Universität des Saarlandes

Fachrichtung 6.1 – Mathematik

Preprint

Partial Regularity for a Class of Anisotropic Variational Integrals with Convex Hull Property

Michael Bildhauer and Martin Fuchs

Preprint No. 38 Saarbrücken 2001

Universität des Saarlandes

Fachrichtung 6.1 – Mathematik

Partial Regularity for a Class of Anisotropic Variational Integrals with Convex Hull Property

Michael Bildhauer

Saarland University Department of Mathematics Postfach 15 11 50 D–66041 Saarbrücken Germany E-Mail: bibi@math.uni-sb.de

Martin Fuchs

Saarland University Department of Mathematics Postfach 15 11 50 D–66041 Saarbrücken Germany E-Mail: fuchs@math.uni-sb.de

submitted: September 20, 2001

Preprint No. 38

Saarbrücken 2001

Edited by FR 6.1 – Mathematik Im Stadtwald D–66041 Saarbrücken Germany

Fax: + 49 681 302 4443 e-mail: preprint@math.uni-sb.de WWW: http://www.math.uni-sb.de/

Abstract

We consider integrands f: R^{nN} → R which are of lower (upper) growth rate s ≥ 2 (q > s) and which satisfy an additional structural condition implying the convex hull property, i.e. if the boundary data of a minimizer u: Ω → R^N of the energy ∫ Ω f(∇u) dx respect a closed convex set K ⊂ R^N , then so does u on the whole domain. We show partial C^{1,α}-regularity of bounded local minimizers if q < min{s+^2_3 , s^n_{n−2} } and discuss cases in which the latter condition on the exponents can be improved. Moreover, we give examples of integrands which fit into our category and to which the results of Acerbi and Fusco [AF2] do not apply, in particular, we give some extensions to the subquadratic case.

AMS Subject Classification: 49 N 60, 49 N 99, 35 J 45 Key words: regularity, minimizers, anisotropic growth

1 Introduction

As a model for our investigations we consider the anisotropic energy (in which 1 + |∇u|^2 can also be replaced by |∇u|^2)

(1.1) I [u] = ∫ Ω [ 1 + |∇u|^2 + (1 + |∂_nu|^2)^qs

]^s_2 dx defined on suitable classes of vectorial functions u : Ω → R^N , where Ω denotes a bounded Lipschitz domain in R^n , n ≥ 2, and s, q ∈ R are fixed exponents such that for the moment 2 ≤ s < q. We are interested in the partial regularity properties of local minimizers of (1.1) but unfortunately we can not refer to the paper [AF2] of Acerbi and Fusco since our energy density does not decompose in the form “(1 + |∇u|^2)^s2 + (1 + |∂_nu|^2)^q2 ”. More precisely, the subject of [AF2] are energy densities f which can be written as f(∇u) = h(∇u) + ∑ α∈I h_α(∂_αu), where I is a subset of {1, . . . , n} and h is an elliptic integrand of growth order s. The functions h_α are strictly convex and of growth order q_α (to be defined in terms of D^2h_α), 2 ≤ s < q_α, we refer the reader to Theorem 2.3 and Proposition 4.1 of [AF2] for a detailled discussion.

By elementary calculations (see Appendix A) it is easy to see that in our example the integrand f satisfies

(1.2) λ(1 + |Z|^2)^{s−22} |U|^2 ≤ D^2f(Z)(U, U) ≤ Λ(1 + |Z|^2)^{q−22} |U|^2

for all Z, U ∈ R^{nN} with constants 0 < λ < Λ < ∞. Moreover, f can be represented as

(1.3) f(Z) = g ( |Z_1|, . . . , |Z_n| ) , Z = (Z_1, . . . , Z_n) ∈ R^{nN} , where g is an increasing function of each argument.

DEFINITION 1.1 Let f: R^{nN} → [0, ∞) denote a function of class C^2 satisfying (1.2) with exponents 2 ≤ s < q. u ∈ W^1_{s,loc}(Ω; R^N ) is termed a local minimizer of the energy J[w] = ∫ Ω f(∇w) dx if and only if a) ∫ Ω^′ f(∇u) dx < ∞ ∀ Ω^′ ⋐ Ω and b) ∫ spt (u−v) f(∇u) dx ≤ ∫ spt (u−v) f(∇v) dx ∀ v ∈ W^1_{s,loc}(Ω; R^N ), spt (u − v) ⋐ Ω.

Let us briefly recall the partial regularity results which are known to be valid for local J-minimizers u in case that f satisfies condition (1.2).

i) In [PS] it is shown that there is an open subset Ω_0 of Ω such that |Ω − Ω_0| = 0 and u ∈ C^{1,α}(Ω_0; R^N ) provided we know

(1.4) q < min { s + 1, s n n − 1 } . Note that [PS] do not require the second inequality of (1.2), they work with the weaker upper bound f(ξ) ≤ C(1 + |ξ|^q) which is a consequence of (1.2). We remark that the restriction q < s^n_{n−1} enters their arguments through the use of a lemma on Sobolev functions due to Fonseca and Malý [FM], q < s + 1 is needed for establishing the Euler-Lagrange equation for local minimizers (see [PS], Section 2, Remark 1).

ii) Also partial C^{1,α}-regularity of local J-minimizers has been established in the paper [BF] in case that (let μ = 2 − s in condition (1.8) of [BF])

(1.5) q < s n + 2 n . We remark that in [BF] also subquadratic growth is considered and that the lefthand side of (1.2) can be replaced by a weaker estimate but then (1.5) becomes more complicated. Condition (1.5) is mainly used to prove that the gradient of a local minimizer actually belongs to the space L^t_{loc}(Ω; R^{nN} ) for some t > q, during the blowup procedure we just need q < s^n_{n−2} (if n ≥ 3), we refer to Section 4 of [BF].

Since min{s + 1, s^n_{n−1} } ≤ s^{n+2}_n , (1.5) is less restrictive than condition (1.4) of [PS], in particular, if n = 2, then (1.4) reads as q < s + 1 and from (1.5) we get q < 2s.

The purpose of our note is to improve both results with the help of the additional requirement (1.3), precisely:

THEOREM 1.1 Let f: R^{nN} → [0, ∞) denote a C^2-integrand with (1.2) and (1.3), 2 ≤ s < q < ∞. Then, any local J-minimizer which is locally bounded, is of class C^{1,α} for any 0 < α < 1 on an open subset of Ω with full Lebesgue measure provided we impose the bound

(1.6) q < min { s + 2 3 , s n n − 2 } , if n ≥ 3, and q <^2_3 + s, if n = 2.

REMARK 1.1 a) Clearly, at least for large n, (1.6) is less restrictive than (1.5), so assumption (1.3) together with the local boundedness of the minimizer allows more flexibility concerning the choices for s and q. If n is small, than [PS] and [BF] lead to better results. Let us briefly comment on an other case for which (1.6) improves (1.5) by the way extending the theorems of [BF] and [PS]. If we choose s according to n − 2 3 < s < n 3 , then it is easy to show that s + 2 3 < s n n − 2 and s n + 2 n < s + 2 3 , which means that (1.6) reduces to the requirement q <^2_3 + s, and the latter inequality is weaker than (1.5).

b) Condition (1.6) in the form q < s^n_{n−2} also occurs in the paper [Ma1], where Marcellini considers the scalar case N = 1 and shows everywhere regularity of local minimizers u assuming already that u is in the space W^1_{q,loc}(Ω). In [Ma2] Marcellini then uses (1.5) to get the existence of a minimizer in W^1_q (Ω).

c) Let us look at the example

f(ξ_1 . . . ξ_n) = |ξ|^2 + (1 + |ξ_n|^2)^{q2} , ξ = (ξ_1 . . . ξ_n) ∈ R^{nN} ,

with q > 2. This integrand is covered by [AF2], and according to their results (n large)

(1.7) q < 2 + 4 n − 3 is sufficient for partial regularity of local minimizers u ∈ W^1_{2,loc}(Ω; R^N ). In this case (1.6) reads (n large) q < 2 +^4_{n−2} , thus Acerbi and Fusco obtain better results even without the assumption u ∈ L^∞_{loc}(Ω; R^N ) (which is not so restrictive since in our example f satisfies (1.3), compare the discussion after Lemma 1.1).

d) Let in extension of (1.1) f(ξ) = ( 1 + |ξ|^2 + ∑ α∈I (1 + |ξ_α|^2)^{qα}s

)^s_2 , where I is a subset of {1, . . . , n} and 2 ≤ s < q_α, α ∈ I. Then (1.3) holds and (1.2) is satisfied with q = max{q_α : α ∈ I}. Clearly the theorems of [AF2] can not be applied, but we get partial regularity under condition (1.6). The same is true for the energy

f(ξ) = (1 + |ξ|^2)^{s2} + ∑ α∈I h_α ( |ξ_α| )

if we choose h_α of the form (1 + t^2)^{qα/2} but with infinitely many linear pieces so that ellipticity is destroyed (see [BFM]) which means that for H_α(ξ_α) = h_α(|ξ_α|) we just have the estimate 0 ≤ D^2H_α(ξ_α)(U_α, U_α) ≤ c_α(1 + |ξ_α|^2)^{q−2}2 |U_α|^2.

Let us finally look at the integrand

f(ξ_1, . . . , ξ_n) = Φ_1(ξ_1) + . . . + Φ_n(ξ_n), Φ_k(ξ_k) = (1 + |ξ_k|^2)^{qk}2 , ξ_k ∈ R^N ,

with exponents q_k ≥ 2. In contrast to [AF2] an elliptic part involving “the whole gradient” is missing. We have D^2f(ξ)(U, U) ≥ c^n ∑ k=1 (1 + |ξ_k|^2)^{qk−2}2 |U_k|^2 ≥ c |U|^2, D^2f(ξ)(U, U) ≤ c (1 + |ξ|^2)^{q−2}2 |U|^2,

where q := max{q_k : k = 1, . . . , n}. Thus (1.2) holds for the choice s = 2, and for n large Theorem 1.1 implies that bounded local minima are partially regular if q_k < 2 +^4_{n−2} , k = 1, . . . , n.

e) We do not touch the question of everywhere regularity in the vectorial case which besides an appropriate ratio of q and s also requires a structural condition of the form f(ξ) = G(|ξ|), we refer to [Ma3] and [Bi2], where the interested reader will find further references.

In order to finish our discussion on the various choices for the exponents s and q and to include the results of [BF] we reformulate Theorem 1.1 in the following way.

THEOREM 1.2 Suppose that all the hypotheses of Theorem 1.1 are valid but with (1.6) being replaced by

(1.6)* q < 2s , if n = 2;

(1.6)** q < s^n_{n−2} and q < q_0 := max { s +^2_3 , s^{n+2}_n } , if n ≥ 3.

Then partial C^{1,α}- regularity holds for locally bounded local minimizers u. In case n = 2 or n ≥ 3 together with q_0 = s^{n+2}_n we can drop the assumption u ∈ L^∞_{loc}(Ω; R^N ) and also (1.3) is superfluous.

Note that the last statement of Theorem 1.2 is a direct consequence of [BF], Theorem 1.1, with the choice μ = 2 − s. Note also that the requirement q < q_0 is sufficient to show ∇u ∈ L^{q+ε}_{loc} (Ω; R^{nN} ) for some ε > 0 (see Theorem 3.1 below). With this information we get partial C^{1,α}-regularity just assuming q < s^n_{n−2} . The local boundedness of u and condition (1.3) do not enter the blow-up procedure.

Up to now we limited our discussion to the case 2 ≤ s < q in order to compare our results to the ones of [AF2] or [PS]. To our knowledge anisotropic power growth with leading exponent q < 2 only occurs in [BF]: with the choice μ = 2 − s in [BF], Theorem 1.1, we see that condition (1.5) is sufficient for partial regularity. But in fact we have a stronger result:

THEOREM 1.3 The statements of Theorems 1.1 and 1.2 remain true if we consider arbitrary exponents 1 < s < q (provided the other hypotheses are valid).

Thus we can also include models like f(ξ) = (1 + |ξ|^2)^{1+ε2} + |ξ_n|^2, ξ = (ξ_1 . . . ξ_n) ∈ R^{nN} , with appropriate choice of ε ∈ (0, 1) which are not covered by [AF2] or [PS].

Next we discuss our assumption (1.3) by showing that it is a kind of natural hypothesis giving boundedness of minimizers. First of all we collect some consequences of (1.2). LEMMA 1.1 Let f : R^{nN} → [0, ∞) satisfy (1.2) with 2 ≤ s < q. Then we have:

i) f is strictly convex; ii) f(Z) ≤ c_1(|Z|^q + 1); iii) |∇f(Z)| ≤ c_2(|Z|^{q−1} + 1); iv) ∇f(Z) : Z ≥ c_3(|Z|^s − 1); v) f(Z) ≥ c_4(|Z|^s − 1), the estimates being valid for all Z ∈ R^{nN} . Here c_i denote positive constants. Proof.

i) is a consequence of the first inequality in (1.2); ii) follows from the second part of (1.2); iii) compare [Da], Lemma 2.2, p. 156. iv) We have ∇f(Z) : Z = ∫_1 0 D^2f(tZ)(Z, Z) dt + ∇f(0) : Z, and the lower bound in (1.2) gives the result.

v) Convexity of f implies f(Z) ≥ f(Z/2) + ∇f(Z/2) : Z/2, and the claim follows from f ≥ 0 together with iv). □ LEMMA 1.2 Let u_0 ∈ W^1_s (Ω; R^N ) satisfy J[u_0] = ∫ Ω f(∇u_0) dx < ∞, where f ≥ 0 is of class C^2 with (1.2). Then the variational problem (1.8) J[u] → min in u_0+^∘W_s^1(Ω; R^N ) has a unique solution. Proof. Obviously inf { J[w] : w ∈ u_0+^∘W_s^1(Ω; R^N ) } < ∞, thus on account of Lemma 1.1, v), any minimizing sequence {u_m} ⊂ u_0+^∘W_s^1(Ω; R^N ) is uniformly bounded in W^1_s (Ω; R^N ), hence u_m ⇁: u in W^1_s (Ω; R^N ). Convexity of f together with De Giorgi’s theorem on lower semicontinuity proves that u solves (1.8). Uniqueness follows from strict convexity of f. □

LEMMA 1.3 (convex hull property) In addition to the hypotheses of Lemma 1.2 assume Im(u_0) ⊂ K for a compact convex set K ⊂ R^N . Then the solution u of (1.8) also satisfies Im(u) ⊂ K. REMARK 1.2 a) From the paper [DLM] we deduce

sup_Ω |u^i| ≤ sup_Ω |u^i_0|, i = 1, . . . , N,

thus u ∈ L^∞(Ω; R^N ), if u_0 is bounded. In case of (1.3) this is a trivial observation since we may use comparison functions like v = ( Φ(u^1), u^2, . . . , u^N ) , where m := sup_Ω |u^1_0| and

Φ(t) = m, t ≥ m t, −m ≤ t ≤ m. −m, t ≤ −m Then |∂_αv| ≤ |∂_αu| and (1.3) implies v = u.

b) Lemma 1.3 motivates the study of locally bounded local minimizers in Theorem 1.1.

It should however be noted that our proof of Theorem 1.1 does not work if we just consider solutions of class L^∞_{loc}(Ω; R^N ) and impose the growth condition (1.2). In the next sections (1.3) will be an important tool.

Proof of Lemma 1.3. Let π: R^N → K denote the projection onto K which satisfies Lip(π) = 1. From Lemma B.1 below we deduce |∂_α(π ∘ u)| ≤ |∂_αu|, α = 1, . . . , n, thus (v := π ∘ u) g ( |∂_1v|, . . . , |∂_nv|) ≤ g(|∂_1u|, . . . , |∂_nu| ) . So v is minimizing which implies v = u. □ The rest of our paper is organized as follows: in Section 2 we discuss some (appropriate) local approximation, Section 3 contains the proof of uniform higher integrability of these approximations under the condition q < s +^2_3 , and in Section 4 we use this result for obtaining Theorem 1.1 via a standard blow-up procedure which works in case q < s^n_{n−2} , if n > 2. The subquadratic case is briefly considered in Section 5. In Appendix A we discuss our example (1.1), in Appendix B we give a short proof of the chain rule inequality needed for Lemma 1.3.

2 Local approximation

We use a standard approximation procedure which in different situations also occurs in [FS], [ELM1], [ELM2], [MS], [Bi1], [BF] or [BFM]. ¿From now on assume that all the assumptions of Theorem 1.1 are valid. Let r > q and define for δ > 0

f_δ(ξ) = δ(1 + |ξ|^2)^{r2} + f(ξ), ξ ∈ R^{nN} .

W.l.o.g. let B_{2R}(0) ⋐ Ω and consider the mollification u_ε of our local J-minimizer u. Let v_{ε,δ} ∈ u_ε+^∘W_r^1(B_{2R}; R^N ) denote the solution of

(2.1) J_δ[w] := ∫ B_{2R} f_δ(∇w) dx → min in u_ε+^∘W_r^1(B_{2R}; R^N ).

According to [GM], Theorem 5.1 (note that (5.3) of [GM] holds on account of r > q), we have ∇v_{ε,δ} ∈ L^∞_{loc}(B_{2R}; R^{nN} ), moreover (see e.g. [CA]) ∇v_{ε,δ} ∈ W^1_{2,loc}(B_{2R}; R^{nN} ). The stated initial regularity of v_{ε,δ} is crucial for our calculations in Section 3, therefore we can not use the local regularization with exponent q as we did in [BF] (compare Remark 3.1). Anyhow, Lemma 2.1 below is also true for r = q. With the choice

δ = δ(ε) = 1 1 + ε^{−1} + ‖∇u_ε‖^{2r}_{Lr (B2R,RnN )} we define v_ε = v_{ε,δ(ε)} and ~f_ε = f_{δ(ε)}. The minimality of v_ε implies ∫ B_{2R} f(∇v_ε) dx ≤ ∫ B_{2R} ~f_ε(∇v_ε) dx ≤ ∫ B_{2R} ~f_ε(∇u_ε) dx and from Jensen’s inequality we deduce ∫ B_{2R} f(∇u_ε) dx ≤ ∫ B_{2R+ε} f(∇u) dx. Next we claim

(2.2) δ(ε) ∫ B_{2R} (1 + |∇u_ε|^2)^{r2} dx ≤ c (R) √ ε with c(R) independent of ε. For the proof we observe that by definition of δ(ε) the left-hand side of (2.2) is dominated by c(R)^{1+x}_{1+x2+ε−1} , x := ∫ B_{2R} |∇uε| r dy. Case 1: If x ≤^{1√}_ε , then

1 + x 1 + x^2 + ε^{−1} ≤ 1 + √ ε^{−1} 1 + x^2 + ε^{−1} ≤ 1 + √ ε^{−1} 1 + ε^{−1} = ε + √ ε ε + 1 ≤ ε + √ ε ≤ 2 √ ε. Case 2: Consider the case x ≥^{1√}_ε . Using 1 + x^2 ≥^1_2 (1 + x)^2 we obtain

1 + x 1 + x^2 + ε^{−1} ≤ 1 + x 1 + x^2 ≤ 2 1 + x ≤ 2 x ≤ 2 √ ε, and (2.2) is established.

Putting together the various estimates we get

(2.3) ∫ B_{2R} f(∇v_ε) dx ≤ ∫ B_{2R} ~f_ε(∇v_ε) dx ≤ ∫ B_{2R} ~f_ε(∇u_ε) dx ≤ ∫ B_{2R} f(∇u) dx + O(ε). From (2.3) and the growth of f (see Lemma 1.1, v)) we deduce

(2.4) ∫ B_{2R} |∇v_ε|^s dx ≤ c (∫ B_{2R} f(∇u) dx ) < ∞,

and using v_ε −u_ε ∈^∘W_s^1(B_{2R}; R^N ) together with uniform bounds on ‖u_ε‖_W 1_{s (B2R)}, (2.4) implies (2.5) ‖v_ε‖_W 1_{s (B2R)} ≤ const < ∞ independent of ε. Let ~u ∈ W^1_s (B_{2R}) denote a weak limit of some subsequence of {v_ε} which exists by (2.5). By De Giorgi’s theorem (2.6) ∫ B_{2R} f(∇~u) dx ≤ lim inf_{ε→0} ∫ B_{2R} f(∇v_ε) dx, thus ∫ B_{2R} f(∇~u) dx = ∫ B_{2R} f(∇u) dx on account of (2.3). Therefore ~u is J-minimizing on

u+^∘W_s^1(B_{2R}; R^N ), strict convexity implies ~u = u. Altogether we have: LEMMA 2.1 With the notation introduced above the following statements are valid: i) ‖v_ε‖_W 1_{s (B2R;R}N_) ≤ const < ∞; ii) v_ε ⇁_{ε→0} u in W^1_s (B_{2R}; R^N ); iii) sup_{B2R} |v_ε| ≤ sup_{B2R} |u| < ∞; iv) δ(ε) ∫ B_{2R} (1 + |∇vε| 2)^r2 dx −→_{ε→0} 0; v) ∫ B_{2R} f(∇vε) dx −→ε→0 ∫ B_{2R} f(∇u) dx; vi) ∫ B_{2R} ~f_ε(∇v_ε) dx −→_{ε→0} ∫_{B2R} f(∇u) dx; Proof. i) and ii) are obvious, iii) follows from the maximum-principle Lemma 1.3. ad v) and vi): we recall ~u = u and get from (2.6) ∫ B_{2R} f(∇u) dx ≤ lim inf_{ε→0} ∫ B_{2R} f(∇v_ε) dx, whereas (2.3) implies

lim sup ε→0 ∫ B_{2R} f(∇v_ε) dx ≤ lim sup_{ε→0} ∫ B_{2R} ~f_ε(∇v_ε) dx ≤ ∫ B_{2R} f(∇u) dx, thus we have v) and vi). Subtracting v) from vi) we finally obtain iv). □

3 Uniform local higher integrability of the solutions of the approximative problems

Keeping our notation from Section 2 we want to show that the solutions v_ε of problem (2.1) (with the choice δ = δ(ε)) satisfy (3.1) sup_{0<ε<1} ∫ B_ρ |∇v_ε|^t dx ≤ c (ρ) < ∞ where t is some exponent bigger than q and ρ denotes a radius less than 2R. In former papers (see e.g. [FuM], [BF], [BFM] and the references quoted therein) we used the differentiated form of the Euler-Lagrange equation associated to (2.1) together with a Caccioppoli-type inequality to show that some power of |∇v_ε| belongs uniformly in ε to the space W^1_2 (B_{2ρ}), hence by Sobolev’s embedding theorem the uniform local integrability of |∇v_ε| can be increased to a power t > q provided q < s^{n+2}_n is true.

Here we show (3.1) by assuming that q < s +^2_3 which for s <^n_3 is less restrictive than q < s^{n+2}_n . The main idea (originating in [Bi1]) is that due to the uniform local boundedness of |v_ε| (see Lemma 2.1, iii)) we may use test vectors of the form η^2v_ε(1 + |∇v_ε|^2)^α2 in the Euler-Lagrange equation for (2.1), where α is some number ≥ 0, η denoting a cut-off function with spt η ⊂ B_{2R}, and estimate |v_ε| just by a constant. The result will be a uniform bound of the form (3.1). More precisely, we have:

THEOREM 3.1 Let the assumptions of Theorem 1.1 hold with (1.6) replaced by

(3.2) q < max { s n + 2 n , s + 2 3 } . Then (3.1) is true for some t > q, in particular we have ∇u ∈ L^t_{loc}(Ω; R^{nN} ).

Proof. W.l.o.g. we may assume that s^{n+2}_n ≤ s +^2_3 , otherwise the claim follows from [BF], Lemma 3.4 (note that the arguments from [BF] also work for the approximation considered here or replace our sequence {v_ε} by the sequence {v_ε} from [BF] by the way leading to the same result that ∇u is in L^t_{loc}(Ω; R^{nN} )). We also like to remark that in the case s^{2+n}_n ≥ s +^2_3 the statement of Theorem 3.1 remains true if we drop our assumption u ∈ L^∞_{loc}(Ω; R^N ), also the structure condition (1.3) can be removed (see again [BF]).

Let α ≥ 0, η ∈ C^∞_0 (B_{2R}), 0 ≤ η ≤ 1, Γ_ε = 1+|∇v_ε|^2 and recall ∇v_ε ∈ L^∞_{loc}∩W^1_{2,loc}(Ω; R^{nN} ) as well as (3.3) ‖v_ε‖_L∞_{(B2R)} ≤ c(R) < ∞. In what follows c always denotes a positive constant independent of ε whose value may change from line to line. Moreover, we write δ = δ(ε) for the parameter defined in Section 2. From ∫ B_{2R} ∇ ~f_ε(∇v_ε) : ∇(η^2 Γ^{α2}ε v_ε) dx = 0

we deduce

(3.4) ∫ B_{2R} ∇ ~f_ε(∇v_ε) : ∇v_ε Γ^{α2}ε η^2 dx = − ∫ B_{2R} ∇ ~f_ε(∇v_ε) : 2η ∇η ⊗ v_ε Γ^{α2}ε dx − ∫ B_{2R} ∇ ~f_ε(∇v_ε) : η^2 v_ε ⊗ ∇ ( Γ^{α2}ε ) dx =: −A − B. By Lemma 1.1, iv), we see

(3.5) left-hand side of (3.4) ≥ c ∫ B_{2R} Γ^{12 (s+α)} ε η^2 dx + c δ ∫ B_{2R} η^2 Γ^{12 (r+α)} ε dx −c ∫ B_{2R} η^2 Γ^{α2}ε dx − c δ ∫ B_{2R} η^2 Γ^{12 (r−2+α)} ε dx.

We have by Lemma 1.1, iii) |− A|^{(3.3)}≤ c ∫ B_{2R} |∇ ~f_ε(∇v_ε)| η |∇η| Γ^{α2}ε dx ≤ c ∫ B_{2R} |∇v_ε|^{q−1} Γ^{α2}ε η |∇η| dx + c ∫ B_{2R} η|∇η| Γ^{α2}ε dx +c δ ∫ B_{2R} Γ^{α2}ε (1 + |∇v_ε|^2)^{r−22} |∇v_ε| η|∇η| dx ≤ c ∫ B_{2R} Γ^{12 (q−1+α)} η|∇η| dx + c δ ∫ B_{2R} Γ^{12 (r−1+α)} ε η|∇η| dx = c ∫ B_{2R} Γ^{s+α4}ε η |∇η| Γ^{12 (q−1+α)− s+α4} ε dx +c δ ∫ B_{2R} Γ^{r+α4}ε η |∇η| Γ^{12 (r−1+α)− r+α4} ε dx, and by applying Young’s inequality to the last two integrals and by absorbing terms on the right-hand side of (3.5) we arrive at

(3.6)

∫ B_{2R} η^2 Γ^{12 (s+α)} ε dx + δ ∫ B_{2R} η^2 Γ^{12 (r+α)} ε dx ≤ c ∫ B_{2R} η^2 Γ^{α2}ε dx + c δ ∫ B_{2R} η^2 Γ^{12 (r−2+α)} ε dx + c ∫ B_{2R} |∇η|^2 Γ^{q−1+α− s+α2} ε dx +c δ ∫ B_{2R} |∇η|^2 Γ^{r−1+α− r+α2} ε dx + c|− B|. Let us discuss |− B|: using | |∇(Γ^α2_ε ) | | ≤ c Γ^α2^{− 1}2_ε |∇^2v_ε|, Lemma 1.1, iii), and (3.3) we find (summation w.r.t. μ = 1, . . . , n) |− B| ≤ c ∫ B_{2R} Γ^{12 (q+α−2)} ε η^2|∇^2v_ε| dx + c δ ∫ B_{2R} Γ^{12 (r+α−2)} ε η^2 |∇^2v_ε| dx =: T_1 + T_2, T_1 = c ∫ B_{2R} Γ^{s−24}ε |∇^2v_ε| Γ^{12 (q+α−2)− s−24} ε η^2 dx (1.2) ≤ c ∫ B_{2R} D^2f(∇v_ε)(∂_μ∇v_ε, ∂_μ∇v_ε)η^2 dx + c ∫ B_{2R} η^2Γ^{q+α−1− s2} ε dx, T_2 = c δ ∫ B_{2R} Γ^{r−24}ε |∇^2v_ε| Γ^{12 (r+α−2)− r−24} ε η^2 dx ≤ c δ ∫ B_{2R} Γ^{r−22}ε |∇^2v_ε|^2 η^2 dx + c δ ∫ B_{2R} Γ^{r2 +α−1} ε η^2 dx, hence (3.7) |− B| ≤ c ∫ B_{2R} D^2 ~f_ε(∇v_ε)(∂_μ∇v_ε, ∂_μ∇v_ε) η^2 dx +c ∫ B_{2R} η^2 Γ^{q+α−1− s2} ε dx + c δ ∫ B_{2R} Γ^{r2 +α−1} ε η^2 dx.

From Lemma 3.1 below we get ∫ B_{2R} η^2D^2 ~f_ε(∇v_ε)(∂_μ∇v_ε, ∂_μ∇v_ε) dx ≤ c‖∇η‖^2_L∞_{(B2R )} ∫ spt ∇η | |D^2 ~f_ε(∇v_ε) | ||∇v_ε|^2 dx ≤ c‖∇η‖^2_L∞_{(B2R )} ∫ spt ∇η ( Γ^{q2}ε + δΓ^{r2}ε ) dx. Now we use (3.7) and the latter estimate to rewrite (3.6) in the following form:

(3.8)

I_1 + I_2 := ∫ B_{2R} η^2Γ^{12 (s+α)} ε dx + δ ∫ B_{2R} η^2Γ^{12 (r+α)} ε dx ≤ c ∫ B_{2R} η^2Γ^{α2}ε dx + c‖∇η‖^2_∞ ∫ spt ∇η Γ^{q−1+α− s+α2} ε dx +c ∫ B_{2R} η^2Γ^{q+α−1− s2} ε dx + c‖∇η‖^2_∞ ∫ spt ∇η Γ^{q2}ε dx +c δ ∫ B_{2R} η^2Γ^{12 (r−2+α)} ε dx + c δ‖∇η‖^2_∞ ∫ spt ∇η Γ^{r2 −1+ α2} ε dx +c δ ∫ B_{2R} Γ^{r2 +α−1} ε η^2 dx + c δ‖∇η‖^2_∞ ∫ spt ∇η Γ^{r2}ε dx =: 8∑ i=1 K_i. It is immediate that K_5 is bounded by K_7. Obviously K_1 ≤ τI_1 + c(τ, R) for any τ > 0, and the first term on the right-hand side can be absorbed into I_1. Let us assume α < 2. Then K_6 ≤ K_8 and K_7 ≤ c τI_2 + c (τ, R) on account of^1_2 (r + 2α − 2) <^1_2 (r + α). Choosing τ small enough, we may absorb c τI_2 into I_2. Next we choose a ball B_{t+ρ}(x_0) ⋐ B_{2R} and take η ≡ 1 on B_t(x_0) such that η ≡ 0 on B_{2R} − B_{t+ρ}(x_0) together with |∇η| ≤^c_ρ . Finally, we like to control K_2 in terms of K_4 which is possible if q − 1 + α − s + α 2 ≤ q 2 , i.e. we have to require at this stage

(3.9) α ≤ 2 + s − q

(implying α < 2 on account of s < q). Returning to (3.8) and exploiting the latter considerations we get

(3.10)

∫ B_t(x_0)

Γ^{12 (s+α)} ε dx + δ ∫ B_t(x_0)

Γ^{12 (r+α)} ε dx ≤ c(R) [ 1 + ∫ B_{t+ρ}(x_0)

Γ^{12 (2q+2α−2−s)} ε dx + ρ^{−2} ∫ T_{t,ρ}(x_0) Γ^{q2}ε dx +δ ρ^{−2} ∫ T_{t,ρ}(x_0) Γ^{r2}ε dx ] , T_{t,ρ}(x_0) = B_{t+ρ}(x_0) − B_t(x_0).

Let α_0 = 0, α_{k+1} = −q + s + 1 +^1_2 α_k. Since our assumption on the ratio of q and s implies q < s + 1, we see α_k > 0 for k ≥ 1. It is easy to check that α_k < α_{k+1}, moreover (3.9) is satisfied for the sequence α_k. We have α_∞ := lim_{k→∞} α_k = 2 + 2(−q + s), and if we want to have s + α_∞ > q we need our hypothesis q < s +^2_3 .

Next we fix q^∗ ∈ (q, s + α_∞) and calculate k ∈ N such that α_k + s ≥ q^∗. Given radii t, ρ and a center x_0 we apply (3.10) with α = α_k and ρ replaced by^ρ_k and get ∫ B_t(x_0)

Γ^{12 (s+αk )} ε dx + δ ∫ B_t(x_0)

Γ^{12 (r+αk )} ε dx ≤ c(k, R) [ 1 + ∫ B_{t+ 1k ρ}(x_0)

Γ^{12 (s+αk−1)} ε dx + ρ^{−2} ∫ T_{t, 1k ρ(x0)} Γ^{q2} dx + δ ρ^{−2} ∫ T_{t, 1k ρ}(x_0) Γ^{r2}ε dx ] .

In the next step we use (3.10) with t replaced by t + ρ/k and ρ replaced by ρ/k and for the choice α = α_{k−1}. The final result is after iteration

(3.11) ∫ B_t(x_0)

Γ^{12 (s+αk)} ε dx + δ ∫ B_t(x_0)

Γ^{12 (r+αk )} ε dx ≤ c(k, R) [ 1 + ∫ B_{t+ρ}(x_0)

Γ^{s2}ε dx + ρ^{−2} ∫ T_{t,ρ}(x_0)

Γ^{q2} dx + δ ρ^{−2} ∫ T_{t,ρ}(x_0) Γ^{r2}ε dx ] . In the last two integrals we may use Hölder’s inequality to get ρ^{−2} ∫ T_{t,ρ}(x_0) Γ^{q2}ε dx ≤ c(R) [ ρ^{−γ} + ∫ T_{t,ρ}(x_0)

Γ^{12 (s+αk)} dx ] ,

ρ^{−2} ∫ T_{t,ρ}(x_0) Γ^{r2}ε dx ≤ c(R) [ ρ^{−~γ} + ∫ T_{t,ρ}(x_0)

Γ^{12 (r+αk)} dx ]

with suitable positive exponents γ, ~γ. By Lemma 2.1 the quantity ∫ B_{t+ρ}(x_0) Γ s 2 dx is bounded by a local constant c(R), therefore, filling the hole in (3.11) (add c(k, R) ( ∫ B_t(x_0) Γ 1 2 (s+α_k) ε dx+ δ ∫ B_t(x_0) Γ 1 2 (r+α_k ) ε dx ) on both sides) implies (for some β > 0) ∫ B_t(x_0)

Γ^{12 (s+αk )} ε dx + δ ∫ B_t(x_0)

Γ^{12 (r+αk )} ε dx ≤ c(k, R) [ 1 + ρ^{−β} ] + Θ [∫ B_{t+ρ}(x_0)

Γ^{12 (s+αk )} ε dx + δ ∫ B_{t+ρ}(x_0)

Γ^{12 (r+αk)} ε dx ]

with Θ < 1 not depending on ε. From [Gi], Lemma 3.1, p.161, we get (B_R = B_R(0))

(3.12) ∫ B_R Γ^{12 (s+αk)} ε dx + δ ∫ B_R Γ^{12 (r+αk)} ε dx ≤ c(k, R) [ 1 + R^{−β} ] , where the local constant c(k, R) involves positive powers of R and the bounds for sup_{B2R} |u|, ∫ B_{2R} f(∇u)dx. Recalling the choice of k we have shown (3.1) for the exponent t = q ∗. Note that our calculations just required r > q, no further restriction on r is needed.

Having established (3.1) we get ∇u ∈ L^{q∗}_{loc}(B_{2R}; R^{nN} ) since ∇v_ε ⇁: W in L^{q∗}_{loc}(B_{2R}; R^{nN} ) but on account of Lemma 2.1 ii) we must have W = ∇u. □ During the proof of Theorem 3.1 we made use of

LEMMA 3.1 There is a real number c > 0 such that for all η ∈ C^1_0 (B_{2R}), 0 ≤ η ≤ 1, and for all Q ∈ R^{nN} we have

(3.13) ∫ B_{2R} η^2 D^2 ~f_ε(∇v_ε)(∂_μ∇v_ε, ∂_μ∇v_ε) dx ≤ c‖∇η‖^2_∞ ∫ spt ∇η |D^2 ~f_ε(∇v_ε)| |∇v_ε − Q|^2 dx. Proof. Here we just need to know that f ≥ 0 is C^2 with 0 ≤ D^2f(Q) ≤ Λ(1 + |Q|^2)^{q−2}2 for some q ≥ 2. Then, if ~f_ε is our regularization with exponent r > q, v_ε is still of class W^1_{∞,loc} ∩ W^2_{2,loc}(B_{2R}; R^N ) (see [GM]) and we may differentiate the Euler equation for v_ε with the result ∫ B_{2R} D^2 ~f_ε(∇v_ε)(∂_μ∇v_ε, ∇φ) dx = 0 for any φ with compact support. If we let φ = η^2∂_μ(v_ε − Qx), then (3.13) follows with elementary calculations. □

REMARK 3.1 In contrast to our arguments from above the proof of Lemma 3.1 in [BF] requires much more work which is caused by the regularization with exponent r = q. On the other hand, higher integrability of ∇u is established in [BF] under stronger hypotheses and with a completely different argument working in case r = q once having proved Lemma 3.1 of [BF]. Of course we could also choose some exponent r > q in [BF] trivializing Lemma 3.1. But then we have to take care of additional δ-terms occuring in the proof of [BF], Lemma 3.4, which can be handled under the assumption r < s(n + 2)/n. Recalling that in [BF] we require for the anisotropic case μ = 2 − s, q < 2 − μ + s2/n, it is immediate that we can choose an admissible exponent r ∈ (q, s(n + 2)/n).

If we require f to satisfy (1.2), then the left-hand side of (3.13) gives an upper bound for ∫ B_{2R} η^2|∇h_ε|^2 dx, h_ε = (1 + |∇v_ε|^2)^{s4} ,

and if we take Q = 0, then (3.13) implies ∫ B_{2R} η^2|∇h_ε|^2 dx ≤ c‖∇η‖^2_∞ ∫ spt ∇η (Γ^{q2}ε + δΓ^{r2}ε ) dx.

If we are in the situation of Theorem 3.1 we see from (3.12) that the right-hand side of the latter estimate is bounded by a local constant c(R), thus

h_ε ⇁: h in W^1_{2,loc}(B_{2R}) as ε → 0

for some function h from this space.

The next lemma can be found for instance in [FO], [Bi2] or [BF].

LEMMA 3.2 We have h = (1 + |∇u|^2)^s4 as well as

∇v_ε → ∇u a.e. on B_R as ε → 0.

Proof. As in [FO], Lemma 4.1, or [Bi2], Proposition III.4.3, we show that

(3.14) ∫ B_R ∫_1 0 D^2f ( ∇u + t(∇v_ε − ∇u) ) ( ∇v_ε − ∇u, ∇v_ε − ∇u ) dt dx → 0 as ε → 0. In fact, the only modification needed for getting (3.14), is to recall that δ(ε) ∫ B_R Γ^{r2}ε dx −→_{ε→0} 0 which follows from Lemma 2.1. Thus we have (3.14), ellipticity implies ∇v_ε → ∇u a.e., in particular, h_ε → (1 + |∇u|^2)^s4 a.e., so that we have the formula for the limit function h. □ Finally, we state a limit version of Lemma 3.1.

LEMMA 3.3 With the notation introduced above we have

(3.15) ∫ B_{2R} η^2|∇h|^2 dx ≤ c‖∇η‖^2_∞ ∫ spt ∇η |D^2f(∇u)| |∇u − Q|^2 dx for any η ∈ C^1_0 (B_{2R}), 0 ≤ η ≤ 1, and all Q ∈ R^{nN} .

Proof. We can follow [BF], Lemma 3.6, we just have to check (see [BF], formula (3.8)) that in our case lim inf ε→0 ∫ spt ∇η |D^2 ~f_ε(∇v_ε)| |∇v_ε − Q|^2 dx ≤ lim inf_{ε→0} ∫ spt ∇η |D^2f(∇v_ε)| |∇v_ε − Q|^2 dx. But since |D^2 ~f_ε(∇v_ε)| |∇v_ε − Q|^2 ≤ |D^2f(∇v_ε)| |∇v_ε − Q|^2 + c δ(ε)(1 + |∇v_ε|^2)^{r−22} |∇v_ε − Q|^2, the claim follows from our former observation that δ(ε) ∫ B_R′ Γ r 2 ε dx → 0 for any radius R^′ < 2R. The rest of the proof is exactly the same as in Lemma 3.6 for [BF], in particular we also make use of the fact that by (3.12) |∇v_ε|^q is uniformly bounded in L^{1+τ}_{loc} (B_{2R}) for some τ > 0 (compare (3.12) where obviously the radius R can be replaced by any number R^′ < 2R). □ REMARK 3.2 Note that u is a continuous function provided that n = 2 or n = 3. In the two-dimensional case this is a consequence of Theorem 3.1. In general, we observe that h ∈ W^1_{2,loc}(Ω) implies ∇u ∈ L^{sn/(n−2)}_{loc} (Ω; R^{nN} ) by Sobolev’s embedding theorem, and continuity of u follows if s > n − 2.

4 Blow-up and partial regularity

Let the assumptions of Theorem 1.1 hold. If B_r(x) is a ball in Ω, we introduce the excess of our local minimizer u w.r.t. this ball E(x, r) = ∫ − B_r(x) |∇u − (∇u)_{x,r}|^2 dy + ∫ − B_r (x) |∇u − (∇u)_{x,r}|^q dy

which on account of Theorem 3.1 is well-defined. Here ∫ −_{Br (x)} and ( )_{x,r} denote the mean values of the corresponding quantities. As usual partial C^{1,α}-regularity follows from

LEMMA 4.1 Fix a number L > 0. Then there is a constant C_∗(L) such that for every 0 < τ <^1_4 there is an ε = ε(L, τ) satisfying: if B_r(x) ⊂ B_R(x_0) for some fixed ball B_R(x_0) ⋐ Ω and if we have |(∇u)_{x,r}| ≤ L, E(x, r) ≤ ε(L, τ), then E(x, τr) ≤ C_∗(L) τ^2 E(x, r). Here the ball B_R(x_0) can be replaced by any subdomain Ω^′ ⋐ Ω, and the restriction B_r(x) ⊂ Ω^′ is needed in order to apply our local estimate from Theorem 3.1.

We argue by contradiction: assume that L > 0 is fixed and that for some τ ∈ (0,^1_4 ) there are balls B_{rm} (x_m) ⊂ B_R(x_0) such that | |(∇u)_{xm,rm} | | ≤ L, E(x_m, r_m) =: λ^2_m → 0 but E(x_m, τr_m) > C_∗ τ^2 λ^2_m with C_∗ to be determined later. With a_m = (u)_{xm,rm} , A_m = (∇u)_{xm,rm} we let

u_m(z) = 1 λ_mr_m [ u(x_m + r_mz) − a_m − r_mA_mz ] , |z| < 1. From our assumptions we get ∫ − B_1 |∇u_m|^2 dz + λ^{q−2}_m ∫ − B_1 |∇u_m|^q dz = 1,

(4.1) ∫ − B_τ |∇u_m − (∇u_m)_{0,τ} |^2 dz + λ^{q−2}_m ∫ − B_τ |∇u_m − (∇u_m)_{0,τ} |^q dz > C_∗τ^2,

and after passing to subsequences we find

(4.2)

A_m → : A in R^{nN} ,

u_m ⇁ : û in W^1_2 (B_1; R^N ),

λ_m∇u_m → 0 in L^2(B_1; R^{nN} ) and a.e.,

λ^{1− 2q}m ∇u_m ⇁ 0 in L^q(B_1; R^{nN} ).

Following [EV] or [BF], Proposition 4.2, (and [Bi2], Proposition III. 4.7) we see that û satisfies ∫

B_1

D^2f(A)(∇û, ∇φ) dx = 0 ∀φ ∈ C^1_0 (B_1; R^N )

and since this linear system is elliptic, we have the Campanato inequality

(4.3) ∫ − B_τ | |∇û − (∇û)_{0,τ} |2 dx ≤ C_∗ τ_2 for some absolute constant C^∗. Let C_∗ = 2C^∗. Clearly (4.3) is in contradiction to (4.1) if we can improve the convergences stated in (4.2) to

(4.4)

∇u_m → ∇û in L^2_{loc}(B_1; R^{nN} ),

λ^{1− 2q}m ∇u_m → 0 in L^q_{loc}(B_1; R^{nN} ).

The first statement in (4.4) follows from Proposition 4.3 in [BF], “case q ≥ 2, μ = 2 − s”, for the second one we follow Proposition 4.5 (ii) from [BF], where the case μ = 2 − s ≤ 0 is the relevant one. With

Ψ_m = λ^{−1}_m [ (1 + |A_m + λ_m∇u_m|^2)^{s4} − (1 + |A_m|^2)^{s4} ]

(compare formula (4.18) in [BF]) Lemma 3.3 implies

(4.5) sup_m ‖Ψ_m‖_W 1_{2 (Bρ)} ≤ c(ρ) < ∞

for any ρ < 1, thus we can follow the arguments presented in [BF] after (4.20) to see that in case n ≥ 3 (4.5) implies (4.4) provided^{2q}_s <^{2n}_{n−2} , i.e. q < s^n_{n−2} . If n = 2, no further restriction is needed. □ We finish this section by adding some comments on the two-dimensional case.

PROPOSITION 4.1 Let n = 2 and consider an integrand f: R^{2N} → [0, ∞) of class C^2 just satisfying (1.2) with exponents 2 ≤ s < q such that q < 2s. Consider a local minimizer u ∈ W^1_{s,loc}(Ω; R^N ). Then there is an open subset Ω_0 of Ω, whose complement is of Hausdorffdimension zero, such that u ∈ C^{1,α}(Ω_0; R^N ) for any 0 < α < 1.

REMARK 4.1 For the definition of the Hausdorff-dimension we refer to [AFP]. In fact we have Ω_0 = Ω but the proof requires different arguments which will be presented in a subsequent paper.

Proof. According to Theorem 1.2 partial regularity holds in our situation, and, by Lemma 4.1, a point x_0 belongs to Ω_0 if and only if

lim sup r→0 | (∇u)_{x0,r} | < ∞ and E(x_0, r)−→_{r→0} 0. We recall inequality (3.13) from Lemma 3.1 in which we choose Q = 0. Using (1.2) we deduce ∫ B_{2R} η^2(1 + |∇v_ε|^2)^{s−22} |∇^2v_ε|^2 dx ≤ c ‖∇η‖^2_∞ {∫ spt ∇η δ(ε)(1 + |∇v_ε|^2)^{r2} dx + ∫ spt ∇η |D^2f(∇v_ε)| |∇v_ε|^2 dx } , and by Lemma 2.1 together with our L^q-estimates from Theorem 3.1 we see ∫ B_{2R} η^2(1 + |∇v_ε|^2)^{s−22} |∇^2v_ε|^2 dx ≤ c(η) < ∞, and s ≥ 2 implies a uniform local bound for ∇^2v_ε in L^2. Lemma 2.1, ii), immediately gives u ∈ W^2_{2,loc}(B_{2R}; R^N ), and since B_{2R} was arbitrary, we have u ∈ W^2_{2,loc}(Ω; R^N ). Finally, we recall n = 2 and apply Sobolev-Poincaré’s inequality to see that E(x, r) → 0 as r → 0 for any point x ∈ Ω. Thus x ∈ Ω is a singular point if and only if lim sup_{r→0} |(∇u)_{x,r}| = ∞. But according to [Gi], IV, Theorem 2.1, these points form a subset of Hausdorff-dimension zero. □

5 The subquadratic case

Up to now our considerations covered the case 2 ≤ s < q, next we analyze the situation for arbitrary exponents 1 < s < q and sketch the necessary adjustments which actually reduce to some formal remarks. First of all we observe that Lemma 1.1, iv), is also true for exponents s ∈ (1, 2), for example, we may quote Lemma 2.1 of [AF1]. By the same reasoning we obtain the upper bound Lemma 1.1, i), for exponents q < 2. Neither the definition of local minimizers nor the results of Lemmas 1.2 and 1.3 are affected by the choices for s and q.

ad Section 2. If q ≥ 2 and 1 < s < q, then f_δ is defined as before with any exponent r > q. Again we have (5.1) ∇v_{ε,δ} ∈ W^1_{2,loc}(Ω; R^{nN} ) ∩ L^∞_{loc}. If q < 2, then we may choose r = 2 still getting (5.1) on account of [GM], Theorem 5.1 (with the choice m = 2). Clearly, Lemma 2.1 does not depend on the choices for s and q.

ad Section 3. Due to (5.1) we still have the identity ∫ B_{2R} ∇ ~f_ε(∇v_ε) : ∇(η^2Γ^{α2}ε v_ε) dx = 0 ∀ α ≥ 0,

and with the same calculations as before we obtain Theorem 3.1. Lemma 3.1 requires no changes, and for Lemma 3.2 and Lemma 3.3 we can either quote the proofs of Proposition 3.5 and Lemma 3.6 of [BF] with μ := 2 − s or - for a more detailled exposition - the proofs of [Bi2], Proposition III.4.3 and Lemma III.4.4 (letting μ = 2 − s). Again the information δ(ε) ∫ B_R Γ r 2 ε dx → 0 as ε → 0 is needed which is contained in Lemma 2.1.

ad Section 4. The corresponding version of Lemma 3.1 can be found in [BF], Lemma 4.1, where in case q < 2 the excess function E(x, r) takes a form different to the one considered here. Anyhow, the general situation 1 < s < q is completely discussed in [BF], Section 4, leading to the condition q < s^n_{n−2} , if n ≥ 3, which is sufficient for the blow-up procedure.

A Appendix

Let f(ξ_1 . . . ξ_n) = ( 1 + |ξ|^2 + h(ξ_1) ) s_2 with h(ξ_1) = (1 + |ξ_1|^2)^qs for exponents 2 ≤ s < q. We have

(A.1) D^2f(ξ)(U, U) = s 2 [ 1 + |ξ|^2 + h(ξ_1) ] s−2_2 { 2|U|^2 + D^2h(ξ_1)(U_1, U_1) }

+ s 2 s − 2 2 [ . . . ] s_{2 −2}{ 2ξ : U + ∇h(ξ_1) · U_1

}_2 , and since the second term on the right-hand side of (A.1) is ≥ 0, we deduce on account of D^2h(ξ_1)(U_1, U_1) ≥ 0 the estimate

(A.2) s|U|^2 (1 + |ξ|^2)^{s−22} ≤ D^2f(ξ)(U, U).

In (A.2) we can not replace^{s−2}_2 by a larger exponent which is seen by choosing ξ_1 = U_1 = 0 in (A.1) and by considering large values of |ξ|. In this special case |D^2f(ξ)| can be controlled from above and from below by |ξ|^{s−2}. In order to obtain an upper bound for D^2f(ξ)(U, U) we observe |∇h(ξ_1)| ≤ c (1 + |ξ_1|^2)^{qs − 12} , |D^2h(ξ_1)| ≤ c (1 + |ξ_1|^2)^{qs −1} where c denotes various positive constants depending on the different parameters. From (A.1) we deduce:

(A.3) |D^2f(ξ)| ≤ c [ 1 + |ξ|^2 + (1 + |ξ_1|^2)^qs ] s−2_2 · { 1 + (1 + |ξ_1|^2)^qs^{−1} }

+c [ . . . ] s_{2 −2} · { |ξ| + (1 + |ξ_1|^2)^qs^{− 1}2

}_2 . Since s ≥ 2, the first term on the right-hand side of (A.3) is bounded from above by

c (1 + |ξ|^2)^{qs s−22} · (1 + |ξ|^2)^{qs −1} = c (1 + |ξ|^2)^{q−22}

which has the desired growth.

Next we discuss the second term by first observing [ . . . ] s_{2 −2}{ |ξ| + (1 + |ξ_1|^2)^{qs − 12}

}_2 ≤ c [ . . . ] s_{2 −2}{ 1 + |ξ|^2 + (1 + |ξ_1|^2)^{2 qs −1} } =: c α β. Case 1: In the case^s_2 ≥ 2 we have

α β ≤ c (1 + |ξ|^2)^{qs ( s2 −2)} (1 + |ξ|^2)^{2 qs −1} = c (1 + |ξ|^2)^{q−22} .

Case 2: If^s_2 < 2 then let us first assume in addition that

(a) 1 + |ξ|^2 ≤ (1 + |ξ_1|^2)^{2 qs −1}.

Dropping 1 + |ξ|^2 in α, we get

α ≤ (1 + |ξ_1|^2)^{qs ( s2 −2)}, β ≤ c (1 + |ξ_1|^2)^{2 qs −1},

hence α β ≤ c (1 + |ξ_1|^2)^{q2 −1} ≤ c (1 + |ξ|^2)^{q−22} .

Next let

(b) 1 + |ξ|^2 ≥ (1 + |ξ|^2)^{2 qs −1}.

Dropping (1 + |ξ_1|^2)^qs in α, we get

α ≤ (1 + |ξ|^2)^{s2 −2}.

For β we use our assumption (b) and get

β ≤ c (1 + |ξ|^2), thus α β ≤ c (1 + |ξ|^2)^{s2 −1} ≤ c (1 + |ξ|^2)^{q−22} .

Altogether we obtain inequality (1.2) for the above example. It should be noted that the exponent^{q−2}_2 occurring on the right-hand side is optimal.

REMARK A.1 With similar arguments we can show the validity of (1.2) for the first example from Remark 1.1 d). Moreover, it is an easy exercise to check (1.2) if we modify the first example in Remark 1.1 d) by letting f(ξ) = ( |ξ|^2 + ∑ α∈I (1 + |ξ_α|^2)^{qα}s

)^s_2

for some index set ∅ ≠ I ⊂ {1, . . . , n} and exponents 2 ≤ s < q_α, q := max{q_α : α ∈ I}.

B Appendix

Here we give a proof of

LEMMA B.1 Let v ∈ W^1_t (Ω; R^N ) for some 1 ≤ t < ∞ and consider a Lipschitz function Φ: R^N → R^k . Then Φ ∘ v is in the space W^1_t (Ω; R^k ) together with

(B.1) | |∂_α(Φ ∘ v) | | ≤ Lip (Φ) | |∂_αv | |, α = 1, . . . , n. REMARK B.1 In the paper [Me] the following weaker version of (B.1) is established (assuming t > 1)

(B.2) | |∇(Φ ∘ v) | | ≤ √ k Lip (Φ) |∇v|, but (B.2) does not imply the statement of Lemma 1.3.

Proof of Lemma B.1: From [MO], Theorem 3.1.9 we get Φ ∘ v ∈ W^1_t (Ω; R^k ) and

(B.3) ∂_α(Φ ∘ v) = DΦ(v)(∂_αv)

for any v ∈ W^1_t (Ω; R^N ) provided the Lipschitz function is in addition of class C^1. From (B.3) we deduce the estimate

(B.4) | |∇(Φ ∘ v) | | ≤ ‖ ‖DΦ ‖ ‖_∞ |∇v|. Clearly (B.4) is weaker than (B.1) since ‖DΦ‖_∞ is of order √ k Lip (Φ).

Let us first consider the case t > 1. Given v ∈ W^1_t (Ω; R^N ) we also suppose that Φ is a C^1 Lipschitz function and choose a sequence v_m ∈ C^∞(Ω; R^N ) such that

v_m → v in W^1_t (Ω; R^N ) and a.e. on Ω.

We have (1 ≤ α ≤ n) ∂_α ( Φ ∘ v_m ) (x) = lim_{t→0} 1 t ( Φ ( v_m(x + te_α) ) − Φ ( v_m(x) )) , thus

(B.5) | | |∂α(Φ ∘ vm) | | | ≤ Lip (Φ) |∂αvm|.

From (B.4) or (B.5) we deduce

sup_m ‖ ‖∇(Φ ∘ v_m) ‖ ‖ L^t(Ω) < ∞, and | | |Φ(vm) | | | ≤ Lip (Φ) |vm| + | | |Φ(0) | | | gives

sup_m ‖ ‖Φ ∘ vm ‖ ‖_{Lt(Ω)} < ∞, thus (t > 1) Φ ∘ v_m ⇁: w in W^1_t (Ω; R^k ) at least for a subsequence. Passing to a further

subsequence we see Φ ∘ v_m → w a.e. on Ω, thus w = Φ ∘ v. Consider B_r(z) ⊂ Ω and observe

that ∇(Φ ∘ v_m) ⇁ ∇(Φ ∘ v) in L^t(Ω; R^{nk} ) implies ∫ B_r (z) | |∂_α(Φ ∘ v) | | dx ≤ lim inf_{m→∞} ∫ B_r (z) | |∂_α(Φ ∘ v_m) | | dx (B.5) ≤ Lip (Φ) lim inf_{m→∞} ∫ B_r (z) | |∂_αv_m | | dx = Lip (Φ) ∫ B_r (z) | |∂_αv | | dx, therefore ∫ − B_r (z) | |∂_α(Φ ∘ v) | | dx ≤ Lip (Φ) ∫ − B_r (z) | |∂_αv | | dx,

and we have (B.1) in case t > 1 and Φ ∈ C^1 ∩ Lip (R^N ; R^k ).

Next we assume that Φ is merely Lipschitz. If Φ_ε is a mollification of Φ, we have

Lip (Φ_ε) ≤ Lip, (Φ), Φ_ε → Φ uniformly

as ε → 0, moreover Φ_ε ∘ v → Φ ∘ v in L^t(Ω; R^k ) and a.e. The case considered before implies

(B.6) | |∂_α(Φ_ε ∘ v) | | ≤ Lip (Φ_ε) |∂_αv|, thus (t > 1) Φ_ε ∘ v ⇁ Φ ∘ v in W^1_t (Ω; R^k ). Semicontinuity of the norm gives as before ∫ − B_r (z) | | |∂α(Φ ∘ v) | | | dx ≤ lim inf_{ε→0} ∫ − B_r (z) | | |∂α(Φε ∘ v) | | | dx^{(B.6)}≤ lim inf_{ε→0} Lip (Φε) ∫ − B_r (z) | | |∂αv | | | dx.

Summing up Lemma B.1 is established in case t > 1. For completeness let v ∈ W^1_1 (Ω; R^N )

and consider a Lipschitz function Φ: R^N → R^k . Let v_m ∈ C^∞(Ω; R^N ) such that v_m → v in

W^1_1 (Ω; R^N ) and a.e. Clearly Φ(v_m) → Φ(v) in L^1(Ω; R^k ) and a.e., thus Φ(v) ∈ BV (Ω; R^k ) and | |∇(Φ ∘ v) | |(Ω) ≤ lim inf_{m→∞} ∫ Ω | |∇(Φ ∘ v_m) | | dx^∗≤ Lip (Φ) lim_{m→∞} ∫ Ω |∇v_m| dx = Lip (Φ) ∫ Ω |∇v| dx. Observe that in ∗ we used (B.1) for the sequence {v_m} which is in any space W^1_t (Ω; R^N ),

t > 1. By the same reasoning we get for any ball B_r(z) ⊂ Ω | |∇(Φ ∘ v) | |(B_r(z)) ≤ lim inf_{m→∞} ∫ B_r (z) | |∇(Φ ∘ v_m) | | dx ≤ Lip (Φ) lim_{m→∞} ∫ B_r (z) | |∇v_m | | dx = Lip (Φ) ∫ B_r (z) |∇v| dx.

Applying the Besicovitch derivation theorem (see [AFP], Theorem 2.22, p. 54; choose ν = ∇Φ(v), μ = |∇v| · L^n) we deduce ∇(Φ ∘ v) ∈ L^1(Ω; R^{nk} ) and |∇(Φ ∘ v)| ≤ Lip (Φ)|∇v|. This is Lemma B.1 in the limit case t = 1 provided we replace ∇ by ∂_α in the above calculations. □ References

[AF1] Acerbi, E., Fusco, N., Regularity for minimizers of non–quadratic functionals. The case 1 < p < 2. J. Math. Anal. Appl. 140 (1989), 115–135.

[AF2] Acerbi, E., Fusco, N., Partial regularity under anisotropic (p, q) growth conditions.

J. Diff. Equ. 107, No. 1 (1994), 46–67.

[AFP] Ambrosio, L., Fusco, N., Pallara, D., Functions of Bounded Variation and Free Discontinuity Problems. Oxford Science Publications, Clarendon Press, Oxford 2000 [Bi1] Bildhauer, M., Apriori gradient estimates for bounded generalized solutions of a class of variational problems with linear growth. Preprint Saarland University No. 29 (2001).

[Bi2] Bildhauer, M., Convex variational problems with linear, nearly linear and/or anisotropic growth conditions. To appear.

[BF] Bildhauer, M., Fuchs, M., Partial regularity for variational integrals with (s, μ, q)–growth.

To appear in Calc. Var.

[BFM] Bildhauer, M., Fuchs, M., Mingione, G., Apriori gradient bounds and local C^{1,α}–estimates for (double) obstacle problems under nonstandard growth conditions. To appear in Z. Anal. Anw.

[CA] Campanato, S., Hölder continuity of the solutions of some non–linear elliptic systems.

Adv. Math. 48 (1983), 16–43.

[Da] Dacorogna, B., Direct methods in the calculus of variations. Applied Mathematical Sciences 78, Springer, Berlin-Heidelberg-New York, 1989.

[DLM] D’Ottavio, A., Leonetti, F., Musciano, C., Maximum principle for vector valued mappings minimizing variational integrals. Atti Sem. Mat. Fis. Univ. Modena (1998).

[ELM1] Esposito, L., Leonetti, F., Mingione, G., Higher integrability for minimizers of integral functionals with (p,q)-growth. J. Diff. Eq. 157 (1999), 414–438.

[ELM2] Esposito, L., Leonetti, F., Mingione, G., Regularity for minimizers of functionals with p-q growth. Nonlinear Diff. Equations Appl. 6 (1999), 133–148.

[EV] Evans, L. C., Quasiconvexity and partial regularity in the calculus of variations.

Arch. Rat. Mech. Anal. 95 (1986), 227–252.

[FM] Fonseca, I., Malý, J. Relaxation of multiple integrals below the growth exponent.

Ann. Inst. H.Poincaré Anal. Non Linéaire 14 (1997), 309–338.

[FuM] Fuchs, M., Mingione, G., Full C^{1,α}–regularity for free and constrained local minimizers of elliptic variational integrals with nearly linear growth. Manus. Math. 102 (2000), 227–250.

[FO] Fuchs, M., Osmolovski, V., Variational integrals on Orlicz–Sobolev spaces.

Z. Anal. Anw. 17 (1998), 393–415.

[FS] Fuchs, M., Seregin, G., Variational models for fluids of Prandtl–Eyring type and plastic materials with logarithmic hardening. Math. Meth. Appl. Sci. 22 (1999), 317–351.

[Gi] Giaquinta, M., Multiple integrals in the calculus of variations and nonlinear elliptic systems. Ann. Math. Studies 105, Princeton University Press, Princeton 1983.

[GM] Giaquinta, M., Modica, G., Remarks on the regularity of the minimizers of certain degenerate functionals. Manus. Math. 57 (1986), 55–99.

[Ma1] Marcellini, P., Regularity of minimizers of integrals of the calculus of variations with non standard growth conditions. Arch. Rat. Mech. Anal. 105 (1989), 267–284.

[Ma2] Marcellini, P., Regularity and existence of solutions of elliptic equations with (p, q)–growth conditions. J. Diff. Equ. 90 (1991), 1–30.

[Ma3] Marcellini, P., Everywhere regularity for a class of elliptic systems without growth conditions. Ann. Scuola Norm. Sup. Pisa 23 (1996), 1–25.

[Me] Meier, M., Reguläre und singuläre Lösungen quasilinearer elliptischer Gleichungen und Systeme I, II. Preprint Bonn University/SFB 72 No. 245, 246 (1979).

[MS] Mingione, G., Siepe, F., Full C^{1,α} regularity for minimizers of integral functionals with L log L growth. Z. Anal. Anw. 18 (1999), 1083–1100.

[MO] Morrey, C. B., Multiple integrals in the calculus of variations. Grundlehren der math. Wiss. in Einzeldarstellungen 130, Springer, Berlin–Heidelberg–New York 1966.

[PS] Passarelli Di Napoli, A., Siepe, F., A regularity result for a class of anisotropic systems.

Rend. Ist. Mat. Univ. Trieste 28, No.1-2 (1996), 13–31.