the measure p is bounded. Let m : (0,00) — Ny be a
monotone function with m(t) — oo as t — 0. Let (T] )0 be the semigroup
subordinate to (T})s=o with respect to (1:)s=0 and L’ be its generator. Consider
a family (F,(t))i=o0 of operators on (X,| - ||x) defined for all p € X and all
t>0 by

o0

Fult)p =€ ""F(Xt) | ¢ + t/(Fm(”(S/m(t))w —p)u(ds) | . (12)

0+

The family (F,(t))iso is Chernoff equivalent to the semigroup (T} )0 and,
hence

T o = hm [Fu(t/n)]"

t

2
for all ¢ € X locally uniformly with respect tot > 0.
Proof. Let us prove that the family (F},(t))i>0, defined for all ¢ € X and all
t >0 by

Fultle =+t [ (F"0(s/m(t)e ~ eln(ds), (13)

0+
is Chernoff equivalent to the semigroup (I7°);so which is subordinate to
(T})¢=0 with respect to (1)) associated to the Bernstein function fy de-

fined by the triplet (0,0, ). Then the statement of Theorem 3.8 follows
immediately from Theorem 2.3. So, let K := u(R) < oo. Then, clearly,

17



FH(O) =1Id,
[ FL(t)ellx <
< lellx +tK |[F™D(s/m(t)e — ¢|| ¢ < llllx (14 2tK) < e |g| x
and
IF.(t) — ollx <K ||[F™D(s/m(t))e — |, < 2tK|glx =0, t—0.

Further, for an arbitrary ¢ > 0 choose R, such that [ 5: p(ds) < e. Then for
each p € D

; “(t)’ ! fo ; (®)
_ m <
11—{% t L7 ¥ 11—{% /(F (S/W(t))SO ngo),u(ds) X
+ X

t—0

R.
< lim / 1 F™0 (s /m(6))p — Tl xpalds) | +
_l’_

+lin | [ 170 (s/m(t) - Tuplxn(ds) | <

<2llpllxe + Klim sup [|[F™O(s/m(t))p — Tupl x = 2| ¢llxe
tﬂosE[O,RE}

due to the Chernoff Theorem. Therefore,

F,(t)y —
lim || Fe®9 =2 pagll —
t—0 t x
which proves the statement of Theorem 3.8. O]

Remark 3.9. The choise of F,(t) is motivated by the fact that for each
bounded linear operator A the family F4(t) := Id +tA is obviously Chernoff
equivalent to the semigroup e'4. We have, however, the family Fy4(t) :=
Id +tA(t), where operators A(t) are bounded and tend to the generator A as
t — 0. The natural question arises: if it is possible to find the family F4(t) :=
Id +tA(t), where operators A(t) are bounded and tend to the unbounded
generator A of the semigroup e as t — 0, such that F4(t) would be Chernoff
equivalent to e4? In this case it would be possible to generalize Theorem
3.8 to the case of unbounded Lévy measure u, e.g., by approximating pu
with bounded measures ji; := 1jo(),00)p¢ for some proper function a(t) = 0
as t — 0. However, the answer is NO, since the required in the Chernoff
Theorem norm estimate ||Fa(t)|| < e for all ¢ > 0 and some ¢ € R (or the
equivalent one |[F(A(t)||F < Me for all k € N, ¢t > 0 and some ¢ € R,
M > 1, cf. [17]) fails.

18



Remark 3.10. The analogue of Remark 3.7 is true also for the family
(Fu(t))e=0,

o0

Fityp = e F(t) [ o1 / (F™O (s /m()) — @)pu(ds) |
0+

with F(t) as in (11).

4 Applications

4.1 Approximation of subordinate Feller semigroups

A Feller process (X;);so with a state space R? is a strong Markov pro-
cess whose associated operator semigroup (7i)i0, Tro(x) = E*[p(X4)],
0 € Cuo(RY), t > 0, z € RY, is a strongly continuous positivity preserv-
ing? contraction semigroup on Cy (R?). The semigroup (7})s0 is said to
be a Feller semigroup. Due to results of P. Courrege [1], [12], and W. von
Waldenfels (23], [24], [25], if the set C°(RY) of all infinitely differentiable
functions with compact support belongs to the domain Dom(L) of the gen-
erator L of a Feller semigroup (7});>0, then the restriction of L onto C°(R%)
is a pseudo-differential operator (PDO for short) with symbol —H, i.e.

L(z) == —(2m) / / 70 H (2, p)o(q)dadp.

the function H : R? x R? — C is measurable, locally bounded in both vari-
ables (q,p) and for each fixed ¢ satisfies the Lévy-Khintchine representation

H(q,p) = (14)

, 1 . W p
= Blq)-p+=-p-A 1—eW?
Cla) +iB(g) - p+5p- Alg)p + / ( e +1+|y’2) v(q,dy),
R4\ {0}

where, for each fixed ¢, C(q) > 0, B(q) € R, A(q) is a positive semidefi-
nite symmetric matrix and v(q, -) is a positive Radon measure on R?\ {0}
satisfying [, oy min(1, [y1*)v(q,dy) < oco. Each operator T; can itself be

represented as a PDO with the symbol A;(g,p) := E? [e?X=D]. If (X;):20

1A semigroup (T})i>0 on Coo (R?) is positivity preserving if Ty > 0 for all ¢ € Coo (R?)
with ¢ > 0 and all ¢ > 0.
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is a Lévy process, we have H(q,p) = H(p) and Ay(q,p) = e 7P In general,

however, A;(q,p) # e t#(@P). Nevertheless, the family (F(t))s=o of PDOs with
symbol e~*#(@P) are Chernoff equivalent to (7});so. Namely, by Theorem 3.1
and Remark 3.2 of [9], the following statement is true.

Proposition 4.1. (i) Let the function H : R? x R? — C be measurable and
locally bounded in both variables, H(q,-) satisfy for each fized q the Lévy-
Khintchine representation (14). Assume that

sup |H(q,p)| < (14 |p|*) forall peR® and some & >0,
geRd
p H(q,p) is uniformly (w.r.t. q & R?) continuous at p =0,

g+ H(q,p) is continuous for all p € R%

Assume also that the PDO with symbol —H defined on C°(R?) is closable in
Coo(R%) and the closure generates a Feller semigroup (T;)io. Consider the

family (F(t))o,

Flthota) = (20) @ [ [ erteneteny(qygdp, Vo € CR(RY,
Ré RY
Then the operators F(t) can be extended to contractions on Coo(R?) and the
family (F(t))i=o0 is Chernoff equivalent to the semigroup (1})s>o0, i.e., for each
¢ € Coo(R?) the Chernoff approzimation Tip = lim,, o [F(t/n)]" ¢ holds.
(i1) Assume additionally that the function H satisfies the following condition.:

3C >0 such that H@g@getHHLoo(Rded) <C,

where a, 3 € N&, o =0 or 1, 8 =0 or 1, 8;"85 are derivatives in the
distributional sense. Then the operators F(t) extend to bounded linear op-
erators on L?*(RY). And the Chernoff approximation turns for each ¢ €
Coo(RY) N L2(RY) into the following Feynman formula (with ¢,1 = q):

(Tvp)(q)

1 —dn
= )

n n
i3 pe(Gre1—ar) —L > H(qrs1,pk)
e k=1 k=1 gp

e (q1)dqidp; - - - dgndp,,

(Rd)Qn
where the equality holds in L*-sense and the integrals in the right hand side

must be considered in a reqularized sense.

Let now the semigroup (7} )= be subordinate to the semigroup (7)o with
respect to a given convolution semigroup (1;);>0 associated to a Bernstein
function f defined by a triplet (o, A\, ). The statement below follows imme-
diately from Theorem 3.1, Theorem 3.8 and Proposition 4.1.
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Theorem 4.2. (i) Under all assumptions and notations of Proposition 4.1
and Theorem 3.1 the following Feynman formula is true for each ¢ € Cs(RY)N
L2(R%) with N :=1+m(t/n) and qi4ny == q

(T ) (q) = lim (27) 2N eot / / exp (——ZHW,M>

n—oo
0 OO)TL R2dnN
X exp (z
Jj=

N—-1
X exp ( 1 Z H qk+1+(j 1)N ) Pk+(j—1)N )) 90(91)><
7=1

k=1
n
<11
j=1

(i1) Under all assumptions and notations of Proposition 4.1 and Theorem 3.8
the following Feynman formula is true for each ¢ € Co(RY) N L*(R?) with
N :=1+m(t/n) and K := (1(0,00))7! < o0

(T/¢)(q) = lim (27) 2N et / / exp <——ZH q1+]N7ij)

n—oo
0 oo)" R2dnN

n N
X exXp (l Zpk+] DN~ (et 1+G—1)N — Qer(— 1)N)> X
J

3

N
ZPH; 1)N Qk+1+(] 1)N _Qk+(j—1)N)> X
=1

3 >—A

2

H ko+(j_1)Ndpk+(j—1)N7]1(€)/n(dsj)'

N-1
k=1

N-1
S
X H [(K —1t)+texp <_N i 1 Z H(Qk+1+(j—1)N,pk+(j—1)zv)>] e(q1)x

k=1
X H qu+(j*1)Ndpk+(jfl)N:u(de)7

The identities in both Feynman formulae hold in L?-sense and the integrals
in the right hand sides must be considered in a reqularized sense.

4.2 Approximation of subordinate diffusions in R?

In this subsection we consider the case of Feller diffusion, i.e. we assume that
the measure v in the Levy—Khintchine representation (14) of the symbol H of
generator (L, Dom(L)) is identically zero. In this case the PDO with symbol
—H is just a second order differential operator with variable coefficients and
the following results are true (see [6], cf. [8]).
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Proposition 4.3. Let A € C(R? L(R?)) be such that A(x) is a positive
definite symmetric matriz for each x € R%, let B € C(R? R?) and let C €
C(R?%, R) be nonnegative. Consider the operator L defined for all p € C*(R?)
by the formula

Lo(x) == %tr (A(z)Hessp(z)) + B(x) - Vo(x) — C(x)p(x). (15)

Assume that there exists o € (0,1] such thath the closure of (L,C%**(R%))
generates a strongly continuous semigroup (T});so on the space Cs(RY). Con-
sider the family (F(t))io such that for each p € Cy(R?)

exp(—tC(x))

FOel) = e A e (16)
o J oy (PN B 5y B

Then the family (F(t))i=o is Chernoff equivalent to the semigroup (1})=0 and
the Chernoff approximation

Tip = lim (F(t/n))"s

n—oo

holds for all ¢ € Cyo(R?) locally uniform with respect to t > 0. Therefore,
the following Feynman formula is true for each ¢ € Co(RY) with q,11 1= q

i) = i [ oxp (= 3 A7 1) B (s — 1))

<o ( - %gcwkm) e (-5 gA%qkmB(qm) Bl )

< o(q) [ pat/n, g ge)dar - . dgn,
k=1

where for each x,y € R, t > 0

_ 1 o [ A @@ —y) - (2 —y)
palbmy) = A P ( o ) (17

Let now the semigroup (7} ), be subordinate to the semigroup (7});s¢ with
respect to a given convolution semigroup (7;);>0 associated to a Bernstein
function f defined by a triplet (o, A\, ). The statement below follows imme-
diately from Theorem 3.1, Theorem 3.8 and Proposition 4.3.
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Theorem 4.4. (i) Under assumptions and notations of Proposition 4.3 and
Theorem 3.1 the family (F(t))=0 of Theorem 3.1, constructed with the help
of the family (F(t));=o given in (16), is Chernoff equivalent to the semigroup
(T =0 and has the following explicit view (with pa as in (17)):

F(0):=1d and with  guu+2 :=4¢

o0 m(t)

F(t)p(q) = e_ta/ / eXp | — t/\C(Qm(t)+2) + % ZC(%H) X
0+ RA(m(t)+1) k=1
m(t)+1
X exp | — A" (1) B(arsr) - (qea — i) | %
k=1
s m(t)
xexp [ ——— Y " AN qus1) B(qis1) - Blgre) | %

A
X exp (—5A Y @mey+2) B(@m@+2) - B (qm<t>+z)) ©(q1) %

m(t) m(t)
X DA, Gy 11, Gmeeyi2) | [ pa(s/m(t), g aen) | T ] dawnf (ds).
k=1 k=1

Therefore, for each ¢ € Co(RY) the following Feynman formula is true with
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N :=1+m(t/n) and q11nn = q

T/ o(q) =
n N— T
: —to )\
= lim e / exp( — q1+]N qk+1+j 1)N) > X
n—o0 n
(0 OO)" RdnN J=1 =1 -
xXexp | — Z Z At Qk+1+ (j—1)N )B<Qk+1+(j—1)N) : (Qk+1+(j71)N - C_IkJr(jfl)N) X

7j=1 k=1

n

S, —~
X exp | — Z N i 1 A 1(Qk+1+(j—1)N)B(Qk+1+(j—1)N) : B(Qk+1+(j—1)N)> X
j= =1

n

tA
X exp | — Z %Ail(QIJer)B(QIJer) : B(Q1+jN)> e(q1)x

n

N—
X H Pa t)\/n q]Nan-i-jN H 51/ ) Qk+(jl)Nan+1+(j1)N)] X
k=1

<.
—_

=2

X H dq+(j-1 Nm/n(dsy)
k=1

—_

.

(ii) Under assumptions and notations of Proposition 4.3 and Theorem 3.8
the family (F,(t))iso0 of Theorem 3.8, constructed with the help of the family

(F ()0 given in (16), is Chernoff equivalent to the semigroup (T} );=o and
has the following explicit view:

exp(—H(o +\Cla)))

Fu(0):=Id and F,(t)elq):= et A(q)2ntn)
) /exp (-A‘ (@)(g = Gmiy1 + MI;(;J)) (4= Gm1 + tAB(q») (so(qm<t>+1>+

R4
m(t)

] e (=23 ) TT (e amny)

k=1 k=1

04+ “Rdm(t)
m® A7 (qr41) <Qk+1 —ar+ B <Qk+1)> : <Qk+1 — g + ﬁB(qu))
xexp| — > 0 x

k=1

X o(q)dqy . .. g — @(qm(t)ﬂ)] u(dS)) Aqm(t)+1-
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4.3 Approximation of subordinate diffusions on a star
graph

Consider a star graph I" with vertex v and d € N external edges [y, ..., .
Let p be the metric on I' induced by the isomorphism I, = [0, 4+00); T =
L\ {v} = u¢_,l¢, 12 = (0,+00). For each point £ € T one has £ €
I = ¢ = (kux), Where x = p(&v) > 0. For each function ¢ : [' —

R define (z) = pl6)|cgy and [ (€)= > [ pu(@)dr. Let Cul)

k=10
be the Banach space of continuous functions on I' vanishing at infinity

equipped with the sup-norm || - ||. Let C2(T) = {p € C (') : ¢ €
C2 (T°), ¢" extends toT" as a function in C(T')}. Let &, be the Dirac delta-

measure concentrated at the vertex v. Let p,(£,() = p(&v) + p(v,()
for all £,¢ € T. Let 1,(6) = 1if € € 12, 1,(6) = 0if € ¢ 19, Let

g(t,2) = (2rt)"?exp {2 }. Define p(t,&,() = élk(f)lk(é)g(t,p(&é)h
Polt,€,) = 2 (19 (t. po(€,0)) and pP(1,6,C) = plt,£,0) — pult, £,0).

d
Let a, ¢, by € [0,1], k =1,...,d, a # 1 and a + ¢+ > by = 1. Consider

an operator Ly on Cu(I") with Dom(Lg) = {¢ € CZ (') : ap(v) + $¢"(v) =
d
> bepl(v)} and Loy = 3¢ for all ¢ € Dom(Ly). Due to results of V.
k=1
Kostrykin, Ju. Potthoff and R. Schrader [16] the following statement is true.

Proposition 4.5. The operator (Lo, Dom(Lyg)) is the generator of a strongly
continuous semigroup (T )i=0 on the space Coo(T') and for each ¢ € Coo(T)
one has TP (&) f ©(Q)P(t,&,dC), where the transition kernel P(t,&,d() is

given explicitly by the followmg formulae
for the case a + ¢ € (0,1) with wy = Y= and

ac’

t

1 L1/ s+ 7z (5 +72)* | __gs/r
gﬂ,’y(t7 Z) = ¥(27Tt) /m exp — m e dS,
0

P(t,&,d¢) = (18)
p" (€, ¢)d¢ + Z 1(6)15(C)2w;95.5 (L, po(€, O))dC +7954(L, (€, 0))8,(dC);

k,j=1
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for the case a + ¢ = 0 with wy = by

P(t,€,¢) = p"(1,£,Q)d¢ + D> 1k(€)1;(¢)2w;g(t, pul&, O))dC;  (19)

kj=1
— ; - B — 1
forthecasea—i-C—lwztha—Hﬁ, C= 113

t

P(t,€,¢) = pP(1,€,C)dC — /eﬁ

0

2

(20)

The heat kernel P(¢,&,d() in (18) is the transition kernel of the process of
Brownian motion on I' constructed by killing (after an exponential holding
time with the rate 5 at the vertex) the Walsh process (the analogue of the
reflected Brownian motion) with sticky vertex with stickness parameter ~y
(see [16] for the detailed exposition).

Let now A(+) € C(T'") and there exist a, @ € (0, +00) such that « < A(§) <@
for all £ € T'. Let B(-) € Cy(I') with B(v) = 0. Let C(-) € Cp(I') and
C(&) =0 for all € € I'. As before let a, ¢, by € [0,1], k=1,...,d with a # 1

d

and a + ¢+ > b, = 1. As in [7] consider an operator L such that for all
k=1

¢ € Dom(L) := {p € C2(I) : ap(v) + £¢"(v) = 30_, begl(v)} one has
Le(€) = A(§)¢"(§) + B(§)¢'(§) — C(&)p()-

Then the operator (L,Dom(L)) is the generator of a strongly continuous
contraction semigroup (73):>¢ on the space Coo(I'). Let now the semigroup
(T/)i=0 be subordinate to the semigroup (7)o with respect to a given con-
volution semigroup (7;)¢>o associated to a Bernstein function f defined by a
triplet (o, A, ). The statement below follows immediately from Proposition
4.5 and Theorems 2.3, 2.4, 3.1 and 3.8.

Theorem 4.6. (i) Under notations of Proposition 4.5 consider a family
(F(t))iz0 on C(T') defined by

PﬁM@w:/¢um&ma«>

T
Consider a family (S¢)i=0 on Cx(T') defined by
op(x +tBi(z)), &= (k,x), x+tBg(z) >0,
Sp(§) = p(E+1B(&)) = { #(v), §=(k,z), z+1Bi(r) <0,
SO(U)’ §=v.
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Consider a family (e7%)=0 with (e7Cp)(€) = e O p(§). By Proposi-
tion 4.5, Theorem 2.3 and Theorem 2.4 the family (F(1))i=o with F(t) :=
e 08,0 F(t), ie.

F(t)e(§) =e‘to“)/¢(C)P(A(£+tB(§))t,£+tB(£),dC), (21)

T

is Chernoff equivalent to the semigroup (13)i=o on the space Coo (') generated
by (L,Dom(L)).

(11) Under assumptions and notations of Theorem 3.1 the family (F(t))i=o,
constructed with the help of (F(t))i=0 given by (21), is Chernoff equivalent
to the semigroup (th)t>0 and has the following explicit view: F(0) := Id and

w m(t)
F(t)p(§) = egt/ / exp (AtC(f) - % ZC(§k+1)) P(&1) %
0+ pm()+1 k=1

X H P(A(&kr1 + (s/m(6) B(&r1))s/m(t), Errr + (s/m(8)) B(&xr1), dér)
x P(A(§ +AB(E))A, € + tAB(E), démry+1) dny (ds).

Therefore, for each ¢ € Cy(I") the following Feynman formula is true with
N:=1+m(t/n) and & nn =&

T/ p(€) = lim e x

/ /exp( [“ NI o o) et

n 'nN -
j:

1
N-1

‘ P( (Erersionn + 5B gonw) /(N — 1)) s; /(N — 1),

k=1

A&y + (EA/n)B(Ergn ) EA/n, Ein + (EA/n) B(&144n), dEn ) X

Sipkr-n + 8 B(Eans-nyn) /(N = 1), d£k+<j—1)N) d???/n(dsj)] :

(1it) Under assumptions and notations of Theorem 3.8 the family (F,(t))i=o0,
constructed with the help of (F(t))i=o0 given by (21), is Chernoff equivalent to
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the semigroup (T )i=o and has the following explicit view: F,(0) :=Id and

Fut)p(§) ==

o0 m(t)
= ¢TI / (Emy+1) +t/< / eXP( ) &)
T 0+ N pm(o) k=

m(t)

X H P(A(&s1 + (s/m(t) B(8ks1))s/mAt), Eer + (s/m()) B(Er41), di) —

- @(fm(tm)) p(ds) | P(A(E + tAB(E))EN, € +tAB(E), démn(r)1).-

4.4 Approximation of subordinate diffusions in a Rie-
mannian manifold

Let I' be a compact connected Riemannian manifold of class C'*° without
boundary, dimI" = d. Let pr be the distance in I" generated by the Rie-
mannian metric of I'. Let volr be the corresponding Riemannian volume
measure on ['. Assume also that I" is isometrically embedded into a Rieman-
nian manifold G of dimension x and into the Euclidean space R”. Let ® be
a C*-smooth isometric embedding of I" into R” and ®; be a C*°-smooth
isometric embedding of I' into G. Let pg be the distance in G generated
by the Riemannian metric of G. Consider the Laplace-Beltrami operator
Ar := —tr V%, where Vr is the Levi-Civita connection on T'. The closure
of (Ar,C3(T")) generates the heat semigroup, i.e. the strongly continuous
contraction semigroup (€247, on the space C(T'). Due to results of O.G.
Smolyanov, H. v. Weizsécker and O. Wittich (see [22], Sect. 5) the following
is true.

Proposition 4.7. For allt > 0, x,y € I' consider pseudo-Gaussian kernels

Kyt ) = (2mt) 2 exp (—M) ,

2t
Fo(t,2,y) = (2nt) " exp (_PG@G@Q); %(y))?) |
Ka(t,2,y) = (21t)~ 2 exp (_ [2(x) f(w) |

For each kernel K;, i = 1,2,3, define the family (Fi(t))i=o0, @ = 1,2,3, of
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contractions on C(I') by

F;(0):=1d and for each o€ C(I') andeach t>0
Ki(t, z,y)p(y)volr (dy)

Ei(t)p(z) = frf Ki(t 1(d

r Ki(t, 2, y)volp(dy)

Then each family (Fi(t))i=o0, @ = 1,2,3, is Chernoff equivalent to the heat
semigroup (€227)=o on the space C(T) with lim,_q | M - %AﬂpHoo =0
for all ¢ € C3(T).

Let now A(:) € Cy(I') be a strictly positive function, B(-) : I' — TT be
a bounded vector field of class C'(T) and C(-) € Cy(T') be a nonnegative
function. Denote the inner product of vectors u(z) and v(z) in the tangent
space T,I" as u(x) - v(z). As in [5] define the family (S;);=0 on C(T") by

Sip(x) == (v (t)),

where 7*(+) is a geodesic with starting point x (i.e. 7*(0) = x) and the
direction vector B(x) (i.e. 4*(0) = B(x)). Since the manifold is smooth and
compact, and the vector field B is smooth, the family (S;);>0 is well defined
as a family of strongly continuous contractions on C(I") and

i (S )~ B- Vi, =0

for all ¢ € C3(T"). Further, consider the operator L defined on the set C3(T")
by

Lip(w) == SA@)Arpla) + Blz) - Vepla) — Cla)o()

Then the closure of (L,C?(T")) generates a strongly continuous contraction
semigroup (7T});s0 on C(T'). Let now the semigroup (T} );=o be subordinate to
the semigroup (7;);>0 with respect to a given convolution semigroup (7;):=o
associated to a Bernstein function f defined by a triplet (o, A, ). The state-
ment below follows immediately from Proposition 4.7, Theorems 2.3, 2.4, 3.1,
3.8 and results of [5].

sition 4.7 define as in Theorem 2.4 the families (Fi(t))t=o0, ¢ = 1,2,3, of
contractions on C(T') by

Theorem 4.8. (i) For each of the the family (F;(t))i=0, i = 1,2,3, of Propo-



Further, define the families (Fi(t))is0, i = 1,2,3, by

Fit)p(z) : = (ftc 08,0 E(@) o(z) =

e e CPK(AG ()" (1), y) e (y)volr (dy)
Jo Ki(A(y= (1))t 4= (t), y)volr (dy)

Then by Proposition 4.7, Theorem 2.3 and Theorem 2./ the families (E(t))t>0,
i =1,2,3, are Chernoff equivalent to the semigroup (T})=0 on C(I').

(ii) Under assumptions and notations of Theorem 3.1 the families (F'(t))>o,
k =1,2,3, constructed as in Theorem 3.1 with the help of (Fy(t))so given
above, are Chernoff equivalent to the semigroup (ﬂf)t>0 and have the follow-
ing explicit view: F'(0) :=1d and

Fit)p(z) = e—"t7 / exp ( MC(z) — —ZC' (Tet1 ) 1) %

0+ pm(t)+1

T o AT o mlt))s/m(t). 370 s/ m(©), )
b T KAy (s fm(@) s fm(0), 7o (s/m(D)), 2i)volr(d)

« K (A (M)A, 75 (L), @iy 1) m(ﬁﬂ
Ji K (A(y (AE)AL, 4= (ML), Ziney41) vOlr(dTm(eye1) 1

(iii) Under assumptions and notations of Theorem 3.8 tha families (F'(t))t=o0,

volp(day)n? (ds).

o
k = 1,2,3, constructed as in Theorem 3.1 with the help of (Fi(t))=0 given
above, are Chernoff equivalent to the semigroup (Tf)t>0 and have the follow-
ing explicit view: F,(0) :=1d and

FLut)p(x) =

m(t)
= eot/\tC(a?)/ (Sp(xm(t)—kl) +t/ / exp ( $k+1 > )X
k

r 0+ Lpm)

m(t) K; (A(ryxk+l(5/m(t)))s/m(t)7 R (s /m(t))
X Ig fp Ki(A<’yzk+1(8/m(t)))5/m<t)7 v (s/m(t)), xk VOlp o) HVOlF dxy)—

(s )) K (AR (AL 77 (M), xm<t>+1>volp<dxm<t>+1>
fr ( CA))AL, Y (AL), T, t)+1)V01F(d33m +1)

Acknowledgements. I would like to thank René Schilling for attracting
my attention to the problem of Chernoff approximation of subordinate semi-
groups and for stimulating discussions in Bonn 2011. I also would like to
thank Martin Fuchs for his encouragement and support of my researches.

— o(Tm()+1)

30



References

1]

[5]

[6]

[7]

8]

[9]

[10]

J.-M. Bony, P. Courrege, and P. Priouret. Semi-groupes de Feller sur une
variété a bord compacte et problemes aux limites intégro-différentiels du
second ordre donnant lieu au principe du maximum. Ann. Inst. Fourier
(Grenoble), 18(fasc. 2):369-521 (1969), 1968.

B. Bottcher, Y. A. Butko, R. L. Schilling, and O. G. Smolyanov. Feyn-
man formulas and path integrals for some evolution semigroups related
to T-quantization. Russ. J. Math. Phys., 18(4):387-399, 2011.

B. Bottcher, R. Schilling, and J. Wang. Lévy matters. 111, volume 2099
of Lecture Notes in Mathematics. Springer, Cham, 2013. Lévy-type pro-
cesses: construction, approximation and sample path properties, With
a short biography of Paul Lévy by Jean Jacod, Lévy Matters.

J. Burridge, A. Kuznetsov, M. Kwasnicki, and A. E. Kyprianou. New
families of subordinators with explicit transition probability semigroup.
Stochastic Process. Appl., 124(10):3480-3495, 2014.

Y. A. Butko. Feynman formulas and functional integrals for diffusion
with drift in a domain on a manifold. Mat. Zametki, 83(3):333-349,
2008.

Y. A. Butko. Feynman formulae for evolution semigroups. Scientific
Journal of Bauman University “Science and Education”, 3:95-132, 2014.

Y. A. Butko. Description of quantum and classical dynamics via Feyn-
man formulae. In Proceedings of the QMath12 Conference ”Mathemat-
ical results in quantum mechanics”, pages 227-235. World Sci. Publ.,
Hackensack, NJ, 2015.

Y. A. Butko, M. Grothaus, and O. G. Smolyanov. Lagrangian Feyn-
man formulas for second-order parabolic equations in bounded and un-
bounded domains. Infin. Dimens. Anal. Quantum Probab. Relat. Top.,
13(3):377-392, 2010.

Y. A. Butko, R. L. Schilling, and O. G. Smolyanov. Lagrangian and
Hamiltonian Feynman formulae for some Feller semigroups and their

perturbations. Infin. Dimens. Anal. Quantum Probab. Relat. Top.,
15(3):1250015, 26, 2012.

P. R. Chernoff. Note on product formulas for operator semigroups. J.
Functional Analysis, 2:238-242, 1968.

31



[11]

[12]

[20]

[21]

R. Cont and P. Tankov. Financial modelling with jump processes. Chap-
man & Hall/CRC Financial Mathematics Series. Chapman & Hall/CRC,
Boca Raton, FL.

P. Courrege. Sur la forme intégro-différentielle des opérateurs de
Cp° dans (' satisfant au principe du maximum. In Séminaire
Brelot-Choquet—Deny, volume 10 of Théorie du potentiel, pages 1-38.
1965/1966.

R. P. Feynman. Space-time approach to non-relativistic quantum me-
chanics. Rev. Modern Physics, 20:367-387, 1948.

R. P. Feynman. An operator calculus having applications in quantum
electrodynamics. Physical Rev. (2), 84:108-128, 1951.

N. Jacob. Pseudo differential operators and Markov processes. Vol. I.
Imperial College Press, London, 2001. Fourier analysis and semigroups.

V. Kostrykin, J. Potthoff, and R. Schrader. Construction of the paths of
Brownian motions on star graphs II. Commun. Stoch. Anal., 6(2):247—
261, 2012.

A. Pazy. Semigroups of linear operators and applications to partial differ-
ential equations, volume 44 of Applied Mathematical Sciences. Springer-
Verlag, New York, 1983.

V. Z. Sakbaev and O. G. Smolyanov. The dynamics of a quantum
particle with discontinuous dependence of the mass on position. Dokl.
Akad. Nauk, 433(3):314-317, 2010.

K.-i. Sato. Lévy processes and infinitely divisible distributions, volume 68
of Cambridge Studies in Advanced Mathematics. Cambridge University
Press, Cambridge, 1999. Translated from the 1990 Japanese original,
Revised by the author.

O. G. Smolyanov and N. N. Shamarov. Hamiltonian Feynman formulas
for equations containing the Vladimirov operator with variable coeffi-
cients. Dokl. Akad. Nauk, 440(5):597-602, 2011.

O. G. Smolyanov, A. G. Tokarev, and A. Truman. Hamiltonian Feynman
path integrals via the Chernoff formula. J. Math. Phys., 43(10):5161-
5171, 2002.

32



[22] O. G. Smolyanov, H. v. Weizsdcker, and O. Wittich. Chernoft’s theorem
and discrete time approximations of Brownian motion on manifolds.
Potential Anal., 26(1):1-29, 2007.

[23] W. von Waldenfels. Eine Klasse stationdrer Markowprozesse. In Kern-
forschungsanlage Jilich, page 47. Institut fiir Plasmaphysik, Jiilich,
1961.

[24] W. von Waldenfels. Positive Halbgruppen auf einem n-dimensionalen
Torus. Arch. Math., 15:191-203, 1964.

[25] W. von Waldenfels. Fast positive Operatoren. Z. Wahrscheinlichkeits-
theorie und Verw. Gebiete, 4:159-174 (1965), 1965.

33



