Universität des Saarlandes

Fachrichtung 6.1 – Mathematik

Preprint

Convex Variational Problems with Linear Growth Michael Bildhauer and Martin Fuchs

Preprint No. 48 Saarbrücken 2002

Universität des Saarlandes

Fachrichtung 6.1 – Mathematik

Convex Variational Problems with Linear Growth

Michael Bildhauer

Saarland University Department of Mathematics Postfach 15 11 50 D–66041 Saarbrücken Germany E-Mail: bibi@math.uni-sb.de

Martin Fuchs

Saarland University Department of Mathematics Postfach 15 11 50 D–66041 Saarbrücken Germany E-Mail: fuchs@math.uni-sb.de

submitted: January 22, 2002

Preprint No. 48

Saarbrücken 2002

Edited by FR 6.1 – Mathematik Im Stadtwald D–66041 Saarbrücken Germany

Fax: + 49 681 302 4443 e-mail: preprint@math.uni-sb.de WWW: http://www.math.uni-sb.de/

1 Introduction

For a bounded Lipschitz domain Ω ⊂ R^n , n ≥ 2, and a function u_0 ∈ W^1_1 (Ω; R^N ) we consider the variational problem J[w] = ∫ Ω f(∇w) dx → min in u_0+^∘W_1^1(Ω; R^N ) , (1)

where f: R^{nN} → [0, ∞) is a strictly convex integrand of linear growth, i.e. a|Z| − b ≤ f(Z) ≤ A|Z| + B for all Z ∈ R^{nN} (2) holds with suitable constants a, A > 0, b, B ∈ R. Clearly (1) fails to have solutions in general, therefore we introduce the set M = { u ∈ BV(Ω; R^N ) : u is the L^1-limit of some J-minimizing sequence {u_k} ⊂ u_0+^∘W_1^1(Ω; R^N ) }

of generalized minimizers of problem (1). It is well known that the elements u of M naturally occur as minimizers of suitable relaxed versions of problem (1), precisely (see [11] or [7]) we have: let K[w] = ∫ Ω f(∇^aw) dx + ∫ Ω f_∞ ( ∇sw |∇^sw| ) d|∇^sw| + ∫ ∂Ω f_∞ ( (u_0 − u) ⊗ ν ) dH^{n−1} , w ∈ BV(Ω; R^N ) ,

where ν is the outward unit normal to ∂Ω, f_∞ is the recession function of f, and ∇^aw and ∇^sw denote the regular and singular part of ∇w w.r.t. the Lebesgue measure, respectively. Then • K[w] → min in BV (Ω; R^N ) has at least one solution;

• inf

u_0+^∘W_1(Ω;R^N )

J = inf_{BV(Ω;RN )} K;

• u is K-minimizing ⇔ u ∈ M.

It should be noted that there exists a formally different approach to relaxation based on the notion of a suitable Lagrangian (see [20] and [17]): let L(w, κ) = ∫ Ω div κ · (u_0 − w) dx − ∫ Ω f^∗(κ) dx + ∫ Ω κ : ∇u_0 dx , w ∈ BV(Ω; R^N ), κ ∈ U := { σ ∈ L^∞(Ω; R^{nN} ) : div σ ∈ L^n(Ω; R^N ) } , AMS Subject Classification: 49N60, 49N15, 49M29, 35J Keywords: linear growth, minimizers, regularity, duality, BV-functions

where f^∗ is the conjugate function of f. We introduce

J̃[w] = sup σ∈U L(w, σ) as relaxation of J to the space BV (Ω; R^N ), but in [7] we showed that K and J̃ coincide on BV(Ω; R^N ).

In our note we like to investigate the regularity properties of generalized minimizers u ∈ M. To this purpose we assume in addition to (2) that f is of class C^2(R^{nN} ). Then, according to [2], we know ∇u ∈ C^{0,α}(Ω_0; R^{nN} ) for any 0 < α < 1, where Ω_0 is an open subset of Ω with full Lebesgue measure, provided we have D^2f(Z)(Y, Y ) > 0 for any Z, Y ∈ R^{nN} , Y ≠ 0. Another regularity result concerning the scalar case N = 1 is established in [10]: generalized minimizers u ∈ M are smooth in the interior of Ω if f satisfies a minimal surface type ellipticity condition. In order to get rid of this quite restrictive assumption we introduce the class of μ-elliptic, linear growth integrands.

Definition 1 Let f ∈ C^2(R^{nN} ) satisfy (2) together with |∇f(Z)| ≤ M < ∞ for any Z ∈ R^{nN} . (3) Then, we say that f is μ-elliptic for some number μ > 1 if and only if

λ(1 + |Z|^2)^{− μ2} |Y |^2 ≤ D^2f(Z)(Y, Y ) ≤ Λ(1 + |Z|^2)^{− 12} |Y |^2 (4)

holds with positive constants λ, Λ and for all Y , Z ∈ R^{nN} .

Remark 1 It is easy to show that (3) and (4) imply (2).

In Sect. 2 we will give a list of examples satisfying (4) for any given number μ > 1. From now on we restrict ourselves to the scalar case N = 1, the reader will find further comments concerning vectorial problems in [3].

Let us first recall some recent results on the regularity of generalized minimizers.

Theorem 1 ([6]) Consider an integrand f as in Definition 1 and assume μ < 1 + 2/n. Then we have:

i) M ⊂ C^{1,α}(Ω) for any 0 < α < 1.

ii) If u, v ∈ M, then there is a real number c such that u = v + c.

So the strong assumption μ < 1 + 2/n implies regularity together with uniqueness up to a constant. Unfortunately the condition on μ becomes more and more restrictive if n → ∞. But we can compensate this effect by considering good boundary data.

Theorem 2 ([4]) Suppose that u_0 ∈ L^∞(Ω) and let the assumptions of Theorem 1 hold for some μ < 3. Then i) and ii) of Theorem 1 continue to hold.

The next result concerns the limit case μ = 3:

Theorem 3 ([4]) Suppose that we are in the situation of Theorem 2 with μ = 3. Then there is a generalized minimizer u^∗ ∈ M such that

i) ∇^su^∗ = 0.

ii) For any Ω^′ ⋐ Ω we have ∫ Ω^′

|∇u^∗| ln^2(1 + |∇u^∗|^2) dx < ∞ .

iii) u^∗ is (up to a constant) the unique solution of the problem ∫ Ω f(∇w) dx + ∫ ∂Ω f_∞ ( (u_0 − w) ⊗ ν ) dH^{n−1} → min in W^1_1 (Ω) .

Note that from iii) of Theorem 3 we deduce that the relaxed problem

K[w] → min in BV(Ω)

admits a solution in W^1_1 (Ω).

The main concern of our paper is to emphasize the role of the limit exponent μ = 3. To this purpose we first extend Theorem 3 to integrands with an additional smooth xdependence (Sect. 3), in a second step we construct an example which shows that we can not go beyond the limit case μ = 3 in Theorem 4 below. This strongly indicates that Theorem 3 is sharp in the sense that also in the x-independent situation studied in Theorem 3 there exist generalized minimizers which are not of class W^1_1 if we replace the exponent μ = 3 by some slightly larger number.

2 Examples of μ-elliptic integrands

i) Let us start with the most prominent example: the minimal surface integrand f(Z) = √ 1 + |Z|^2 satisfies Definition 1 with the limit exponent μ = 3. However, there is much better information on account of the geometric structure of this example, in particular we have

c_1 √ 1 + |Z|^2 [ |Y |^2 − (Y · Z)^2 1 + |Z|^2 ] ≤ D^2f(Z)(Y, Y )

≤ c_2 √ 1 + |Z|^2 [ |Y |^2 − (Y · Z)^2 1 + |Z|^2 ] (5) for all Z, Y ∈ R^n with some real numbers c_1, c_2.

Given an integrand satisfying this condition, Ladyzhenskaya/Ural’tseva ([13]) and Giaquinta/Modica/Souček ([10]) then use Sobolev’s inequality for functions defined on minimal hypersurfaces (compare [15] and [9]) as an essential tool for proving their regularity results.

ii) We fix μ > 1, let φ(r) = ∫_r 0 ∫_s 0 (1 + t^2)^{− μ2} dt ds , r ∈ R^+_0 ,

and consider Φ_μ(Z) = φ(|Z|). By direct calculations it is easy to see that Φ_μ is an μelliptic integrand of linear growth in the sense of Definition 1, in particular (4) is satisfied with the optimal exponent μ.

If we choose μ = 1, then we obtain an integrand of nearly linear growth which, at least for large |Z|, behaves like |Z| ln(1 + |Z|). If μ = 2, then the explicit representation reads as

Φ_2(Z) = |Z| arctan |Z| − 1 2 ln(1 + |Z|^2) .

In the limit case μ = 3, it is easy to perform the integrations and the minimal surface example is exactly recovered.

iii) On account of the above observation we need to give some examples with limit ellipticity μ = 3, with linear growth and which are not of minimal surface structure in the sense of (5).

A somehow technical example can be constructed by considering the function Φ_μ for some fixed 1 < μ < 3, where we now “destroy” ellipticity by inserting “linear pieces” (compare the construction of integrands with (s, μ, q)-growth given in [8]). Then, on one hand, the inequality on the right-hand side of (5) is no longer valid. On the other hand, we have degenerate ellipticity and by adding some minimal surface part we get an “μ = 3”-elliptic energy density which is not of minimal surface type.

We did this piecewise construction for the following reason: the Ansatz f(Z) = g(|Z|) automatically leads (more or less) to the minimal surface structure. In particular, if Z ⊥ Y ∈ R^n and if f is of linear growth, hence g^′(t) → c as t → +∞, then

D^2f(Z)(Y, Y ) = g^′(|Z|) |Z| |Y |^2 ≈ (1 + |Z|^2)^{− 12} |Y |^2

if |Z| is sufficiently large.

Nevertheless, there exists a different natural class of examples where the above structure is lost: the idea is to replace |Z| by the distance to a convex set by the way obtaining a variety of interesting energy densities. Let us just sketch a very easy example in the case n = 2, Z = (z_1, z_2). Denote by C the upper unit half disc, i.e. C = {Z : |Z| < 1, z_2 > 0} (for the sake of simplicity we neglect a smoothing procedure at the edges). Note that the distance function ρ(Z) := dist(Z, C) coincides (up to the constant 1) in the upper half plane (for |Z| > 1) with |Z|. Now let f(Z) = √ 1 + ρ^2(Z) .

We are mainly interested in the points Z = (0, z_2), z_2 < 0, |z_2| ≫ 1: it is immediately verified that in this case

D^2f ( (0, z_2) ) (e_1, e_1) = 0 ,

D^2f ( (0, z_2) ) (e_2, e_2) = ( 1 + |ρ^2 ( (0, z_2) ) | )_− 3_2 = (1 + |Z|^2)^{− 32} , where e_i, i = 1, 2, denotes the i^{th} unit coordinate vector. In particular we observe that the minimal surface structure is completely destroyed on account of the degeneracy of C. This of course induces degeneracy of f as well. The first way of obtaining μ-elliptic integrands with linear growth evidently is to change the geometry in a suitable way. We prefer a simple and more anisotropic idea: let (for |Z| > 1) τ ( (z_1, z_2) ) = 1 2 z_1 + ρ ( (z_1, z_2) ) , f̃((z_1, z_2)) = √ 1 + τ^2 ( z_1, z_2) ) . Then there is a positive constant c such that c^{−1}|Z| ≤ τ ( (z_1, z_2) ) ≤ c|Z| for all |Z| sufficiently large, and if z_2 < 0, |z_2| ≫ 1, then we obtain in both coordinate directions e_i, i = 1, 2, with suitable constants c_i

D^2f̃ ( (0, z_2) ) (e_i, e_i) = c_i(1 + |τ ( (0, z_2) ) |^2)^{− 32} .

Summarizing the properties of f̃ we see that this function is of linear growth and satisfies the μ-ellipticity condition with limit exponent μ = 3. Moreover, f̃ does not satisfy the minimal surface ellipticity condition (5), and there is no chance to get something analogous: given the points (0, z_2) as above, both eigenvalues of D^2f̃ ( (0, z_2) ) grow like (1 + |Z|^2)^{−3/2}.

3 Smooth x-dependence

Now we are going to prove that Theorem 3 remains valid if we admit an additional smooth x-dependence of the energy density f. This will enable us in the next section to discuss the sharpness of our results. To be precise, let us suppose that we now have

Assumption 1 There are constants c_1, . . . , c_7 such that for all x ∈ Ω, for all P , U, V ∈ R^n and for any γ = 1, . . . , n

i) the variational integrand f = f(x, P ) is of linear growth in P , uniformly w.r.t. x, i.e. a|P | − b ≤ f(x, P ) ≤ A|P | + B holds with constants which are not depending on x;

ii) f(x, P ) is of class C^2 ( Ω × R^n ) and any of the derivatives occurring below exist;

iii) | |∇_P f(x, P ) | | ≤ c_1;

iv) c_2(1 + |P |^2)^{− 32} |U|^2 ≤ D^2_P f(x, P )(U, U) ≤ c_3(1 + |P |^2)^{− 12} |U|^2;

v) | |∂_γ ∇_P f(x, P ) | | ≤ c_4;

vi) | |∂_γ ∂_γ ∇_P f(x, P ) | | ≤ c_5;

vii) | ∂_γ D^2_P f(x, P )(U, V ) | ≤ c_6 | D^2_P f(x, P )(U, V ) | + c_7 1 + |P |^2 |U||V |. Remark 2 Maybe, assumption vii) needs some brief comment: if we want to include integrands of the type f(x, P ) = g(α(x)P ) with some scalar function α in our considerations, then we can not expect that ∂_γ D^2_P f and D^2_P f define equivalent bilinear forms on R^n . However, the admissible pertubation on the right-hand side of vii) in particular is weak enough to be verified for the counterexample of the next section.

The x-dependent variant of Theorem 3 then reads as

Theorem 4 Theorem 3 remains valid also for energy densities satisfying Assumption 1.

Proof. We follow the lines of [4] (see also [3]) and start by letting

J_δ[w] := δ 2 ∫ Ω |∇w|^2 dx + ∫ Ω f(x, ∇w) dx , w ∈ u_0+^∘W_2^1(Ω) , δ ∈ (0, 1) .

Here and in the following we may assume in addition that u_0 ∈ L^∞ ∩ W^1_2 (Ω), the well known approximation procedure needed to handle the case u_0 ∈ L^∞ ∩ W^1_1 (Ω) is outlined, for instance, in [5]. Next, let u_δ denote the unique solution of the variational problem

J_δ[w] → min in u_0+^∘W_2^1(Ω)

and abbreviate f_δ(x, P ) =^δ_2 |P |^2 +f(x, P ). Then the main properties of the regularization {u_δ} are summarized in

Lemma 1 i) The regularizing sequence {u_δ} is a J-minimizing sequence from u_0+^∘W_1^1(Ω);

ii) there is a real number c, independent of δ, such that δ ∫ Ω |∇u_δ|^2 dx ≤ c , ∫ Ω |∇u_δ| dx ≤ c ;

iii) u_δ is of class W^2_{2,loc} ∩ W^1_{∞,loc}(Ω);

iv) ∫ Ω ∇_P f_δ(x, ∇u_δ) · ∇φ dx = 0 for all φ ∈ C^∞_0 (Ω) ;

v) for all φ ∈ C^∞_0 (Ω), γ = 1, . . . , n, we also have ∫ Ω D^2_P f_δ(x, ∇u_δ)(∂_γ ∇u_δ, ∇φ) dx + ∫ Ω (∂_γ ∇_P f_δ)(x, ∇u_δ) · ∇φ dx = 0 , where iii)–v) are valid for any δ ∈ (0, 1).

Proof. For i) we observe that the additional x-dependence does not affect the corresponding arguments of [5] (compare [18] for the case of integrands depending on the modulus of the gradient). Alternatively, we can follow the reasoning outlined in [10] which is based on Reshetnyak’s lower semicontinuity theorem (see [16]). Claim ii) is immediate by J_δ[u_δ] ≤ J_δ[u_0] ≤ J_1[u_0] and the linear growth of f, iv) is the Euler equation for u_δ which implies iii) by Theorem 5.2, Chapter 4, of [12]. With the higher integrability and differentiability given in iii), we finally may differentiate iv) to obtain v). ■

Next we state the main

Lemma 2 Suppose that the hypotheses of Theorem 4 are valid and let {u_δ} be given as above. Then, for any domain Ω^′ ⋐ Ω, there is a real number c(Ω^′) – independent of δ – such that ∫

Ω^′

|∇u_δ| ln^2(1 + |∇u_δ|^2) dx ≤ c(Ω^′) < ∞ .

Proof. Let us abbreviate Γ_δ = 1 + |∇u_δ|^2, ω_δ = ln(Γ_δ) and fix some ball B_{2r}(x_0) ⋐ Ω. Given η ∈ C^∞_0 (B_{2r}(x_0)), 0 ≤ η ≤ 1, η ≡ 1 on B_r(x_0), we conclude from Lemma 1, iii), and from standard density arguments that φ = u_δω^2_δ η^2 is an admissible choice in Lemma 1, iv), hence ∫ B_{2r} (x_0)

∇_P f(x, ∇u_δ) · ∇u_δω^2_δ η^2 dx + δ ∫ B_{2r} (x_0)

|∇u_δ|^2ω^2_δ η^2 dx = − ∫ B_{2r} (x_0) ∇_P f(x, ∇u_δ) · u_δ [ ∇ω^2_δ η^2 + ∇η^2ω^2_δ ] dx −δ ∫ B_{2r} (x_0) ∇u_δ · u_δ [ ∇ω^2_δ η^2 + ∇η^2ω^2_δ ] dx . (6)

Note that the equations iv) and v) of Lemma 1 remain unchanged if we replace f(x, P ) by f_{x0} := f(x, P ) − ∇_P f(x_0, 0) · P . Moreover, without changing the constants c_2–c_7, the inequalities iv)–vii) of Assumption 1 are valid with f replaced by f_{x0} . Finally, we find a positive number c_1 such that iii) of Assumption 1 holds uniformly w.r.t. x_0 for any f_{x0} as above. As a consequence, we may assume w.l.o.g. that ∇_P f(x_0, 0) = 0. This implies by Assumption 1, iv),

∇_P f(x_0, P ) · P =

∫_1 0 d dθ ∇_P f(x_0, θP ) · P dθ ≥ c_2|P | ∫_{|P |} 0 (1 + ρ^2)^{− 32} dρ , thus, recalling Assumption 1, v), we may choose r sufficiently small such that for all x ∈ B_{2r}(x_0) ∇_P f(x, P ) · P ≥ c^′(1 + |P |^2)^{12} − c^{′′} (7) holds for some real numbers c^′, c^{′′} which are not depending on x. Inequality (7) implies that the left-hand side of (6) is greater than or equal to ∫ B_{2r} (x_0) [ c^′Γ^{12}_δ ω^2_δ η^2 − c^{′′}ω^2_δ η^2 ] dx + δ ∫ B_{2r} (x_0)

|∇u_δ|^2ω^2_δ η^2 dx . (8)

Since |∇f| and |u_δ| are bounded, we find the following estimate for the right-hand side of (6) (using Young’s inequality with ε > 0 fixed)

r.h.s ≤ c ∫ B_{2r} (x_0)

η^2 [ εΓ^{12}_δ ω^2_δ + ε^{−1}Γ^{− 12}_δ |∇ω_δ|^2 ] dx +c(r) ∫ B_{2r} (x_0)

ω^2_δ dx +cδ ∫ B_{2r} (x_0)

η^2 [ ε|∇u_δ|^2ω^2_δ + ε^{−1}|∇ω_δ|^2 ] dx +c(r)δ ∫ B_{2r} (x_0) |∇u_δ|ω^2_δ dx . (9) Clearly ∫ B_{2r} (x_0) ω 2 δ dx and δ ∫ B_{2r} (x_0) |∇uδ|ω 2 δ dx are uniformly bounded with respect to δ (compare Lemma 1, ii)). Hence (6), (8) and (9) imply after absorbing terms (for ε sufficiently small) ∫ B_r (x_0)

Γ^{12}_δ ω^2_δ dx ≤ c [ 1 + ∫ B_{2r} (x_0)

Γ^{− 12}_δ |∇ω_δ|^2η^2 dx +δ ∫ B_{2r} (x_0)

|∇ω_δ|^2η^2 dx ] . (10)

Given (10), we observe that a.e. |∇ω_δ|^2 ≤ c 1 1 + |∇u_δ|^2

|∇^2u_δ|^2 ,

thus we may use Assumption 1, iv), with the result ∫ B_r (x_0)

Γ^{12}_δ ω^2_δ dx ≤ c [ 1 + c ∫ B_{2r} (x_0) ( Γ^{− 12}_δ + δ ) Γ^{−1}_δ |∇^2u_δ|^2η^2 dx ] (11) ≤ c [ 1 + c ∫ B_{2r} (x_0)

D^2f_δ(∇u_δ) ( ∂_γ ∇u_δ, ∂_γ ∇u_δ ) η^2 dx ] . Here and in the following we always take the sum w.r.t. repeated Greek indices γ = 1, . . . , n. Now, Lemma 2 is proved once we have found a uniform bound for the righthand side of (11). To this purpose we observe that the starting integrability of u_δ is good enough (recall Lemma 1, iii)) to take φ = η^2∂_γ u_δ, η as above, as an admissible test function in the differentiated Euler equation v) of Lemma 1 (of course we again need some standard density argument). As a result we obtain ∫ B_{2r} (x_0)

D^2_P f_δ(x, ∇u_δ)(∂_γ ∇u_δ, ∂_γ ∇u_δ)η^2 dx = −2 ∫ B_{2r} (x_0) D^2_P f_δ(x, ∇u_δ)(∂_γ ∇u_δ, ∇η)η∂_γ u_δ dx −2 ∫ B_{2r} (x_0) (∂_γ ∇_P f_δ)(x, ∇u_δ) · ∂_γ u_δ∇ηη dx − ∫ B_{2r} (x_0)

(∂_γ ∇_P f_δ)(x, ∇u_δ) · ∂_γ ∇u_δη^2 dx =: I + II + III . (12) By Assumption 1, v), we have |II| ≤ c(η) ∫ B_{2r} (x_0) |∇u_δ| dx ≤ c , whereas the first integral on the right-hand side of (12) is handled with Young’s inequality for ε > 0 sufficiently small |I| ≤ ε ∫ B_{2r} (x_0)

D^2_P f_δ(x, ∇u_δ)(∂_γ ∇u_δ, ∂_γ ∇u_δ)η^2 dx +cε^{−1} ∫ B_{2r} (x_0) |D^2_P f_δ(x, ∇u_δ)||∇η|^2|∇u_δ|^2 dx . Here the second integral on the right-hand side is uniformly bounded, the first one can be absorbed on the left-hand side of (12), hence it remains to find an upper bound for III. We perform a partial integration to obtain III = ∫ B_{2r} (x_0)

(∂_γ ∂_γ ∇_P f_δ)(x, ∇u_δ) · ∇u_δη^2 dx + ∫ B_{2r} (x_0)

(∂_γ D^2_P f_δ)(x, ∇u_δ)(∂_γ ∇u_δ, ∇u_δ)η^2 dx + ∫ B_{2r} (x_0)

(∂_γ ∇_P f_δ)(x, ∇u_δ) · ∇u_δ∂_γ η^2 dx =: III_1 + III_2 + III_3 .

Assumption 1, vi), shows that |III_1| is bounded independent of δ, the uniform estimate for |III_3| again follows from v) of Assumption 1. Finally, for the consideration of |III_2| we make use of Assumption 1, vii), which, together with Young’s inequality, gives for ε > 0

(note that the γ-derivative of the δ-part vanishes) |III_2| ≤ c ∫ B_{2r} (x_0) |D^2_P f(x, ∇u_δ)(∂_γ ∇u_δ, ∇u_δ)|η^2 dx +c ∫ B_{2r} (x_0)

(1 + |∇u_δ|^2)^{−1}|∇^2u_δ||∇u_δ|η^2 dx ≤ cε ∫ B_{2r} (x_0)

D^2_P f(x, ∇u_δ)(∂_γ ∇u_δ, ∂_γ ∇u_δ)η^2 dx +cε^{−1} ∫ B_{2r} (x_0) D^2_P f(x, ∇u_δ)(∇u_δ, ∇u_δ)η^2 dx +cε ∫ B_{2r} (x_0)

(1 + |∇u_δ|^2)^{− 32} |∇^2u_δ|^2η^2 dx +cε^{−1} ∫ B_{2r} (x_0)

(1 + |∇u_δ|^2)^{− 12} |∇u_δ|^2η^2 dx . (13)

Note that, on account of the ellipticity Assumption 1, iv), the third integral on the righthand side is estimated by the first one which in turn is absorbed on the left-hand side of (12). The remaining two integrals on the right-hand side of (13) are handled with the linear growth of f and Lemma 2 is proved. ■

Since the regularization {u_δ} is a J-minimizing sequence (recall Lemma 1, i)), each L^1- cluster point u^∗ is a generalized minimizer which satisfies on account of Lemma 2 the higher integrability claimed in Theorem 4. Once higher integrability of the gradient is shown, the last assertion (concerning uniqueness) can be taken from [7] and the proof of Theorem 4 is complete. ■

4 A counterexample to Theorem 4 in case μ > 3

We proceed with an example on the sharpness of Theorem 4. The idea originates from [10], Example 3.2, where the authors restrict themselves to the one-dimensional situation. We follow the proposal of Giaquinta, Modica and Souček and give a rigorous proof that the arguments extend to higher-dimensional annuli Ω. What is more, the example given in [10] is degenerated which is not the case in the modification outlined below. As a consequence, we precisely can verify the assumptions of Sect. 3 with the exception that we now have μ > 3.

The general setting is the following: let n = 2 and |x| = √ x^2_1 + x^2 = r. We fix some positive numbers 0 < ρ_1 < ρ_2, ρ := (ρ_2 − ρ_1)/2 and choose

Ω := { x ∈ R^2 : ρ_1 < r < ρ_2 } . Moreover, α: Ω → R is defined by α(r) := 1 + γ|r − ρ|^2 , where the positive parameter γ is chosen later on (see (18)). If k > 2 is fixed, then the energy density under consideration reads as f(x, P ) = f(r, P ) = { (1 + α(r)|P |^k)^1k if |P | > ε , h(r, P ) if |P | ≤ ε . Here h(r, P ) is chosen such that f(x, P ) is strictly convex, non-degenerate in P and such that f(x, P ) of class C^2(Ω × R^2 ). For an explicit construction we may consider

f̃(P ) = { (1 + |P |^k)^1k if |P | > ε , h̃(P ) if |P | ≤ ε , together with the Ansatz

h̃(P ) = a + b(1 + |P |^l)^1l + c|P |^2 ,

where a, b and c are suitable constants and l > k. The requirement that f̃ is of class C^2(R^2 ) in particular implies

b = (1 + |ε|^k)^{1k −2}(1 + |ε|^l)^{2− 1l} |ε|^{k−l} k − 2 − |ε|^k l − 2 − |ε|^l > 0 , c = 1 2 |ε|^{k−2}(1 + |ε|^k)^{1k −2} [ (1 + |ε|^k) − (1 + |ε|^l) k − 2 − |ε|^k k − 2 − |ε|^l ] > 0 .

We then let h(r, P ) := h̃([α(r)]^{1/k}P ). Finally, the choice of the second parameter 0 < ε < 1 will be made in inequality (26) below.

Theorem 5 With the above notation, the variational problem

J[w] := ∫ Ω f(x, ∇w) dx → min in u_0+^∘W_1^1(Ω)

does not admit a generalized minimizer v ∈ M of class W^1_1 (Ω) if u_0 is supposed to satisfy u_0(ρ_1) = −a and u_0(ρ_2) = a for a constant a > 0 sufficiently large (see (29)). Here and in the following – with a slight abuse of notation – we write u(x_1, x_2) = u(r) whenever u is merely depending on |x|.

Remark 3 i) Note that the ellipticity exponent of f is given by μ = k + 1 > 3, hence we really obtain an example on the sharpness of our results.

ii) Moreover, it should be emphasized that the boundary values u_0 may be chosen as a function of class C^∞(Ω).

Proof. Assume by contradiction that v ∈ W^1_1 (Ω) is a generalized minimizer. Then the proof of Theorem 5 splits into three steps.

Step 1. First of all we note that by the symmetry of the problem and with the obvious meaning of notation (after introducing polar coordinates) we have v(r, φ) = v(r) . (14) In fact, consider the regularization {u_δ} of Sect. 3 which clearly satisfies u_δ(r, φ) = u_δ(r) since for any real number φ_0 the function u_δ(r, φ + φ_0) is J_δ-minimizing with respect to the boundary values u_0 as well. Hence, uniqueness of minimizers proves the claim for u_δ. Next, consider a L^1-cluster point u^∗ ∈ M of the sequence {u_δ}, in particular we have u^∗ = u^∗(r). It was already mentioned above that there is an open set Ω_0 of full measure such that u^∗ ∈ C^{1,α}(Ω_0). As an immediate consequence (see [5]) we obtain σ = ∇f(∇u^∗) in Ω_0 .

Moreover, following an idea of [19], a minimax inequality is proved in [7] (compare [3] for some additional details) which implies σ = ∇f(∇w) in Ω_0 for any generalized minimizer w ∈ M, hence ∇u^∗ = ∇^au^∗ = ∇w = ∇^aw in Ω_0 .

This, together with u^∗ = u^∗(r) and v ∈ W^1_1 (Ω), immediately gives assertion (14). Step 2. We next claim that v takes the boundary data u_0 in the sense that the trace of v on ∂Ω is just u_0, i.e.

v(ρ_1) = −a and v(ρ_2) = a . (15) In order to prove (15) we consider the comparison function w(r) = { v(r) − v(ρ_1) − a ρ_1 < r < ρ , v(r) − v(ρ_2) + a ρ ≤ r < ρ_2 , and assume by contradiction that (15) fails to be true. If we observe that f_∞(r, P ) = α^{1k} (r)|P | , ρ_1 < r < ρ_2 , P ∈ R^2 , then we obtain K[w] = ∫ Ω f(r, ∇^aw) dx + ∫ ∂B_ρ(0) d|∇^sw| . (16) Here we used the fact that ∇^sw is supported on ∂B_ρ(0) and that w takes its boundary data u_0 on ∂Ω. From [1], Theorem 3.77, p. 171, one gets ∇^sw⌞∂B_ρ(0) = ( v(ρ_1) − v(ρ_2) + 2a ) x |x| dH^1 . Thus, (16) may be rewritten as K[w] = ∫ Ω f(r, ∇^aw) dx + 2πρ | |v(ρ_1) − v(ρ_2) + 2a | | ≤ ∫ Ω f(r, ∇v) dx + 2πρ (| |v(ρ_1) + a| + |v(ρ_2) − a| ) . (17)

Now choose γ sufficiently large such that for i = 1, 2 ρ ρ_iα^1k (ρ_i)

< 1 . (18)

Then we obtain K[w] < ∫ Ω f(r, ∇v) dx + 2∑ i=1 α^{1k} (ρ_i) ∫ ∂B_{ρi} (0) |u_0 − v(ρ_i)| dH^1 = K[v] ,

hence the desired contradiction since the characterization of K as stated in the introduction remains valid with an additional smooth x-dependence.

Step 3. Now we make use of the Euler equation for the generalized minimizer v which takes the standard form since v is assumed to be of class W^1_1 (Ω), i.e. we have ∫ Ω ∇_P f(r, ∇v) · ∇ψ dx = 0 for all ψ ∈ C^1_0 (Ω) . (19)

In particular, this is true for test functions ψ = ψ(r) ∈ C^1_0 (ρ_1, ρ_2)). In the following the derivative w.r.t. r is denoted by “ ˙ ”. Then, again using polar coordinates, ∇v = (cos φv̇, sin φv̇) and with the notation ∇_P f(r, ∇v) = g(r, |v̇|)∇v we obtain from (19) ∫_{ρ2} ρ_1 ∫_{2π} 0 g(r, |v̇|)v̇ψ̇r dr dφ = 0 for all ψ = ψ(r) ∈ C^1_0 ((ρ_1, ρ_2)) .

As a consequence, there is a real number λ ∈ R such that for all r ∈ (ρ_1, ρ_2) g(r, |v̇|)v̇r = λ . (20) With the representation g(r, |v̇|) = { ( 1 + α(r)|v̇|^k ) 1_{k −1} α(r)|v̇|^{k−2} if |v̇| > ε , b ( 1 + α(r)|v̇|^l ) 1_{l −1} α(r)|v̇|^{l−2} + 2c[α(r)]^{2k} if |v̇| < ε we have to distinguish two cases.

Case 1. If |v̇| < ε, then using the formulas for b and c we immediately see that g(r, |v̇|) ≤ c|ε|^{k−2}, in particular ε > |v̇| = |λ| g(r, |v̇|)r ≥ c|λ| (21) for some positive constant c.

Case 2. If |v̇| > ε, then (20) implies by elementary calculations (note that |λ| > 0 in the case at hand) |v̇|^{−k}α^{− kk−1} + α^{− 1k−1} = ( |λ|/r )_− k_{k−1} . (22) Observe that, as a consequence of (22), ( |λ|/r )_k ≤ α(r) . (23)

Now, again with some simple computations, (22) gives |v̇| = ( |λ|/r ) 1_{k−1} α^1k ( α^{1k−1} − ( |λ|/r ) k_{k−1} )^1_k . (24)

Summarizing both cases we have the formulas (21) and (24), respectively, for |v̇|. We then choose λ_0 > 0 sufficiently small such that (24) (which is independent of the parameter ε > 0) implies |v̇| ≤ 1 and assume that |λ| < λ_0. Then, by (21) and (24) we see that |v̇| ≤ 1 for all r ∈ (ρ_1, ρ_2). On the other hand, v takes its boundary data and v(r) is of class W^1_1 ((ρ_1, ρ_2)), hence v(r) is an absolutely continuous function and we may write a = 1 2 |v(ρ_1) − v(ρ_2)| ≤ 1 2 ∫_{ρ2} ρ_1 |v̇(r)| dr ≤ ρ_2 − ρ_1 2 . (25)

This gives a contradiction if a is sufficiently large and we may assume |λ| ≥ λ_0 which was chosen independent of ε. Hence, if Case 1 holds true, then (21) yields ε ≥ c|λ_0| , (26) and we choose ε sufficiently small such that this is not possible. Once it is established that Case 2 holds for all r ∈ (ρ_1, ρ_2), we obtain from (23)

|λ| ≤ inf_{r∈(ρ1,ρ2)} α^{1k} (r)r . (27)

Moreover, (24) gives the right representation and using (23), (27), α ≥ 1 and k > 2 we estimate |v̇| ≤ α^{1k(k−1)} α^1k ( α^{1k−1} − ( |λ|/r ) k_{k−1} )^1_k ≤ α^{2−kk(k−1)} ( α^{1k−1} − ( |λ|/r ) k_{k−1} )^1_k

≤ [ α^{1k−1} − ( r^{−1} inf_{r∈(ρ1,ρ2)}[α^{1/k}(r)r] ) k_{k−1} ]_− 1_k =: [ h(r) ]_− 1_k . (28)

Here we first note that h(r) is independent of λ, in particular h(r) does not depend on the boundary values u_0 given in terms of a. Moreover, h(r) ≥ 0 is evident by definition. Finally, the zeros of h(r) are of finite number and simultaneously (by (18) interior) minima of h(r). Thus, with Taylor’s formula we see that

h(r) ≈ c(r − r_0)^2 near the zeros r_0 of h(r) ,

and that we may choose a < ∞ such that ∫_{ρ2} ρ_1 [ h(r) ]_− 1_k

dr < a . (29)

This proves the theorem since (28) and (29) contradict (25). ■

Remark 4 Let us again concentrate on the regularizing sequence {u_δ} with L^1-cluster point u^∗ as studied in Sect. 3. Then it is not difficult to locate spt∇^su^∗ in the situation at hand. To this purpose denote by ρ_{0,i}, i = 1, . . . , M, the minima (of finite number, lying in the interior of (ρ_1, ρ_2) by (18)) of the function α^1k (r)r on (ρ_1, ρ_2). We then have

spt ∇^su^∗ ⊂ M⋃ i=1 ∂B_{ρ0,i} (0) . In fact, the sequence of radially symmetric functions {u_δ} = {u_δ(r)} yields a minimizing sequence of the one-dimensional energy (Ω = I = (ρ_1, ρ_2))

J_I [w] := ∫ I f(r, |ẇ(r)|)r dr with respect to W^1_1 (I)-comparison functions w(ρ_1) = −a, w(ρ_2) = a. In this sense, u^∗ provides a generalized J_I -minimizer. Now we again extend the ideas of [10] and let u̇^∗_a, u̇^∗_s denote the Lebesgue-decomposition of u̇^∗ in absolutely continuous and singular part, respectively. Moreover, Corollary 3.33, [1], p. 140, on the decomposition of functions of bounded variation defined on intervalls allows us to choose ṽ(r) ∈ W^1_1 (I) such that for almost all r ∈ I ˙ṽ(r) = u̇^∗_a(r) and ṽ(ρ_1) = u^∗(ρ_1) .

Next let v(r) differ from ṽ(r) just by additional jumps at the points ρ_{0,i} such that

v̇_s(r) = 1 M M∑ i=1 δ_{ρ0,i} ∫ I u̇^∗_s , where δ_{ρ0,i} denotes the Dirac-measure centered at ρ_{0,i}, i = 1, . . . , M. Note that ∫ I u̇^∗_a(t) dt + ∫ I u̇^∗_s = u^∗(ρ_2) − u^∗(ρ_1) , ∫ I v̇_a(t) dt + ( ∫ I u̇^∗_s ) 1 M M∑ i=1 ∫ I δ_{ρ0,i} = v(ρ_2) − v(ρ_1)

also implies v(ρ_2) = u^∗(ρ_2). Thus we obtain ∫ I f(r, |u̇^∗_a(r)|)r dr + ∫ I α^{1k} (r)r d|u̇^∗_s|(r) ≤ ∫ I f(r, |v̇_a(r)|)r dr + ∫ I α^{1k} (r)r d|v̇_s|(r) ≤ ∫ I f(r, |u̇^∗_a(r)|)r dr + min_{r∈(ρ1,ρ2)} α^{1k} (r)r ∫ I |u̇^∗_s| ≤ K[u^∗] and our claim is proved. ■

Remark 5 Although u^∗ as discussed above is not of class W^1_1 (Ω) and although we do not know whether u^∗ is of class C^{2,α} on the complement of spt∇^su^∗, we might conjecture that there exist analogous examples in the case μ = 3 providing W^1_1 -minimizers of ∫ Ω f(∇w) dx + ∫ ∂Ω f_∞ ( (u_0 − w)ν ) dH^{n−1} → min ,

which are smooth on the complement of a finite number of interior spheres. However, if solutions of this kind exist, then they are caused by the non-convexity of Ω. In fact, consider a smooth convex domain Ω, assume that n ≥ 2, N = 1, and suppose that there is a W^1_1 (Ω)-solution which is of class C^{2,α} near the boundary ∂Ω. Then, on account of the uniqueness of solutions (up to a constant), we apply Hilbert-Haar arguments (compare [14]) to see that the singular set is empty. In this sense, as the typical behaviour, singularities must concentrate near the boundary.

Remark 6 In order to show rigorously that our regularity theory breaks down if μ > 3, we have to ensure that the energy density f studied in Theorem 5 satisfies Assumption 1 (of course now with ellipticity exponent μ = k +1). Here it is clearly sufficient to consider (P ∈ R^n ) f̃(P ) = (1 + |P |^k)^1k , k > 2 ,

and to study Assumption 1 w.r.t.

f(x, P ) = f̃(α(x)P ) , α(x) = (1 + |x|^2)^{1k} ,

whenever |P | > 1 and x ∈ B_1(0) ⊂ R^n . To this purpose we first observe that direct calculations yield in the case |P | > 1

D^2f̃(P ) · P = (1 + |P |^k)^{1k −2}(k − 1)|P |^{k−2}P (30)

and, as a direct consequence, | |D^3f̃(P )(P, U, V ) | | ≤ c | |D^2f̃(P )(U, V ) | | + c(1 + |P |^2)^{− 1+k}2 |U||V | (31)

for all U, V ∈ R^n . For the discussion of f we just have to verify v), vi) and vii) of Assumption 1, where v) immediately follows from (30). Now note that for 1 ≤ γ ≤ n and |P | > 1 ∂_γ ∂_γ ∇_P f(x, P ) = ∂_γ ∂_γ α(x)∇f̃(α(x)P ) +2∂_γ α(x)D^2f̃(α(x)P ) · P ∂_γ α(x) +α(x)D^3f̃(α(x)P )(P, P ) [ ∂_γ α(x) ]_2

+α(x)D^2f̃(α(x)P ) · P ∂_γ ∂_γ α(x) =: 4∑ i=1 I_i .

Clearly I_1 is uniformly bounded and the same follows for I_2 and I_4 from (30). I_3 is estimated with the help of (31) | |D^3f̃(α(x)P )(P, P ) | | ≤ 1 α(x) | |D^3f̃(α(x)P )(α(x)P, P ) | | ≤ c | D^2f̃(α(x)P ) | |P | + c(1 + |P |^2)^{− k2} ≤ c ,

hence we have vi). Finally vii) is established by observing ∂_γ D^2_P f(x, P )(U, V ) = 2α(x)∂_γ α(x)D^2f̃(α(x)P )(U, V ) + [ α(x) ]_2 D^3f̃(α(x)P )(P, U, V )∂_γ α(x) if we once more recall (31). ■

References

[1] Ambrosio, L., Fusco, N., Pallara, D. (2000): Functions of Bounded Variation and Free Discontinuity Problems. Oxford Science Publications, Clarendon Press, Oxford

[2] Anzellotti, G., Giaquinta, M. (1988): Convex functionals and partial regularity.

Arch. Rat. Mech. Anal., 102, 243–272

[3] Bildhauer, M. (2001): Convex Variational Problems with Linear, Nearly Linear and/or Anisotropic Growth Conditions. Habilitationsschrift (submitted), Saarland University, Saarbrücken

[4] Bildhauer, M. (2002): A priori gradient estimates for bounded generalized solutions of a class of variational problems with linear growth. To appear in J. Convex Anal.

[5] Bildhauer, M., Fuchs, M. (1999): Regularity for dual solutions and for weak cluster points of minimizing sequences of variational problems with linear growth. Zap. Nauchn. Sem. St.-Petersburg Odtel. Math. Inst. Steklov (POMI), 259, 46–66

[6] Bildhauer, M., Fuchs, M. (2000): On a class of variational integrals with linear growth satisfying the condition of μ-ellipticity. Preprint Bonn University/SFB 256 no. 681

[7] Bildhauer, M., Fuchs, M. (2002): Relaxation of convex variational problems with linear growth defined on classes of vector-valued functions. To appear in Algebra and Analiz 14

[8] Bildhauer, M., Fuchs, M., Mingione, G. (2001): A priori gradient bounds and local C^{1,α}-estimates for (double) obstacle problems under nonstandard growth conditions. Z. Anal. Anw., 20, 959–985.

[9] Bombieri, E., DeGiorgi, E., Miranda, M. (1969): Una maggiorazione a priori relativa alle ipersuperfici minimali non parametriche. Arch. Rat. Mech. Anal., 32, 255–267 [10] Giaquinta, M., Modica, G., Souček, J. (1979): Functionals with linear growth in the calculus of variations. Comm. Math. Univ. Carolinae, 20, 143–172 [11] Giusti, E. (1984): Minimal Surfaces and Functions of Bounded Variation. Monographs in Mathematics 80, Birkhäuser, Boston-Basel-Stuttgart [12] Ladyzhenskaya, O.A., Ural’tseva, N.N. (1964): Linear and Quasilinear Elliptic Equations. Nauka, Moskow (in Russsian) English translation (1968): Academic Press, New York [13] Ladyzhenskaya, O.A., Ural’tseva, N.N. (1970): Local estimates for gradients of solutions of non-uniformly elliptic and parabolic equations. Comm. Pure Appl. Math., 23, 667–703 [14] Massari, U., Miranda, M. (1984): Minimal Surfaces of Codimension One. Noth- Holland Mathematics Studies 91, North-Holland, Amsterdam [15] Miranda, M. (1967): Disequaglianze di Sobolev sulle ipersuperfici minimali. Rend.

Sem. Mat. Univ. Padova, 38, 69–79 [16] Reshetnyak, Y. (1968): Weak convergence of completely additive vector functions on a set. Sibirsk. Maz. Ž., 9, 1386–1394 (in Russian) English translation (1968): Sib. Math. J., 9, 1039–1045 [17] Seregin, G. (1985): Variational-difference scheme for problems in the mechanics of ideally elastoplastic media. Zh. Vychisl. Mat. Fiz., 25, 237–352 (in Russian) English translation (1985): U.S.S.R Comp. Math. and Math. Phys., 25, 153–165 [18] Seregin, G.(1990): Differential properties of solutions of variational problems for functionals with linear growth. Problemy Matematicheskogo Analiza, Vypusk 11, Isazadel’stvo LGU, 51–79 (in Russian) English translation (1993): J. Soviet Math., 64, 1256–1277 [19] Seregin, G. (1996): Twodimensional variational problems in plasticity theory. Izv.

Russian Academy of Sciences, 60, 175–210 (in Russian) English translation (1996): Izvestiya Mathematics, 60, 179–216 [20] Strang, G., Temam, R. (1980): Duality and relaxations in the theory of plasticity.

J. Méchanique, 19, 1–35