Universität des Saarlandes

Fachrichtung 6.1 – Mathematik

Preprint Nr. 88

Steady states of anisotropic generalized Newtonian fluids Darya Apushkinskaya, Michael Bildhauer and Martin Fuchs

Saarbrücken 2003

Fachrichtung 6.1 – Mathematik Preprint No. 88 Universität des Saarlandes submitted: 23^{th} of May, 2003

Steady states of anisotropic generalized Newtonian fluids

Darya Apushkinskaya Saarland University Department of Mathematics Postfach 15 11 50 D–66041 Saarbrücken Germany

darya@math.uni-sb.de

Michael Bildhauer Saarland University Department of Mathematics Postfach 15 11 50 D–66041 Saarbrücken Germany

bibi@math.uni-sb.de

Martin Fuchs Saarland University Department of Mathematics Postfach 15 11 50 D–66041 Saarbrücken Germany

fuchs@math.uni-sb.de

Edited by FR 6.1 – Mathematik Universität des Saarlandes Postfach 15 11 50 66041 Saarbrücken Germany

Fax: + 49 681 302 4443 e-Mail: preprint@math.uni-sb.de WWW: http://www.math.uni-sb.de/

Abstract

We consider the stationary flow of a generalized Newtonian fluid which is modelled by an anisotropic dissipative potential f. More precisely, we are looking for a solution u: Ω → R^n , Ω ⊂ R^n , n = 2, 3, of the following system of nonlinear partial differential equations

−div { T (ε(u)) } + u^k ∂u ∂x_k + ∇π = g in Ω ,

div u = 0 in Ω , u = 0 on ∂Ω . (∗)

Here π: Ω → R denotes the pressure, g is a system of volume forces, and the tensor T is the gradient of the potential f. Our main hypothesis imposed on f is the existence of exponents 1 < p ≤ q_0 < ∞ such that

λ(1 + |ε|^2)^{p−22} |σ|^2 ≤ D^2f(ε)(σ, σ) ≤ Λ(1 + |ε|^2)^{q0 −22} |σ|^2

holds with constants λ, Λ > 0. Under natural assumptions on p and q_0 we prove the existence of a weak solution u to the problem (∗), moreover we prove interior C^{1,α}-regularity of u in the two-dimensional case. If n = 3, then interior partial regularity is established.

1 Introduction

We discuss the stationary flow of an incompressible generalized Newtonian fluid in a bounded Lipschitz domain Ω ⊂ R^n , n = 2 or n = 3. To be precise, we are looking for a velocity field u: Ω → R^n solving the following system of nonlinear partial differential equations −div { T (ε(u)) } + u^k ∂u ∂x_k + ∇π = g in Ω ,

div u = 0 in Ω , u = u_0 on ∂Ω .

(1.1)

Here π is the a priori unknown pressure function, g: Ω → R^n represents a system of volume forces and u_0: ∂Ω → R^n denotes a given boundary function. The tensor T is assumed to be the gradient of some (convex) potential f: S^n → [0, ∞) which is of class C^2 on the space S^n of all symmetric matrices. We adopt the convention of summation over repeated indices running from 1 to n, moreover, for functions v: Ω → R^n we let ε(v)(x) = 1 2 ( ∂_iv^j + ∂_j v^i ) (x) ∈ S^n whenever this expression makes sense.

In case f(ε) = |ε|^2 equation (1.1) reduces to the Dirichlet boundary value problem for the stationary Navier-Stokes system, for an overview on existence and regularity results we refer to the classical monograph [La] of Ladyzhenskaya or more recently to the monographs [Ga1], [Ga2] of Galdi where also the history of the problem is outlined in great detail.

AMS Subject Classification: 76M30, 49N60, 35J50, 35Q30 Keywords: generalized Newtonian fluids, anisotropic dissipative potentials, regularity

So-called power law models are investigated for example in [KMS]: for some exponent 1 < p < ∞ f is assumed to satisfy

λ(1 + |ε|^2)^{p−22} |σ|^2 ≤ D^2f(ε)(σ, σ) ≤ Λ(1 + |ε|^2)^{p−22} |σ|^2 (1.2)

for all ε, σ ∈ S^n and with positive constants λ, Λ. Clearly (1.2) implies that f is of p-growth, moreover, the first inequality in (1.2) implies strict convexity of f. Then, if u_0 ≡ 0 and in addition f(ε) = F (|ε|^2) (which is reasonable from the physical point of view) Kaplický, Málek and Stará discuss the two-dimensional case with the following results: if p > 3/2, then problem (1.1) admits a solution which is of class C^{1,α} up to the boundary, whereas for p > 6/5 (1.1) has a solution being C^{1,α}-regular in the interior of Ω. Here of course the volume force term g is sufficiently smooth.

Suppose for the moment that the flow is also slow. Then in (1.1) the convective term (∇u)u = u^k∂_ku can be neglected, and (1.1) reduces to a generalized version of the classical Stokes problem. In the monograph [FS] a variational approach towards (1.1) for various classes of dissipative potentials f is described leading to existence and also (partial) regularity results in the absence of the convective term. Very recently these investigations were extended in [BF2] to the case of non-uniformly elliptic potentials which means that (1.2) is replaced by the condition

λ(1 + |ε|^2)^{p−22} |σ|^2 ≤ D^2f(ε)(σ, σ) ≤ Λ(1 + |ε|^2)^{q0 −22} |σ|^2 (1.3)

with exponents 1 < p ≤ q_0 < ∞, q_0 ≥ 2 and for all ε, σ ∈ S^n. (Note that the validity of (1.3) with q_0 < 2 immediately implies (1.3) with q_0 replaced by 2 so that we may assume q_0 ≥ 2.) From (1.3) it easily follows that f is of upper growth rate q_0, a lower bound for f(ε) can be given in terms of |ε|^p. Examples of potentials f satisfying (1.3) are given in [BF2], moreover, it is shown in this paper that weak local solutions of (1.1) (with (∇u)u = 0!) under condition (1.3) are C^{1,α} in the interior of Ω, if n = 2, q_0 = 2, and partially C^{1,α}, if n = 3, provided that we impose the bound q_0 < p(1 + 2/n).

The objective of this note now is to study the anisotropic (w.r.t. the ellipticity condition) situation (1.3) for a non-vanishing convective term (∇u)u. To be more precise we assume that (1.3) holds with exponents p, q_0 such that p > {_6

5 in case n = 2 , 9 5 in case n = 3 , together with 2 ≤ q_0 < p n + 2 n . (1.4)

Moreover, let us assume that

u_0 = 0 , g ∈ L^∞(Ω; R^n ) . (1.5)

REMARK 1.1 For the sake of technical simplicity we just assume that the volume forces are bounded functions. Of course our results are also valid under the weaker assumption g ∈ L^{t(p)}(Ω; R^n ), whenever t(p) is chosen sufficiently large (for a definition of the Lebesgue and Sobolev spaces we refer the reader to [Ad]). For a discussion of the hypothesis on the boundary data we refer to Remark 2.1.

In order to get a weak form of (1.1) we multiply the first line of (1.1) with φ ∈ C^∞_0 (Ω; R^n ), div φ = 0, and obtain after integration by parts (using div φ = 0) ∫ Ω Df(ε(u)) : ε(φ) dx − ∫ Ω u ⊗ u : ε(φ) dx = ∫ Ω g · φ dx , (1.6) where u ⊗ v := (u^iv^k). Therefore we have to solve equation (1.6) together with div u = 0 in Ω, u = 0 on ∂Ω. A priori it is not clear to which space a weak solution should belong, therefore we give an existence proof by using an approximation procedure. To this purpose recall (1.4), hence it is possible to choose q ≥ q_0 satisfying p n + 2 n > q > n . (1.7) We then let (0 < δ < 1) f_δ(ε) := δ(1 + |ε|^2)^{q2} + f(ε) , ε ∈ S^n , and consider the problem

to find u_δ ∈^∘W_q^1(Ω; R^n ), div u_δ = 0, such that ∫ Ω Df_δ(ε(u_δ)) : ε(φ) dx − ∫ Ω u_δ ⊗ u_δ : ε(φ) dx = ∫ Ω g · φ dx for all φ ∈ C^∞_0 (Ω; R^n ), div φ = 0.

(1.6_δ)

THEOREM 1.1 Let f satisfy (1.3) with 1 < p < 2 ≤ q_0 < ∞ and choose q according to (1.7). Moreover, consider the data given in (1.5). Then (1.6_δ) has at least one weak solution u_δ ∈^∘W_q^1(Ω; R^n ). Moreover, we have sup_{0<δ<1} ‖u_δ‖_W 1_{p (Ω;R}n_) < ∞ .

The proof of the existence result follows from a familiar fixed point argument (see [La]), the a priori estimate is shown in Lemma 2.1 for the sake of completeness. We remark that by construction u_δ turns out to be the minimizer of the energy

J_δ[w] := ∫ Ω f_δ(ε(w)) dx − ∫ Ω u_δ ⊗ u_δ : ε(w) dx − ∫ Ω g · w dx (1.8)

within the class_∘ W_q^1(Ω; R^n ) ∩ Kern(div) .

Our first observation concerns uniform higher integrability properties of the sequence {u_δ}. THEOREM 1.2 Suppose that the assumptions of Theorem 1.1 are satisfied. Then the functions u_δ are of class W^1_{q̃,loc}(Ω; R^n ) uniformly w.r.t. δ, where q̃ = 3p in case n = 3, and where we may choose any finite number q̃ in case n = 2.

The proof of Theorem 1.2 will be given in Section 3. The main ingredient is a Caccioppolitype inequality being valid for the approximative solutions u_δ. In Section 4 we will use this information to pass to the limit, more precisely we have THEOREM 1.3 Let the assumptions of Theorem 1.2 hold and fix any weak W^1_p -cluster point, i.e.

u_δ^{δ→0}⇁: ū in W^1_p (Ω; R^n ) for some sequence δ = δ_k going to zero. Then ū is of class W^1_{q̃,loc}(Ω; R^n ), where q̃ is defined in Theorem 1.2. Moreover, Df(ε(ū)) locally is of class W^1_{q/(q−1)} and ū is a solution of problem (1.6) being Hölder continuous in the interior of Ω on account of Theorem 1.2.

REMARK 1.2 In fact, ū is a strong solution of class W^2_{α,loc} with some suitable α (compare Corollary 3.1).

REMARK 1.3 In [FMS] the Lipschitz truncation method leads to the existence of solutions for problem (1.6) in the case of power-law models provided that p > 6/5 (see also [FM]). Note that the convective term in (1.6) is well defined (in dimension n = 3) since the condition p > 6/5 implies the solution to be of class L^2. It is not evident, how to apply this method to the non-standard models under consideration (see, for instance, formula (42) of [FM]). Here we rely on the a priori estimates of Theorem 1.2.

As to the regularity properties of the particular solution ū from above we limit ourselves to the case q_0 = 2:

THEOREM 1.4 Under the assumptions and with the notation of Theorem 1.3 we consider the case n = 3, q_0 = 2. Then ū is partially of class C^{1,α}, i.e. there is an open set Ω_0 of full Lebesgue measure, |Ω − Ω_0| = 0, such that ū ∈ C^{1,α}(Ω_0; R^3 ).

REMARK 1.4 i) As in [BF2] it is be possible to extend Theorem 1.4 to the case q_0 > 2 together with q_0 < 5p/3. We leave the details to the reader, some comments can be found in Section 5.

ii) We also like to remark that partial regularity in the setting of stationary electrorheological fluids has been recently established in the paper [AM] of Acerbi and Mingione.

THEOREM 1.5 Under the assumptions and with the notation of Theorem 1.3 we consider the case n = 2, q_0 = 2. Then ū has locally Hölder continuous first derivatives, i.e. ū ∈ C^{1,α}(Ω; R^2 ).

REMARK 1.5 At this stage we remark that the regularization has to be defined with respect to an exponent larger than n in order to have the boundedness of u_δ. As a consequence, the proof of Lemma 2.2 below reduces more or less to the one given in [BF2]. Of course it would be directly possible to assume w.l.o.g. that we have q_0 > n just by enlarging q_0 (keeping (1.4)!). As discussed in Remark 5.2 this would not affect the case n = 3 with the exception that the proof of Theorem 1.4 becomes more technical.

But unfortunately the two-dimensional case actually requires the restriction q_0 = 2, i.e. up to Theorem 1.4 we can choose q_0 > n (replacing also q by q_0 in the regularization) but, due to the method we use, the two-dimensional regularity Theorem 1.5 is limited to q_0 = 2. For this reason we made a distinction between the exponents q and q_0.

REMARK 1.6 i) It is desirable to give global variants of our results, for example to prove higher integrability of ∇ū up to the boundary. Then, under suitable smallness conditions, some results on unique solvability extend to our non-uniformly elliptic problem. The idea for establishing a theorem of this kind is standard and, for instance, presented in [La], p. 118. The main difficulty in the case of non-uniform ellipticity is to handle potentials with lower growth rate p < 2. Again we leave the details to the reader.

ii) It should be noted that for stationary electrorheological fluids in two dimensions the existence of strong solutions has been obtained in [ER].

Throughout this paper we use the following notation: for any t ∈ [1, n) we denote by t^∗ the Sobolev exponent, i.e. t^∗ = nt/(n − t). The conjugate of t^∗ is denoted by t̄, i.e. t̄ = nt (n + 1)t − n . The symbol u ⊙ v stands for the symmetric part of u ⊗ v, u ⊙ v =^1_2 (u ⊗ v + v ⊗ u). Uniform constants are just denoted by c without being relabelled in different occurrences. For tensors σ we use the notation ∇σ = (∂_1σ, . . . , ∂_nσ) whenever this expression makes sense.

2 Regularization: a priori energy estimates and weak differentiability properties

LEMMA 2.1 Suppose that the hypotheses of Theorem 1.1 are satisfied. Then we have

sup_{0<δ<1} ∫ Ω |ε(u_δ)|^p dx < ∞ . (2.1)

With the help of Korn’s inequality (see e.g. [MM] or [Ko1], [Ko2], [Fi], [Fri], [St], [Ze]) we deduce from (2.1) the a priori bound of Theorem 1.1

sup_{0<δ<1} ‖u_δ‖_W 1_{p (Ω;R}n_) < ∞ . (2.2)

Proof of Lemma 2.1. In fact, u_δ is admissible in (1.6_δ) which shows that ∫ Ω Df_δ(ε(u_δ)) : ε(u_δ) dx − ∫ Ω u_δ ⊗ u_δ : ε(u_δ) dx = ∫ Ω g · u_δ dx . Assumption (1.3) implies Df(Z) : Z ≥ c_1|Z|^p − c_2, c_1 > 0, hence ∫ Ω |ε(u_δ)|^p dx ≤ c^{−1}_1 [ c_2 + ∫ Ω Df_δ(ε(u_δ)) : ε(u_δ) dx ]

= c^{−1}_1 [ c_2 + ∫ Ω u_δ ⊗ u_δ : ε(u_δ) dx + ∫ Ω g · u_δ dx ] . (2.3)

An integration by parts gives the well known relation ∫ Ω u_δ ⊗ u_δ : ε(u_δ) dx = ∫ Ω u^i_δu^j_δ∂_iu^j_δ dx = ∫ Ω ∂_i [ u^i_δu^j_δu^j_δ ] dx − ∫ Ω ∂_i [ u^i_δu^j_δ ] u^j_δ dx = ∫ ∂Ω u^i_δu^j_δu^j_δν_i dH^{n−1} − ∫ Ω ∂_iu^i_δ =0 u^j_δu^j_δ dx − ∫ Ω u^i_δ∂_iu^j_δu^j_δ dx ,

thus we have ∫ Ω u_δ ⊗ u_δ : ε(u_δ) dx = 1 2 ∫ ∂Ω u^i_δu^j_δu^j_δν_i dH^{n−1} = 0 .

Note that the above expressions are well defined on account of q ≥ 2 > 3n/(n+2). Finally we have for any α > 0 (with Sobolev’s and Korn’s inequality) ∫ Ω |g| |u_δ| dx ≤ α ∫ Ω |ε(u_δ)|^p dx + c(α) , where the integral on the right-hand side can be absorbed on the left-hand side of (2.3) if α is sufficiently small, and the a priori estimates (2.1) and (2.2) are proved.

REMARK 2.1 Let us give some short comments on the Dirichlet boundary data. Up to now we studied the so-called “no-slip boundary” which means that the fluid adheres to the boundary, i.e. u = 0 on ∂Ω (a detailled discussion of this kind of boundary data can be found in [FM]). Assume for the moment that u = u_0 ≠ 0 on ∂Ω.

i) Consider the general case p < 2: if u_0 ≠ 0, u_0 ∈ W^1_∞(Ω; R^n ), div u_0 = 0, we need an additional uniform estimate (for the kinetic energy) ∫ Ω |u_δ|^2 dx ≤ const in order to prove the a priori bounds (2.1) and (2.2). Now we have to take u_δ − u_0 as a test function and obtain as additional term on the right-hand side of (2.3) the quantity ∫ Ω |u_δ|^2|ε(u_0)| dx . (2.4)

ii) If ν(ε(u)) denotes the kinematic viscosity of the fluid under consideration, then Df(ε(u)) = ν(ε(u))ε(u). If we merely assume that Df(ε(u)) : ε(u) ≥ c_1|ε(u)|^p − c_2, then the viscosity ν(ε(u)) may asymptotically vanish for large shear rates and it is not clear whether the Dirichlet boundary value problem is in accordance with the physical point of view – in general we just expect the normal component of u to vanish at the boundary (compare the inviscous Euler equations).

iii) Although, for example, many polymeric liquids are (at least in case of bounded shear rates) shear thinning (see [BAH]), i.e. the viscosity decreases if the shear rate increases, it is not evident that the viscosity asymptotically vanishes at high shear rates. This motivates the additional assumption Df(ε(u)) : ε(u) ≥ c_1|ε(u)|^s − c_2 for some s ≥ 2. Moreover, some fairly concentrated suspensions of small particles are shear thickening (see [BAH]). Hence, considering a generalized Newtonian fluid at very large shear rates in comparison to the particle sizes, it may even be reasonable to assume s > 2. Note that we do not restrict our considerations to power law models and that s is a free parameter which can be chosen independently from the exponent p occuring in (1.3) (compare the notion of (s, μ, q)-growth discussed for instance in [BFM] and [BF1]).

iv) In case s ≥ 2, u_0 as in i), we have (by Korn’s and Poincaré’s inequality) ∫ Ω |u_δ − u_0|^2 dx ≤ c ∫ Ω |ε(u_δ) − ε(u_0)|^2 dx .

Since the left-hand side of (2.3) is now of growth order s ≥ 2, we may absorb the integral (2.4) under some suitable smallness condition on ε(u_0). If s > 2, then we just have to assume u_0 ∈ W^1_t (Ω; R^n ), t sufficiently large, in order to obtain the a priori estimates (2.1) and (2.2) in the case of non-vanishing boundary data.

Next we are going to give some weak differentiability results for the regularizing sequence {u_δ} from Theorem 1.1 which are needed in the following.

LEMMA 2.2 Let the assumptions of Theorem 1.1 hold. Then we have:

a) u_δ ∈ W^2_{2,loc}(Ω; R^n );

b) (1 + |ε(u_δ)|^2)^{q/4} ∈ W^1_{2,loc}(Ω) together with ∇ { (1 + |ε(u_δ)|^2)^{q/4} } = q 2 (1 + |ε(u_δ)|^2)^{q4 −1}|ε(u_δ)|∇|ε(u_δ)| . c) Df_δ(ε(u_δ)) ∈ W^1_{q/(q−1),loc}(Ω; S^n) and ∂_k { Df_δ(ε(u_δ)) } = D^2f_δ(ε(u_δ))(∂_kε(u_δ), ·) , k = 1, . . . , n . Proof. The proof follows the line of Lemma 3.1 given in [BF2]. We fix a ball B_R ⋐ Ω, consider η ∈ C^∞_0 (B_R), η ≡ 1 on B_r, η ≡ 0 outside of B_r′ , |∇η| ≤ c(r^′ − r)^{−1}, where 0 < r < r^′ < R. We denote by Δ_h the difference quotient in direction e_k, k = 1, . . . , n. Observe that by results of [La] or [Pi] (see also [Ga1], III, Theorem 3.2) there exists a function ψ ∈^∘W_q^1(B_r′ , R^n ) with the property

div ψ = 1 h ∇η^2Δ_hu_δ .

Therefore, taking into account the definition of u_δ and choosing the solenoidal test function φ in (1.6_δ) as φ := h^{−1}η^2Δ_hu_δ − ψ ,

we easily get for sufficiently small |h| ∫ B_r′ (x_0)

Δ_h { Df_δ(ε(u_δ)) } : ε(Δ_hu_δ)η^2 dx = ∫ B_r′ (x_0)

Δ_h { Df_δ(ε(u_δ)) } : ( hε(ψ) − ∇η^2 ⊙ Δ_hu_δ ) dx + ∫ B_r′ (x_0)

Δ_h(u_δ ⊗ u_δ) : { ε(Δ_hu_δ)η^2 + Δ_hu_δ ⊗ ∇η^2 − hε(ψ) } dx + ∫ B_r′ (x_0)

g · Δ_{−h}(η^2Δ_hu_δ + hψ) dx . (2.5)

Arguing in the same way as in Lemma 3.1 of [BF2] we introduce the parameter-dependent bilinear form B_x :=

∫_1 0 D^2f_δ ( ε(u_δ)(x) + thε(Δ_hu_δ)(x) ) dt acting on pairs of symmetric matrices, and deduce from (2.5) the inequality ∫ B_r′ (x_0)

B_x(ε(Δ_hu_δ), ε(Δ_hu_δ)) dx ≤ 1 2 ∫ B_r′ (x_0)

B_x(ε(Δ_hu_δ, ε(Δ_hu_δ)) dx

+ c (r^′ − r)^2 [ ∫ B_r′ (x_0)

|Δ_hu_δ|^q dx ] 2_q [ ∫ B_r′ (x_0)

(1 + |ε(u_δ)|^2 + |hε(Δ_hu_δ)|^2)^{q2} dx

]_{1−} 2_q

+ | | | | ∫ B_r′ (x_0)

Δ_h(u_δ ⊗ u_δ) : { ε(Δ_hu_δ)η^2 + Δ_hu_δ ⊙ ∇η^2 − hε(ψ) } dx | | | | + | | | | ∫ B_r′ (x_0)

g · Δ_{−h}(η^2Δ_hu_δ + hψ) dx | | | | . (2.6)

Note also that the ellipticity condition for D^2f_δ guarantees 1 4 ∫ B_r′ (x_0)

B_x(ε(Δ_hu_δ), ε(Δ_hu_δ))η^2 dx ≥ c(q, δ) ∫ B_r′ (x_0)

|ε(Δ_hu_δ)|^2η^2 dx . (2.7)

Further we consider the convective term from the right-hand side of (2.6). Successive application of Young’s and Hölder’s inequalities immediately gives (recall the choice (1.7) of q which implies that u_δ is bounded) | | | | ∫ B_r′ (x_0)

Δ_h(u_δ ⊗ u_δ) : { ε(Δ_hu_δ)η^2 + Δ_hu_δ ⊙ ∇η^2 − hε(ψ) } dx | | | | (2.8) ≤ c ∫ B_r′ (x_0) ( |Δ_hu_δ||ε(Δ_hu_δ)|η^2 + |Δ_hu_δ|^2|∇η| + |Δ_hu_δ||ε(ψ)|h ) dx

≤ α ∫ B_r′ (x_0)

|ε(Δ_hu_δ)|^2η^2 dx + c(α) (r^′ − r)^2 [ ∫ B_r′ (x_0)

|Δ_hu_δ|^q dx ] 2_q [ ∫ B_r′ (x_0)

1 dx

]_{1−} 2_q , where α > 0 is chosen sufficiently small such that the first integral on the right-hand side of (2.8) can be absorbed on the left-hand side of (2.6). It remains to discuss the last integral from the right-hand side of (2.6) involving the volume forces. We have the identity ∂_i∂_kv^i = ∂_j ε_{ik}(v) + ∂_kε_{ij}(v) − ∂_iε_{jk}(v) , hence |∇^2v| ≤ c|∇ε(v)| . The L^∞ bound of g and standard application of Young’s and Hölder’s inequalities obviously give | | | | ∫ B_r′ (x_0)

gΔ_{−h}(η^2Δ_hu_δ + hψ) dx | | | | ≤ c ∫ B_r′ (x_0) ( |ε(Δ_hu_δ)|η^2 + |Δ_hu_δ||∇η| + |ε(ψ)|h) dx ≤ α ∫ B_r′ (x_0)

|ε(Δ_hu_δ)|^2η^2 dx

+ c(α) (r^′ − r)^2 { 1 + [ ∫ B_r′ (x_0)

|Δ_hu_δ|^q dx ] 2_q [ ∫ B_r′ (x_0)

1 dx

]_{1−} 2_q }

. (2.9)

Again, as in (2.8), the first integral on the right-hand side of (2.9) may be absorbed on the left-hand side of (2.6) provided that α > 0 is chosen sufficiently small. Now, combining (2.6), (2.7), (2.8) and (2.9), chosing α sufficiently small and taking into account the properties of η we arrive at ∫ B_r (x_0)

B_x(ε(Δ_hu_δ), ε(Δ_hu_δ)) dx (2.10) ≤ 2 3 ∫ B_r′ (x_0)

B_x(ε(Δ_hu_δ), ε(Δ_hu_δ)) dx + c (r^′ − r)^2 { 1 + [ ∫ B_r′ (x_0)

|Δ_hu_δ|^q dx ] 2_q [ ∫ B_r′ (x_0)

(1 + |ε(Δ_hu_δ)h|^2 + |ε(u_δ)|^2)^{q2} dx

]_{1−} 2_q } . It remains only to observe that (2.10) is completely analogous to inequality (3.8) from Lemma 3.1 of [BF2]. Now the rest of the proof follows by verbatim repetition of the arguments of [BF2] given after (3.8). ■

3 Caccioppoli-type inequalities and uniform higher integrability

We start by proving a Caccioppoli-type inequality for the functions u_δ.

LEMMA 3.1 Consider a ball B_R(x_0) ⋐ Ω and choose radii 0 < r < r^′ < R. Then there exists a local constant c(r, r^′), c(r, r^′) = c(r^′ − r)^{−β} for some suitable positive exponent β, such that for any η ∈ C^∞_0 (B_r′ (x_0)), 0 ≤ η ≤ 1, η ≡ 1 on B_r(x_0), |∇η| ≤ c(r^′ − r)^{−1} ∫ B_r′ (x_0)

η^2Γ^{p−22}_δ |∇ε(u_δ)|^2 dx ≤ c(r, r^′) [ 1 + ∫ B_r′ (x_0)

Γ^{q2}_δ dx + ∫ B_r′ (x_0) |u_δ||∇u_δ|^2 dx

+ | | | | ∫ B_r′ (x_0)

∂_ku^j_δ∂_j u^i_δ∂_ku^i_δη^2 dx | | | | ] , where the last integral on the right-hand side vanishes in the two-dimensional case. Here we have set Γ_δ := 1 + |ε(u_δ)|^2.

Proof. Again we follow ideas of [BF2]. Let σ_δ = Df_δ(ε(u_δ)). The growth of f implies σ_δ ∈ L^{q/(q−1)}(B_R(x_0); S^n), |u_δ ⊗ u_δ| ∈ L^{q/(q−1)} is immediate and we recall that g ∈ L^∞(Ω; R^n ). As a result

Φ :^∘W_q^1(B_R(x_0); R^n ) ∋ φ → ∫ B_R(x_0) [ σ_δ − u_δ ⊗ u_δ ] : ε(φ) dx − ∫ B_R(x_0) g · φ dx

belongs to the dual space^∘W_q^1(B_R(x_0); R^n )^∗. On account of (1.6_δ) we have Φ(φ) = 0 whenever div φ = 0. This ensures the existence of a pressure function p_δ ∈ L^{q/(q−1)}(B_R), ∫ B_R(x_0) pδ dx = 0, (see, for instance, [Ga1], p. 180, Lemma 1.1, or [La], [LS]) such that ∫ B_R(x_0) [ σ_δ − u_δ ⊗ u_δ ] : ε(φ) dx − ∫ B_R(x_0) g · φ dx = ∫ B_R(x_0)

p_δdiv φ dx (3.1)

for all φ ∈^∘W_q^1(B_R(x_0); R^n ). In particular we have p_δ ∈ W^1_{q/(q−1)}(B_R(x_0)). Now fix η as above and denote by Δ_h the difference quotient in direction e_k, k = 1, . . . , n. Moreover, we choose φ = Δ_{−h}{η^2Δ_hu_δ}, h sufficiently small, in (3.1). This gives ∫ B_r′ (x_0)

Δ_h [ σ_δ − u_δ ⊗ u_δ ] : ε(η^2Δ_hu_δ) dx + ∫ B_r′ (x_0) gΔ_{−h} { η^2Δ_hu_δ } = ∫ B_r′ (x_0)

Δ_hp_δdiv (η^2Δ_hu_δ) dx . (3.2)

Note that it is not immediate whether in (3.2) the difference quotients may be replaced by the corresponding derivatives. Let us consider the convective term: by Lemma 2.2 we know that u_δ is of class W^2_{2,loc}, hence |∇u_δ|^2 is locally of class L^3 and we find real numbers 2 < s_1 < 3 and 1 < s_2 < 2 such that | |Δ_h(u_δ ⊗ u_δ) : ε{η^2Δ_hu_δ }| | ≤ c { |Δ_h(u_δ ⊗ u_δ)|^{s1}

+|ε(Δ_hu_δ)|^{s2} + c(η)|Δ_hu_δ|^{s2} } , thus we have equi-integrability which together with the almost everywhere convergence

Δ_h(u_δ ⊗ u_δ) : ε(η^2Δ_hu_δ)^{h→0}→ ∂_k(u_δ ⊗ u_δ) : ε(η^2∂_ku_δ)

implies by Vitali’s Theorem (see, e.g. [AFP], p. 38) ∫ B_r′ (x_0)

Δ_h(u_δ ⊗ u_δ) : ε(η^2Δ_hu_δ) dx^{h→0}→ ∫ B_r′ (x_0)

∂_k(u_δ ⊗ u_δ) : ε(η^2∂_ku_δ)dx . (3.3)

Moreover, the L^∞ bound on g obviously gives ∫ B_r′ (x_0) gΔ_{−h} { η^2Δ_hu_δ } dx^{h→0}→ ∫ B_r′ (x_0) g∂_k { η^2∂_ku_δ } dx . (3.4)

With (3.3) and (3.4) we follow the lines of [BF2] to obtain ∫ B_r′ (x_0)

η^2∂_kσ_δ : ∂_kε(u_δ) dx ≤ −2 ∫ B_r′ (x_0) η∂_kσ_δ : (∇η ⊙ ∂_ku_δ) dx + ∫ B_r′ (x_0)

∂_k(u_δ ⊗ u_δ) : ε(η^2∂_ku_δ) dx − ∫ B_r′ (x_0) g∂_k { η^2∂_ku_δ } dx −2 ∫ B_r′ (x_0)

η∂_kp_δ1 : (∇η ⊙ ∂_ku_δ) dx . (3.5)

As shown in [BF2] we have |∇σ_δ|Γ^{2−q4}_δ ≤ c ( ∂_kσ_δ : ∂_kε(u_δ)

) 1_2 , hence the first integral on the right-hand side of (3.5) is estimated by | | | | ∫ B_r′ (x_0) η∂_kσ_δ : (∇η ⊙ ∂_ku_δ) dx | | | | ≤ ρ ∫ B_r′ (x_0)

η^2|∇σ_δ|^2Γ^{2−q2}_δ dx + ρ^{−1} ∫ B_r′ (x_0)

|∇η|^2Γ^{q−22}_δ |∇u_δ|^2 dx ≤ cρ ∫ B_r′ (x_0)

η^2∂_kσ_δ : ∂_kε(u_δ) dx + ρ^{−1} ∫ B_r′ (x_0) |∇η|^2Γ^{q−22}_δ |∇u_δ|^2 dx , where ρ > 0 is chosen sufficiently small such that the first integral on the right-hand side can be absorbed on the left-hand side of (3.5). The pressure term on the right-hand side of (3.5) is handled with the equation

g + div (σ_δ − u_δ ⊗ u_δ) = ∇p_δ .

This gives | | | | | ∫ B_r′ (x_0) η∂_kp_δ1 : (∇η ⊙ ∂_ku_δ) dx | | | | | ≤ c ∫ B_r′ (x_0) η|∂_kσ_δ||∇η||∇u_δ| dx +c ∫ B_r′ (x_0) η|∇(u_δ ⊗ u_δ)||∇η||∇u_δ| dx +c ∫ B_r′ (x_0) η|g||∇η||∇u_δ| dx =: T_1 + T_2 + T_3 . T_2 is bounded as claimed above, i.e. T_2 ≤ c(r, r^′) ∫ B_r′ (x_0) |u_δ||∇u_δ|^2 dx .

The last integral T_3 is estimated from above by ∫ B_r′ (x_0) Γ q/2 δ dx and it remains to discuss T_1: T_1 ≤ cρ ∫ B_r′ (x_0)

η^2|∇σ_δ|^2Γ^{2−q2}_δ dx + c(ρ) ∫ B_r′ (x_0) |∇η|^2|∇u_δ|^2Γ^{q−22}_δ dx , hence we obtain the same upper bound as given for the first integral on the right-hand side of (3.5). Summarizing these results and recalling the ellipticity condition for D^2f we get ∫ B_r′ (x_0)

η^2Γ^{p−22}_δ |∇ε(u_δ)|^2 dx ≤ c ∫ B_r′ (x_0)

η^2∂_kσ_δ : ∂_kε(u_δ) dx ≤ c [ ∫ B_r′ (x_0)

|∇η|^2Γ^{q−22}_δ |∇u_δ|^2 dx + ∫ B_r′ (x_0) |u_δ||∇u_δ|^2 dx

+ | | | | ∫ B_r′ (x_0)

∂_k(u_δ ⊗ u_δ) : ε(η^2∂_ku_δ) dx | | | |

+ | | | | ∫ B_r′ (x_0)

g∂_k[η^2∂_ku_δ] dx | | | | ] . (3.6)

The first integral on the right-hand side of (3.6) is estimated with the help of Korn’s inequality, where we use the fact that q < p^∗ ∫ B_r′ (x_0) |∇η|^2Γ^{q−22}_δ |∇u_δ|^2 dx ≤ c(r, r^′) [ 1 + ∫ B_r′ (x_0) |∇u_δ|^q dx ]

≤ c(r, r^′) [ 1 + ∫ B_r′ (x_0) |u_δ|^q dx + ∫ B_r′ (x_0) |ε(u_δ)|^q dx ]

≤ c(r, r^′) [ 1 + ∫ B_r′ (x_0)

Γ^{q2}_δ dx ] . For the last integral on the right-hand side of (3.6) we have | | | | ∫ B_r′ (x_0)

g∂_k[η^2∂_ku_δ] dx | | | | ≤ c [ ∫ B_r′ (x_0) η|∇η||∇u_δ| dx + ∫ B_r′ (x_0)

η^2|∇^2u_δ| dx ] . weiter hence with α > 0 sufficiently small ∫ B_r′ (x_0) η^2|∇^2u_δ| dx ≤ α ∫ B_r′ (x_0)

η^2Γ^{p−22}_δ |∇ε(u_δ)|^2 dx + c(α) ∫ B_r′ (x_0)

η^2Γ^{2−p2}_δ dx .

Here the first integral on the right-hand side may be absorbed on the left-hand side of (3.6) provided that α > 0 is chosen sufficiently small. Summing up, it is proved at this point ∫ B_r′ (x_0)

η^2Γ^{p−22}_δ |∇ε(u_δ)|^2 dx ≤ c(r, r^′) [ ∫ B_r′ (x_0)

Γ^{q2}_δ dx + ∫ B_r′ (x_0) |u_δ||∇u_δ|^2 dx ]

+c [ 1 + | | | | ∫ B_r′ (x_0)

∂_k(u_δ ⊗ u_δ) : ε(η^2∂_ku_δ) dx | | | | ] (3.7) and it remains to discuss the integral resulting from the convective term on the right-hand side of (3.7). This is done with a standard observation (see, for instance, [MNRR]): ∫ B_r′ (x_0)

∂_k(u_δ ⊗ u_δ) : ε(η^2∂_ku_δ) dx = ∫ B_r′ (x_0)

∂_k(u^i_δu^j_δ)∂_j {η^2∂_ku^i_δ} dx = ∫ B_r′ (x_0)

∂_j (u^i_δu^j_δ)∂_k{η^2∂_ku^i_δ} dx = ∫ B_r′ (x_0) u^j_δ∂_j u^i_δ∂_k{η^2∂_ku^i_δ} dx = − ∫ B_r′ (x_0)

∂_ku^j_δ∂_j u^i_δ∂_ku^i_δη^2 dx − 1 2 ∫ B_r′ (x_0)

u^j_δ|∇u_δ|^2∂_j η^2 dx .

In the two-dimensional case we recall (again compare [MNRR]) that the first integral on the right-hand side vanishes on account of the divergence-free condition and the lemma is shown. ■ Combining some arguments of [KMS] and [BF2] we are now going to give a Proof of Theorem 1.2. To this purpose we first claim

LEMMA 3.2 Suppose that the hypotheses of Theorem 1.2 hold. Then, for any Ω^′ ⋐ Ω there is a constant c(Ω^′) (independent of δ) such that ∫ Ω^′ |∇u_δ|^{npn−p} dx ≤ c(Ω^′) . Proof of Lemma 3.2. Step 1. Given η as above we have by Korn’s and Hölder’s inequality (see [MNRR], p. 227)

‖η^2D^2u_δ‖^2_Lp_{(Br′ (x0))} ≤ c(1 + ‖∇u_δ‖_Lp_{(Br′ (x0))})^{2−p} ∫ B_r′ (x_0)

Γ^{p−22}_δ |∇ε(u_δ)|^2η^2 dx ≤ c(r, r^′) [ 1 + ∫ B_r′ (x_0)

Γ^{q2}_δ dx + | | | | ∫ B_r′ (x_0) |u_δ||∇u_δ|^2 dx | | | | + | | | | ∫ B_r′ (x_0)

∂_ku^j_δ∂_j u^i_δ∂_ku^i_δη^2 dx | | | | ] , (3.8)

where we also used Lemma 3.1. Note that on account of the a priori estimate (2.2) an analogous inequality holds if ‖D^2u_δη^2‖^2_p on the left-hand side of (3.8) is replaced by ‖∇(∇u_δη^2)‖^2_p. Sobolev’s Embedding Theorem then implies

‖∇u_δη^2‖^2np_{n−p} ≤ right-hand side of (3.8). (3.9)

Step 2. Let us choose some real numbers a ∈ (0, 1), γ > 1 such that qaγ = np n − p , q(1 − a) γ γ − 1 = p . (3.10)

Note that (3.10) holds for a = n(q − p) pq ∈ (0, 1) , γ = p^2 (n − p)(q − p) > 1 , where the range of a and γ follows from our assumptions on q and p. Hölder’s inequality now implies ∫ B_r′ (x_0) |∇u_δ|^q dx ≤ [ ∫ B_r′ (x_0) |∇u_δ|^{qaγ} dx ] 1_γ [ ∫ B_r′ (x_0) |∇u_δ|^{q(1−a) γγ−1} dx ] γ−1_γ

≤ c [ ∫ B_r′ (x_0) |∇u_δ|^{npn−p} dx ] 1_γ . We finally observe that q < p(n+2)/n gives γ^{−1} < 2(n−p)/np, hence for some sufficiently small parameter α > 0: ∫ B_r′ (x_0) |∇u_δ|^q dx ≤ c(α) + α [ ∫ B_r′ (x_0) |∇u_δ|^{npn−p} dx ] 2(n−p)_{np} . (3.11)

Step 3. Following [KMS] we find a bound for the second integral on the right-hand side of (3.8): choose real numbers ã ∈ (0, 1), γ̃ > 1 such that 2p̄ãγ̃ = np n − p , 2p̄(1 − ã) γ̃ γ̃ − 1 = p . (3.12)

Note that (3.12) holds for

ã =

3n − (n + 1)p 2p ∈ (0, 1) , γ̃ = p((n + 1)p − n) (n − p)(3n − (n + 1)p) > 1 , where the conditions ã ∈ (0, 1) and γ̃ > 1 follow from p > 3n/(n+3). The same condition implies 1 γ̃p̄ < 2(n − p) np and we obtain for α̃ > 0 sufficiently small | | | | ∫ B_r′ (x_0) |u_δ||∇u_δ|^2 dx | | | | ≤ c‖u_δ‖^{np}_{n−p} [ ∫ B_r′ (x_0) |∇u_δ|^{2p̄} dx ] 1_{p̄}

≤ c [ ∫ B_r′ (x_0) |∇u_δ|^{2p̄ãγ̃} dx ] 1_{p̄γ̃} [ ∫ B_r′ (x_0) |∇u_δ|^{2p̄(1−ã) γ̃¯(γ̃−1)} dx ] γ̃−1_{γ̃p̄}

≤ c [ ∫ B_r′ (x_0) |∇u_δ|^{npn−p} dx ] 1_{p̄γ}

≤ c(α) + α [ ∫ B_r′ (x_0) |∇u_δ|^{npn−p} dx ]^{2(n−p)}_{np} . (3.13)

Step 4. In the three-dimensional case n = 3 it remains to discuss the third integral on the right-hand side of (3.8). The discussion is the same as in Step 2. whenever the choice q = 3 is admissible. This leads to the requirement p > 9/5 in the three-dimensional case. Step 5. It is proved in (3.9), (3.11), (3.13) that we can find a sufficiently small number ρ > 0 such that [ ∫ B_r (x_0) |∇u_δ|^{npn−p} ] 2(n−p)_{np} ≤ c(ρ)c(r, r^′) + ρ [ ∫ B_r′ (x_0) |∇u_δ|^{npn−p} dx ] 2(n−p)_{np} . This gives by Lemma 3.1, p. 161 of [Gi] the uniform bound ∫ B_r (x_0) |∇u_δ|^{npn−p} dx ≤ const , and the proof of Lemma 3.2 is finished. ■

In a next step we make use of Lemma 3.2 in order to improve the Caccioppoli-type inequality from Lemma 3.1.

LEMMA 3.3 Under the hypotheses of Theorem 1.2 and with the notation of Lemma 3.1 there is a positive exponent γ > 0 such that ∫ B_r (x_0)

Γ^{p−22}_δ |∇ε(u_δ)|^2 dx ≤ c_1(r^′ − r)^{−2} ∫ B_r′ (x_0)

Γ^{q−22}_δ |∇u_δ − Q|^2 dx + c_2(r^′)^γ .

Here c_1, c_2 are uniform positive constants and Q ∈ R^{n×n} is an arbitrary matrix. Let us assume for the moment that the lemma is true and let us first finish the proof of Theorem 1.2. We choose χ = {_n n−2 = 3 if n = 3 , any number >^{2p}_{2p−q} if n = 2 ,

and let α = pχ. Following the proof of Corollary 4.1 in [BF2], we note that an appropriate choice of Q in Lemma 3.3 gives ∫ B_r′ (x_0) Γ^{q−22}_δ |∇u_δ − Q|^2 dx ≤ c ∫ B_r′ (x_0)

Γ^{q2}_δ dx .

Moreover, the quantity c_2(r^′)^γ can be interpreted as a local constant. Then the interpolation arguments presented in Lemma 4.4, [BF2], give with some appropriate exponent β (B_r′ (x_0) ⋐ Ω^′ ⋐ Ω) [ ∫ B_r (x_0)

Γ^{α2}_δ dx ] 1_χ ≤ 1 2 [ ∫ B_r′ (x_0)

Γ^{α2}_δ dx ] 1_χ + c(r, r^′) [ ∫ Ω^′

Γ^{p2}_δ dx ]_β + c , and with Lemma 3.1, p. 161, of [Gi] Theorem 1.2 is established. ■ It remains to give a Proof of Lemma 3.3. It is known by Lemma 3.2 that ‖u_δ‖_L∞_{loc(Ω;R}n_) ≤ c , (3.14) where the local constant is independent of δ. If Q ∈ R^{n×n} is fixed, then the arguments leading to (3.6) give with u_δ replaced by u_δ − Qx ∫ B_r′ (x_0)

η^2Γ^{p−22}_δ |∇ε(u_δ)|^2 dx ≤ c_1 ∫ B_r′ (x_0) |∇η|^2Γ^{q−22}_δ |∇u_δ − Q|^2 dx +c_2 {| | | ∫ B_r′ (x_0)

∂_k[u_δ ⊗ u_δ] : ε(η^2∂_k[u_δ − Qx]) dx | | | | + | | | | ∫ B_r′ (x_0)

g · ∂_k[η^2∂_k(u_δ − Qx)] dx | | | | } . (3.15)

The second integral on the right-hand-side of (3.15) is handled with the help of (3.14): | | | | ∫ B_r′ (x_0)

∂_k[u_δ ⊗ u_δ] : ε(η^2∂_k[u_δ − Qx]) dx | | | | ≤ c [ ∫ B_r′ (x_0) |∇u_δ||∇η^2||∇u_δ − Q| dx + ∫ B_r′ (x_0) |∇u_δ|η^2|∇ε(u_δ)| dx ]

≤ c [ ∫ B_r′ (x_0)

|∇u_δ|^2 dx + (r^′ − r)^{−2} ∫ B_r′ (x_0) |∇u_δ − Q|^2 dx

+ ∫ B_r′ (x_0) η^2|∇u_δ|Γ^{2−p4}_δ |∇ε(u_δ)|Γ^{p−24}_δ dx ]

From Young’s inequality we deduce ∫ B_r′ (x_0)

η^2Γ^{p−22}_δ |∇ε(u_δ)|^2 dx ≤ c [ (r^′ − r)^{−2} ∫ B_r′ (x_0)

Γ^{q−22}_δ |∇u_δ − Q|^2 dx (3.16)

+ ∫ B_r′ (x_0)

Γ^{4−p2}_δ dx + | | | | ∫ B_r′ (x_0)

g · ∂_k[η^2∂_k(u_δ − Qx)] dx | | | | ] . The integral involving the volume forces is estimated by | | | | ∫ B_r′ (x_0)

g · ∂_k[η^2∂_k(u_δ − Qx)] dx | | | | ≤ c [ ∫ B_r′ (x_0) η|∇η||∇u_δ − Q| dx

+ ∫ B_r′ (x_0)

η^2|∇^2u_δ| dx ] =: c{T_1 + T_2} .

Here we have for T_1

T_1 ≤ c [ (r^′ − r)^{−2} ∫ B_r′ (x_0) |∇u_δ − Q|^2 dx + |B_r′ (x_0)| ]

≤ c [ (r^′ − r)^{−2} ∫ B_r′ (x_0)

Γ^{q−22}_δ |∇u_δ − Q|^2 dx + (r^′)^n ] , (3.17) and for T_2

T_2 ≤ c ∫ B_r′ (x_0) η^2|∇ε(u_δ)| dx ≤ α ∫ B_r′ (x_0)

η^2Γ^{p−22}_δ |∇ε(u_δ)|^2 dx + c(α) ∫ B_r′ (x_0)

Γ^{2−p2}_δ dx . (3.18)

Since in addition the integral ∫ B_r′ (x_0) Γ (4−p)/2 δ dx is also bounded by some power (r^′)^γ , the lemma is proved by combining (3.16)–(3.18). ■

COROLLARY 3.1 Fix α < 3p/(p+1) if n = 3, in the two-dimensional case we assume α < 2. Then, for any Ω^′ ⋐ Ω there is a constant c, independent of δ, such that

‖u_δ‖_W 2_{α(Ω;R}2_) ≤ c .

Proof. By Theorem 1.2 we have u_δ ∈ W^1_{q̃,loc}. This, together with Lemma 3.3, implies for any Ω^′ ⋐ Ω ∫

Ω^′

Γ^{p−22}_δ |∇ε(u_δ)|^2 dx ≤ c(Ω^′) .

As a consequence, we obtain for any α as above (using Young’s inequality) ∫ Ω^′ |∇ε(u_δ)|^α dx = ∫ Ω^′

Γ^{p−22 α2}_δ |∇ε(u_δ)|^αΓ^{2−p2 α2}_δ dx ≤ c { ∫ Ω^′

Γ^{p−22}_δ |∇ε(u_δ)|^2 dx + ∫ Ω^′ Γ^{2−p2 α2−α} δ } . Hence, again by Theorem 1.2, we have the corollary. ■

Up to now we used the Caccioppoli-type inequality Lemma 3.1 to prove a first higher integrability result Lemma 3.2 which in turn gives an improved Caccioppoli-type inequality Lemma 3.3 with Theorem 1.2 as a consequence. Now we use Theorem 1.2 for a final improvement of our Caccioppoli-type inequality which is needed for the blow-up arguments of Section 5. Let h_δ := (1 + |ε(u_δ)|^2)^{p4} .

LEMMA 3.4 Consider the case n = 3 together with (1.4). Then, for any matrix Q ∈ R^{3×3} and for any B_r(x_0) ⋐ B_r′ (x_0) ⋐ Ω we have ∫ B_r (x_0) |∇h_δ|^2 dx ≤ c ∫ B_r (x_0)

Γ^{p−22}_δ |∇ε(u_δ)|^2 dx ≤ c [ (r^′ − r)^{−2} ∫ B_r′ (x_0) Γ q0 −2 2 δ |∇u_δ − Q|^2 dx + (r^′)^{4− 4p} + δc(r, r^′, Q) ] , where the constant c(r, r^′, Q) is just depending on r, r^′ and the matrix Q.

Proof. We return to (3.5) where on the right-hand side u_δ is replaced by u_δ − Qx. In order to reach the power Γ q0 −2 2 δ on the right-hand side of Lemma 3.4 we split

σ_δ = σ^1_δ + σ^2_δ = Df(ε(u_δ)) + δqΓ^{q−22}_δ ε(u_δ)

and observe that the modified right-hand side of (3.5) is an upper bound for the quantity ∫ B_r′ (x_0)

η^2∂_kσ^1_δ : ∂_kε(u_δ) dx

which in return by ellipticity of D^2f is bounded from below by c ∫ B_r′ (x_0)

η^2Γ^{p−22}_δ |∇ε(u_δ)|^2 dx .

Observing ∫

B_r′ (x_0) η^2|∇h_δ|^2 dx ≤ c ∫ B_r′ (x_0)

η^2Γ^{p−22}_δ |∇ε(u_δ)|^2 dx

it remains to discuss the four terms on the right-hand side of (3.5). We have | | | | 2 ∫ B_r′ (x_0) η∂_kσ_δ : (∇η ⊙ ∂_k[u_δ − Qx]) dx | | | | ≤ c [ ∫ B_r′ (x_0) η|∇σ^1_δ ||∇η||∇u_δ − Q| dx + ∫ B_r′ (x_0) η|∇σ^2_δ ||∇η||∇u_δ − Q| dx ]

≤ α ∫ B_r′ (x_0) Γ 2−q0 2 δ |∇σ^1_δ |^2η^2 dx + c(α)(r^′ − r)^{−2} ∫ B_r′ (x_0) Γ q0 −2 2 δ |∇u_δ − Q|^2 dx +c ∫ B_r′ (x_0) η|∇σ^2_δ ||∇η||∇u_δ − Q| dx . (3.19) Since Γ^{(2−q0)/2} δ |∇σ^1_δ |^2 ≤ c∂_kσ^1_δ : ε(u_δ) we may choose α in an appropriate way such that the first integral on the right-hand side of (3.19) can be absorbed, the second one occurs on the right-hand side of the inequality stated in Lemma 3.4, and the third integral is estimated as follows: ∫ B_r′ (x_0) |∇σ^2_δ |η|∇η||∇u_δ − Q| dx ≤ cδ ∫ B_r′ (x_0) Γ^{q−22}_δ |∇ε(u_δ)|η|∇η||∇u_δ − Q| dx (3.20) ≤ cδ [ α ∫ B_r′ (x_0)

η^2|∇ε(u_δ)|^2Γ^{p−22}_δ dx + c(α) ∫ B_r′ (x_0) |∇η|^2|∇u_δ − Q|^2Γ̃_δ^{q−2+ 2−p2} dx ]

(where Γ̃_δ := 1+|∇u_δ|^2). Since 2(q −1)+2−p < 3p (⇔ q < 2p) on account of (1.7) we see that (recall Theorem 1.2) the last integral on the right-hand side of (3.20) is bounded from above by a suitable constant c(r, r^′, Q) independent of δ (the first one again is absorbed).

The second term on the right-hand side of (3.5) can be handled as done before the inequality (3.16), i.e. an upper bound is given by c [ α ∫ B_r′ (x_0)

η^2Γ^{p−22}_δ |∇ε(u_δ)|^2 dx + c(α) ∫ B_r′ (x_0)

Γ̃_δ^{4−p2} dx + (r^′ − r)^{−2} ∫ B_r′ (x_0) |∇u_δ − Q|^2 dx where we already used Young’s inequality. By Hölder’s inequality we have ∫ B_r′ (x_0)

Γ̃_δ^{4−p2} dx ≤ [ ∫ B_r′ (x_0)

Γ̃_δ^{3p2} dx ] 4−p_{3p} (r^′)^{4− 4p} , (3.21)

and the a priori bound of Theorem 1.2 applies again.

The third term on the right-hand side of (3.5) is treated as outlined after (3.16) where for estimating T_1 we clearly can replace q by q_0 in the second line of (3.17), and T_2 is discussed in (3.18).

The last term on the right-hand side of (3.5) is estimated as follows (compare the discussion of the proof of Lemma 3.1 | | | | ∫ B_r′ (x_0) η∂_kp_δ1 : (∇η ⊙ ∂_k[u_δ − Qx]) dx | | | | ≤ c [ ∫ B_r′ (x_0) η|∇σ^1_δ ||∇η||∇u_δ − Q| dx + ∫ B_r′ (x_0) η|∇σ^2_δ ||∇η||∇u_δ − Q| dx + ∫ B_r′ (x_0) η|∇(u_δ ⊗ u_δ)||∇η||∇u_δ − Q| dx + ∫ B_r′ (x_0) η|g||∇η||∇u_δ − Q| dx ]

=: c[F^1_1 + F^2_1 + F_2 + F_3] , (3.22) where F^1_1 and F^2_1 have already been discussed in the beginning. Using the uniform local boundedness of u_δ, we see

F_2 ≤ c [ ∫ B_r′ (x_0)

η^2|∇u_δ|^2 dx + (r^′ − r)^{−2} ∫ B_r′ (x_0) |∇u_δ − Q|^2 dx ]

≤ c [ ∫ B_r′ (x_0)

Γ̃_δ^{4−p2} dx + (r^′ − r)^{−2} ∫ B_r′ (x_0) |∇u_δ − Q|^2 dx ] . (3.23)

Finally we have

F_3 ≤ c [ (r^′ − r)^{−2} ∫ B_r′ (x_0)

|∇u_δ − Q|^2 dx + (r^′)^3 ] , (3.24)

and by collecting our results (3.19)–(3.24) Lemma 3.4 is established. ■

4 The limit equation

In this section we pass to the limit δ → 0 and prove Theorem 1.3. Thus, consider a weakly convergent sequence u_δ^{δ→0}⇁: ū in W^1_p (Ω; R^n ) , where it is known from Theorem 1.2 that ū is locally of class W^1_{q̃} . Moreover, it is established in Lemma 2.2 that u_δ ∈ W^2_{2,loc}(Ω; R^n ) , Df_δ(ε(u_δ)) ∈ W^1_{q/(q−1),loc}(Ω; S^n) .

Let us finally recall that (see the proof of Lemma 2.2, [BF2]) |Δ_h{Df_δ(ε(u_δ))}| ≤ √ B_x B_x(ε(Δ_hu_δ), ε(Δ_hu_δ))^{12} .

Passing to the limit h → 0 (which is admissible) we obtain |∇{Df_δ(ε(u_δ))}| ≤ |D^2f_δ(ε(u_δ))|^{12} D^2f_δ(ε(u_δ))(∂_kε(u_δ), ∂_kε(u_δ))^{12} and, as a consequence, for B_r(x_0) ⋐ Ω ∫ B_r (x_0) |∇{Df_δ(ε(u_δ))}|^{qq−1} dx ≤ c ∫ B_r(x_0)

|D^2f_δ(ε(u_δ))|^{12 qq−1} {D^2f_δ(ε(u_δ))(∂_kε(u_δ), ∂_kε(u_δ))}^{12 qq−1} dx

≤ c [ ∫ B_r (x_0)

D^2f_δ(ε(u_δ))(∂_kε(u_δ), ∂_kε(u_δ)) dx ] q_{2(q−1)} [ ∫ B_r(x_0)

|D^2f_δ(ε(u_δ))|^{qq−2} dx ] q−2_{2q−2}

=: I_1 · I_2 .

Note that I_2 is bounded on account of Theorem 1.2, a bound for I_1 is found with the same arguments as given in Section 3. (We may take ∫ B_r (x_0) D

2f_δ(ε(u_δ))(∂_kε(u_δ), ∂_kε(u_δ)) dx as the left-hand side of (3.15). Recalling Theorem 1.2 we then we proceed as before with uniformly bounded right-hand sides.) Hence, it is shown that uniformly w.r.t. δ Df_δ(ε(u_δ)) ∈ W^1_{q/(q−1),loc}(Ω; S^n) . (4.1) Now let W_δ := Df_δ(ε(u_δ)) = δq(1 + |ε(u_δ)|^2)^{q−22} ε(u_δ) + Df(ε(u_δ)) .

The uniform estimate (4.1) yields as δ → 0 W_δ ⇁: W in W^1_{q/(q−1),loc}(Ω; S^n) W_δ → W in L^{q/(q−1)}_{loc} (Ω; S^n) and a.e. } (4.2)

Moreover we have a.e. as δ → 0 (recall Theorem 1.2: qδ(1 + |ε(u_δ)|^2)^{q−2}2 ε(u_δ) → 0, hence Df(ε(u_δ))^{δ→0}→ W a.e. , ε(u_δ)^{δ→0}→ (Df)^{−1}(W ) a.e.

This fact, together with the weak L^p-convergence of ε(u_δ), gives (Df)^{−1}(W ) = ε(ū) or Df(ε(ū)) = W , and (4.2) reads as (δ → 0) W_δ ⇁ Df(ε(ū)) in W^1_{q/(q−1),loc}(Ω; S^n) W_δ → Df(ε(ū)) in L^{q/(q−1)}_{loc} (Ω; S^n) and a.e. } (4.3)

Now fix a solenoidal test function φ ∈ C^∞_0 (Ω; R^n ). By the definition of u_δ we have ∫ Ω Df_δ(ε(u_δ)) : ε(φ) dx = ∫ Ω u_δ ⊗ u_δ : ε(φ) dx + ∫ Ω g · φ dx . Then (4.3) shows that the left-hand side of the latter equation converges to ∫ Ω Df(ε(ū)) :

ε(φ) dx. The a priori estimate stated in Theorem 1.2 also gives ∫ Ω u_δ ⊗ u_δ : ε(φ) dx^{δ→0}→ ∫ Ω ū ⊗ ū : ε(φ) dx and Theorem 1.3 is established. ■ Next consider Ω^′ ⊂ Ω and w ∈ W^1_q (Ω^′; R^n ), div w = 0, and let J[w, Ω^′] := ∫ Ω^′ f(ε(w)) dx − ∫ Ω^′ ū ⊗ ū : ε(w) dx − ∫ Ω^′ g · w dx . We claim the local J-minimality of ū, to be more precise: COROLLARY 4.1 For any Ω^′ and w as above, spt (ū − w) ⋐ Ω^′ we have J[ū, Ω^′] ≤ J[w, Ω^′] . REMARK 4.1 The results of [BF3] even show that (under some suitable conditions) ū is a global J-minimizer in the natural energy class. Proof of Corollary 4.1. We have J[w, Ω^′]−J[ū, Ω^′] = ∫ Ω^′ [ f(ε(w))−f(ε(ū)) ] dx− ∫ Ω^′ ū⊗ū : ε(w−ū) dx− ∫ Ω^′ g ·(w−ū) dx . The convexity of f yields f(ε(w)) − f(ε(ū)) ≥ Df(ε(ū)) : ε(w − ū) , hence we arrive at J[w, Ω^′]−J[ū, Ω^′] ≥ ∫ Ω^′ Df(ε(ū)) : ε(w −ū) dx− ∫ Ω^′ ū⊗ū : ε(w −ū) dx− ∫ Ω^′ g ·(w −ū) dx . If we observe that (by approximation arguments and by higher integrability of ε(ū)) the differential equation (1.6) for ū remains valid whenever φ ∈ W^1_q (Ω; R^n ), div φ = 0, φ compactly supported in Ω, then we have proved that J[w, Ω^′] − J[ū, Ω^′] ≥ 0 . ■

We finally need a limit version of Lemma 3.4 for the blow-up arguments of the next section. To this purpose we let h := (1 + |ε(ū)|^2)^{p4} , Γ̄ := 1 + |ε(ū)|^2 .

LEMMA 4.1 With the assumptions and the notation of Lemma 3.4 we have ∫ B_r (x_0) |∇h|^2 dx ≤ c [ (r^′ − r)^{−2} ∫ B_r′ (x_0)

Γ̄^{q0 −2}2 |∇ū − Q|^2 dx + (r^′)^{4− 4}p ] . Proof. From Lemma 3.4 it is known that h_δ is uniformly bounded in W^1_{2,loc}, this, together with the pointwise a.e. convergence of ε(u_δ) established after (4.2) shows that passing to the limit δ → 0 h_δ ⇁ h in W^1_{2,loc} and a.e.

Lower semicontinuity implies that ∫ B_r(x_0)

|∇h|^2 dx ≤ c lim inf_{δ→0} [ (r^′ − r)^{−2} ∫ B_r′ (x_0) Γ q0 −2 2 δ |∇u_δ − Q|^2 dx + (r^′)^{4− 4p} ] . (4.4)

From Korn’s inequality we infer that ‖∇u_δ − ∇ū‖_L^q0_{(Br′ )} ≤ c { ‖u_δ − ū‖_L^q0_{(Br′ )} + ‖ε(u_δ) − ε(ū)‖_L^q0_{(Br′ )} } , (4.5)

where we already know that ‖u_δ − ū‖_{q0} → 0 as δ → 0. Moreover, |ε(u_δ) − ε(ū)|^{q0} is uniformly bounded in L^{3p/q0}_{loc} , hence |ε(u_δ) − ε(ū)|^{q0 δ→0}⇁: ϑ in L 3p q0 loc . The pointwise convergence of ε(u_δ) implies ϑ = 0, thus it is shown that ∫ B_r′ (x_0) |ε(u_δ) − ε(ū)|^{q0} dx^{δ→0}→ 0 , and, as a consequence of (4.5) ∇u_δ^{δ→0}→ ∇ū a.e. (4.6) In the same way we observe that Γ q0 −2 2 δ |∇u_δ − Q|^2 is bounded in L^{3p/q0}_{loc} , thus Γ q0 −2 2 δ |∇u_δ − Q|^{2 δ→0}⇁: ϑ̃ in L 3p q0 loc . Now (4.6) implies ϑ̃ = Γ̄^{q0 −2}2 |∇ū − Q|^2, hence ∫ B_r′ (x_0) Γ q0 −2 2 δ |∇u_δ − Q|^2 dx^{δ→0}→ ∫ B_r′ (x_0)

Γ̄^{q0 −2}2 |∇ū − Q|^2 dx

which, together with (4.4), proves the lemma. ■

5 Partial regularity in case n = 3, q_0 = 2

In this section we are going to prove Theorem 1.4. So let us assume that all the hypotheses of this theorem are valid and recall that we already know ∇ū ∈ L^{3p}_{loc}(Ω; R^{3×3} ) which means ū ∈ C^{0,1−1/p}(Ω; R^3 ). W.l.o.g. we may asume that ū is Hölder continuous on Ω̄ since otherwise we just restrict the following considerations to balls compactly contained in some subdomain Ω^′ ⋐ Ω. The proof of Theorem 1.4 is based on a blow-up argument (see Lemma 5.2), and as usual we define the excess of ū w.r.t. a ball B_r(x) ⋐ Ω as E(x, r) := E(ū, B_r(x)) := ∫ − B_r (x) |ε(ū) − (ε(ū))_{x,r}|^2 dy ,

(. . . )_{x,r} and ∫ −_{Br (x)} denoting mean values. We will also make use of a Campanato-type estimate, which can be traced in [GM], a proof is also given in [FS], Lemma 3.0.5, v).

LEMMA 5.1 Consider a matrix A ∈ S^3 such that |A| ≤ L. Let w ∈ W^1_2 (B_1; R^3 ), div w = 0, satisfy ∫

B_1

D^2f(A)(ε(w), ε(φ)) dz = 0

for all φ ∈^∘W_2^1(B_1; R^3 ), div φ = 0. Then there is a constant C^∗ = C(p, L) such that ∫ − B_τ |ε(w) − (ε(w))_τ |^2 dz ≤ C^∗τ^2 ∫ − B_1

|ε(w) − (ε(w))_1|^2 dz

for any τ ∈ (0, 1).

REMARK 5.1 The constant C^∗ – according to [FS], Lemma 3.0.5, v) – depends on the ellipticity constants of the form D^2f(A). Since

λ(1 + |A|^2)^{p−22} |ε|^2 ≤ D^2f(A)(ε, ε) ≤ Λ|ε|^2

we get (p ≤ 2) λ(1 + L^2)^{p−22} |ε|^2 ≤ D^2f(A)(ε, ε) ≤ Λ|ε|^2 , thus C^∗ is independent of the particular matrix A.

Now the main lemma of this section reads as

LEMMA 5.2 Fix a real number L > 0, μ ∈ (0, μ_0), μ_0 :=^3_2 −^2_p , choose C^∗ = C^∗(p, L) according to Lemma 5.1 and let C_∗ := 2C^∗. Then, for any τ ∈ (0, 1/4) there exists λ = λ(L, τ) such that: if we have for some ball B_r(x) ⋐ Ω |ε(ū)_{x,r}| ≤ L and E(x, r) + r^{2μ} < λ^2 , then it follows that E(x, τr) ≤ C_∗τ^2 [ E(x, r) + r^{2μ} ] . From our main lemma we obtain in a standard way the following corollary which of course implies Theorem 1.4 since the complement of Ω_0 is of Lebesgue measure zero.

COROLLARY 5.1 Denote by Ω_0 the set

Ω_0 := { x ∈ Ω : sup_{r>0} |(ε(ū))_{x,r}| < ∞ and lim inf_{r→0} E(x, r) = 0 } . Then Ω_0 is open and we have

ū ∈ C^{1,β}(Ω_0; R^3 ) for any 0 < β < 1 .

Let us start with the Proof of Corollary 5.1. Following the remarks given after formula (5.11) in [FL] we get from Lemma 5.2 by a well known iteration process

ε(ū) ∈ C^{0,α}(Ω_0; S^3) for some exponent 0 < α < 1 .

Next fix an open set ω ⋐ Ω_0, let v = ∂_kū and observe that analogous to (5.3) of [BF2] ∫ ω D^2f(ε(ū))(ε(v), ε(φ)) dx = ∫ Ω ∂_k(ū ⊗ ū) : ε(φ) dx + ∫ Ω g · ∂_kφ dx (5.1)

for any solenoidal φ ∈ C^∞_0 (ω; R^3 ). For x_0 ∈ ω, ε_0 := ε(ū)(x_0), B_R(x_0) ⋐ ω we now choose v_0 ∈ W^1_2 (B_R(x_0; R^3 ) as the solution w.r.t. the Dirichlet data v_{|∂BR(x0)} of div v_0 = 0 together with ∫

B_R(x_0)

D^2f(ε_0)(ε(v_0), ε(φ)) dx = 0 (5.2)

for any solenoidal φ ∈ C^∞_0 (B_R(x_0); R^3 ). Then it is well known (see, e.g. [GM] or [FS], Lemma 3.0.5, iii)) that for 0 < r ≤ R ∫ B_r (x_0) |∇v_0|^2 dx ≤ c ( r R )_3 ∫

B_R(x_0) |∇v_0|^2 dx ≤ c ( r R )_3 ∫

B_R(x_0)

|∇v|^2 dx , (5.3)

where the last inequality follows from (5.2) and Korn’s inequality. As a consequence of (5.3) we immediately obtain ∫ B_r (x_0) |∇v|^2 dx ≤ c [ ∫ B_r (x_0)

|∇v_0|^2 dx + ∫ B_R(x_0) |∇v − ∇v_0|^2dx ]

≤ c [( r R )_3 ∫

B_R(x_0) |∇v|^2 dx + ∫ B_R(x_0) |∇v − ∇v_0|^2 dx ] . (5.4)

The last integral on the right-hand side of (5.4) is handled with the ellipticity condition, Korn’s inequality and (5.2) ∫ B_R(x_0) |∇v − ∇v_0|^2 dx ≤ c ∫ B_R(x_0)

D^2f(ε_0) ( ε(v) − ε(v_0), ε(v) − ε(v_0) ) dx = c ∫ B_R(x_0)

D^2f(ε_0) ( ε(v), ε(v) − ε(v_0) ) dx = c ∫ B_R(x_0)

D^2f(ε(ū)) ( ε(v), ε(v) − ε(v_0) ) dx +c ∫ B_R(x_0) [ D^2f(ε_0) − D^2f(ε(ū)) ]( ε(v), ε(v) − ε(v_0) ) dx = I_1 + I_2 . (5.5)

To proceed further we use (5.1) and Young’s inequality for 0 < γ sufficiently small. This gives for I_1

I_1 = c ∫ B_R(x_0)

∂_k(ū ⊗ ū) : ε(v − v_0) dx + c ∫ B_R(x_0)

g · ∂_k(v − v_0) dx ≤ γ ∫ B_R(x_0) |∇v − ∇v_0|^2 dx + c(γ)‖ū‖^2_∞ ∫ B_R(x_0) |∇ū|^2 dx + c(γ)‖g‖^2_∞R^3 . Moreover, we may estimate

I_2 ≤ c osc_{BR(x0)}D^2f(ε(ū)) ∫ B_R(x_0) |∇v||∇v − ∇v_0| dx ≤ γ ∫ B_R(x_0) |∇v − ∇v_0|^2 dx + c(γ) [ osc_{BR(x0)}D^2f(ε(ū))

]_2 ∫

B_R(x_0) |∇v|^2 dx . For γ small enough we can absorb terms on the left-hand side of (5.5). Moreover, given any α > 0, we can calculate R_0 = R_0(α) in such a way that (γ being fixed) c(γ)osc_{BR(x0)}D^2f(ε(ū)) ≤ α for all R ≤ R_0(α). Here of course continuity of ε(ū) is used. Since we already know that ∇ū is locally of class L^{3p}, we find (ν := 1 − 1/p) ∫ B_R(x_0) |∇ū|^2 dx ≤ cR^{3− 2p} = cR^{1+2ν} . As a result it follows from (3.4) and (3.5) ∫ B_r(x_0) |∇v|^2 dx ≤ c_1 [( r R )_3 + α ] ∫ B_R(x_0)

|∇v|^2 dx + c_2R^{1+2ν} (5.6)

for any r ≤ R ≤ R_0(α). Now choosing α small enough, we get (see [Gi], p. 86, Lemma 2.1) from (3.6) the growth estimate ∫ B_r (x_0) |∇v|^2 ≤ cr^{1+2ν} , hence v locally is of class C^{0,ν} on ω, thus ū ∈ C^{1,ν} (ω; R^3 ). This gives the better estimate ∫ B_R(x_0) |∇ū|^2 dx ≤ cR^3 and (3.6) can be replaced by ∫ B_r(x_0) |∇v|^2 dx ≤ c_1 [( r R )_3 + α ] ∫ B_R(x_0)

|∇v|^2 dx + c_2R^3

from which the claim follows by a further application of [Gi], p. 86, Lemma 2.1. ■

For the Proof of Lemma 5.2 we assume by contradiction that for L > 0 fixed and for some τ ∈ (0, 1/4) there exists a sequence of balls B_{rm} (x_m) ⋐ Ω such that |(ε(ū))_{xm,rm} | < L , (5.7) E(x_m, r_m) + r^{2μ}_m =: λ^2_m^{m→∞}→ 0 , (5.8) E(x_m, τr_m) > C_∗τ^2λ^2_m . (5.9) We then consider the scaled sequences u_m(z) = 1 λ_mr_m [ ū(x_m + r_mz) − r_mA_mz − γ_m(z) ] , |z| < 1 , A_m := (ε(ū))_{xm,rm} , γ_m(z) := B_mz + a_m , where we choose a_m ∈ R^3 and B_m ∈ R^{3×3} skew-symmetric such that ∫ B_1

|u_m|^2 dx ≤ c_1 ∫ B_1

|ε(u_m)|^2 dx . (5.10)

From (5.8) we know that ∫

B_1

|ε(u_m)|^2 dz ≤ c_2 , (5.11) hence (5.10) and (5.11) imply together with Korn’s inequality u_m^{m→∞}⇁ : û in W^1_2 (B_1; R^3 ) , div û ≡ 0 . (5.12) Moreover, (5.7) implies A_m^{m→∞}→: A ∈ S^3 , |A| ≤ L , (5.13) whereas (5.9) gives ∫ − B_τ |ε(u_m) − (ε(u_m))_τ |^2 dz > C_∗τ^2 . (5.14)

As usual one has to prove at this point (using the convergences (5.12) and (5.13)) that û satisfies a suitable limit equation. To this purpose let ψ ∈ C^∞_0 (B_1; R^3 ), div ψ = 0. The scaled version of our equation for ū then reads as ∫ B_1

Df(λ_mε(u_m)(z) + A_m) : ε(ψ) dz = r_m ∫ B_1 ψ(z) · g(x_m + r_mz) dx +r^{−3}_m ∫ B_{rm} (x_m) ū(x) ⊗ ū(x) : ε(ψ) (x − x_m r_m ) dx =: I_1 + I_2 .

Letting U(x) := ū(x) ⊗ ū(x) we rewrite this in the following way λ^{−1}_m ∫ B_1 [ Df(λ_mε(u_m)(z) + A_m) − Df(A_m) ] : ε(ψ) dz = r_mλ^{−1}_m ∫ B_1 ψ(z) · g(x_m + r_mz) dx +λ^{−1}_m ∫ − B_{rm} (x_m)

(U(x) − U(x_m)) : ε(ψ) (x − x_m r_m ) dx =: I_1 + I_2 .

Here condition (5.8) ensures r_mλ^{−1}_m ≤ λ^{1μ −1}m^{m→∞}→ 0 , hence I_1 → 0 as m → ∞ follows since g is of class L^∞. For I_2 we observe ū ∈ C^{0,μ0} (Ω̄; R^3 ) (on account of^3_2 −^2_p < 1 −^1_p ) and obtain

|I_2| ≤ cr^{μ0}_m λ^{−1}_m = c ( rμ_m λ_m ) r^{μ0−μ}_m^{m→∞}→ 0 . Up to now it is proved that lim_{m→∞} ∫ B_1 λ^{−1}_m [ Df(λ_mε(u_m) + A_m) − Df(A_m) ] : ε(ψ) dz = 0

for any ψ as above. We then proceed exactly as in [BF2] to derive the limit equation ∫ B_1

D^2f(A)(ε(û), ε(ψ)) dz = 0 for any solenoidal ψ ∈ C^∞_0 (B_1; R^3 ) . (5.15)

In particular the Campanato inequality of Lemma 5.1 is valid and as in [BF2] we come to a contradiction (recalling (5.14)) provided that we can prove the strong convergence ε(u_m)^{m→∞}→ ε(û) in L^2_{loc}(B_1; S^3) . (5.16)

To this purpose let us fix w̃ ∈^∘W_2^1(B_1; R^3 ), div w̃ = 0, and consider

w(x) := r_mλ_mw̃ (x − x_m r_m ) , x ∈ B_{rm} (x_m) . From Corollary 4.1 we get ∫ B_{rm} (x_m) f ( A_m + λ_mε(u_m) (x − x_m r_m )) dx ≤ ∫ B_{rm} (x_m) f ( A_m + λ_m [ ε(u_m) (x − x_m r_m ) + ε(w̃) (x − x_m r_m )]) dx − ∫ B_{rm} (x_m) ū ⊗ ū : ε(w) dx − ∫ B_{rm} (x_m) g · w dx , hence ∫ B_1

f(A_m + λ_mε(u_m)) dz ≤ ∫ B_1 f ( A_m + λ_m [ ε(u_m) + ε(w̃) ]) dz −r^{−3}_m ∫ B_{rm} (x_m) ū ⊗ ū : ε(w) dx − r^{−3}_m ∫ B_{rm} (x_m)

g · w dx . (5.17)

As in the proof of Proposition 5.2 from [BF2] we now show (0 < ρ < 1) lim_{m→∞} ∫ B_ρ ∫_1 0 (1 + |A_m + λ_mε(û) + tλ_mε(w_m)|^2)^{p−22} |ε(w_m)|^2(1 − t) dt dz = 0 , (5.18) where we have set w_m = u_m − û. With the notation of [BF2] we let w̃ = φ[û − u_m] − φ_m. Using (5.17) we argue exactly as in [BF2], where we now have to consider the additional terms −r^{−3}_m λ^{−2}_m ∫ B_{rm} (x_m) ū ⊗ ū : ε(w) dx − λ^{−2}_m r^{−3}_m ∫ B_{rm} (x_m) g · w dx on the right-hand side of [BF2], formula (5.23). We first observe that −λ^{−2}_m r^{−3}_m ∫ B_{rm} (x_m) g · w dx = r_mλ^{−1}_m ∫ B_1 g(x_m + r_mz) · w̃(z) dz → 0 as m → ∞ since r_mλ^{−1}_m → 0 as m → ∞. Moreover, we may estimate | | | | r^{−3}_m λ^{−2}_m ∫ B_{rm} (x_m) ū ⊗ ū : ε(w) dx | | | | ≤ r^{−3}_m λ^{−2}_m ∫ B_{rm} (x_m) |U(x) − U(x_m)||ε(w)| dx ≤ cr^{μ0}_m λ^{−1}_m ∫ B_1 |ε(w̃)| dx^{m→∞}→ 0 . As a result, (5.18) can be established in an analogous way as outlined in [BF2]: letting ψ_m := λ^{−1}_m [ (1 + |A_m + λ_mε(u_m)|^2)^{p4} − (1 + |A_m|^2)^{p4} ] it finally remains to prove ∫ B_ρ |∇ψ_m|^2 dz ≤ c(ρ) . (5.19) But from Lemma 4.1 we get ∫ B_ρ |∇ψ_m|^2 dz = λ^{−2}_m r^{−1}_m ∫ B_{ρrm} (x_m) |∇{(1 + |ε(u)|^2)^{p/4}}|^2 dx ≤ c(ρ)λ^{−2}_m r^{−3}_m ∫ B_{rm} (x_m) |∇ū − Q|^2 dx +cλ^{−2}_m r^{−1}_m r^{4− 4p}m , and if we choose Q = A_m + r^{−1}_m B (recall the definition of u_m) the boundedness of c(ρ)λ^{−2}_m r^{−3}_m ∫ B_{rm} (x_m) |∇ū − Q|^2 dx is immediate. Finally, our choice of μ gives λ^{−2}_m r^{3− 4p}m = r^{2μ}_m λ^2_m r^{3− 4p −2μ} m m→∞→ 0 , thus (5.19) is established. Now we can follow [BF2], proof of Proposition 5.2, Case 2, to get (5.16) which completes the proof of Lemma 5.2. ■

REMARK 5.2 If q_0 > 2 (together with (1.4) and n = 3) then Lemma 5.2 has to be modified according to Lemma 5.2 of [BF2] which makes things more technical but the result will be the extension of Theorem 1.4 under condition (1.4). If for some reason the reader is directly interested in the general case “n = 3 + (1.4)”, some aspects can be simplified: one starts with the observation that w.l.o.g. q_0 may be assumed to be larger than 3 (so the right-hand side of (1.3) may be enlarged still having (1.4)). Then the regularization f_δ is defined with respect to the exponent q_0 (no additional q occurs) and all results up to Section 4 remain valid. But, as mentioned before, the formulation and the proof of Lemma 5.2 are more involved since we now have to take care of the additional excess-type quantity ∫ − B_r (x) |ε(ū) − (ε(ū))_{x,r}|^{q0} dx . 6 The case n = 2, q_0 = 2

In this section we consider the case n = 2 together with q_0 = 2, i.e. we are going to prove Theorem 1.5. Let us note that in contrast to Section 5 it is not evident how to generalize the result to the case q_0 > 2. A powerful tool for proving full regularity in two dimensions is a lemma due to Frehse and Seregin (see Lemma 4.1 of [FrS]). Our main task in this section is (compare Section 6 of [BF2]) to verify the assumptions of the Frehse-Seregin Lemma. To this purpose we recall Corollary 3.1, i.e.

ū ∈ W^2_{2−ε,loc}(Ω; R^2 ) for any ε > 0 . (6.1)

Now let us fix two discs B_{2r}(x̄) ⋐ B_{2R}(x_0) ⋐ Ω and choose η ∈ C^∞_0 (B_{2r}(x̄)), η ≡ 1 on B_r(x̄), |∇η| ≤ c/r. Using (6.1) it is proved in [BF4] that we may pass to the limit δ → 0 in (3.5). Moreover, it is obvious that on the right-hand side of the resulting inequality ū can be replaced by ū − Qx for some arbitrary matrix Q ∈ R^{2×2} (see again [BF4] for details). If we let σ̄ := Df(ε(ū)), then we end up with ∫ B_{2r} (x̄)

η^2∂_kσ̄ : ∂_kε(ū) dx ≤ −2 ∫ B_{2r} (x̄) η∂_kσ̄ : [ ∇η ⊙ ∂_k[ū − Qx] ] dx + ∫ B_{2r} (x̄) ∂_k[ū ⊗ ū] : ε ( η^2∂_k[ū − Qx] ) dx − ∫ B_{2r} (x̄) g · ∂_k [ η^2∂_k[ū − Q] ] dx . Letting T_{2r}(x̄) := B_{2r}(x̄) − B_r(x̄) and

H := [ D^2f(ε(ū))(∂_kε(ū), ∂_kε(ū))

] 1_2 , h := (1 + |ε(ū)|^2)^{p4} , we obtain in the same way as outlined in [BF2], Section 6, ∫ B_{2r} (x̄)

η^2H^2 dx ≤ c r [ ∫ T_{2r} (x̄)

H^2 dx

] 1_2 ∫

T_{2r} (x̄) hH dx + ∫ B_{2r} (x̄) ∂_k[ū ⊗ ū] : ε ( η^2∂_k[ū − Qx] ) dx − ∫ B_{2r} (x̄) g · ∂_k [ η^2∂_k[ū − Q] ] dx −2 ∫ B_{2r} (x̄)

η∂_kp̄1 : [∇η ⊙ ∂_k(ū − Qx)] dx , (6.2)

where p̄ denotes the pressure function related to the limit problem. Since ū is locally bounded, it follows for α > 0 sufficiently small (Γ̄ := 1 + |ε(ū)|^2, Γ̃ := 1 + |∇ū|^2) ∫ B_{2r} (x̄) ∂_k[ū ⊗ ū]η^2ε(∂_kū) dx ≤ c ∫ B_{2r} (x̄)

|∂_kū|η^2Γ̄^{2−p4} Γ̄^{p−24} |ε(∂_kū)| dx ≤ α ∫ B_{2r} (x̄)

η^2Γ̄^{p−22} ε(∂_kū) : ε(∂_kū) dx +c(α) ∫ B_{2r} (x̄)

η^2|∇ū|^2Γ̄^{2−p2} dx ≤ cα ∫ B_{2r} (x̄)

η^2H^2 dx + c(α) ∫ B_{2r} (x̄)

Γ̃^{4−p}2 dx . (6.3)

Since |∇ū| is locally summable w.r.t. any power we get ∫ B_{2r} (x̄)

Γ̃^{4−p}2 dx ≤ c(α_1)r^α1 for any exponent α_1 < 2 .

Next we estimate ∫ B_{2r} (x̄) ∂_k[ū ⊗ ū] : ∇η^2 ⊙ ∂_k[ū − Qx] dx ≤ c ∫ T_{2r} (x̄) η|∇η||∇ū||∇ū − Q| dx

≤ cr^{−1} [ ∫ T_{2r} (x̄) |∇ū|^2 dx ] 1_2 [ ∫

T_{2r} (x̄) |∇ū − Q|^2 dx ] 1_2

≤ cr^{−1}r^{α2} ∫ T_{2r} (x̄)

hH dx , α_2 < 1 , (6.4)

where the last inequality follows as in [BF2] (compare the calculations after (6.3) in [BF2] for handling ∫ T_{2r} (x̄) |∇ū − Q| 2 dx). Moreover, higher integrability is used again. Let us consider the volume force term: we have | | | | ∫ B_{2r} (x̄) g · ∂_k ( η^2∂_k[ū − Qx] ) dx | | | | ≤ c [ ∫ B_{2r} (x̄) |∇η||∇ū − Q| dx

+ ∫ B_{2r} (x̄) η^2|∇ε(ū)| dx ] =: c{T_1 + T_2} , where T_2 ≤ γ ∫ B_{2r} (x̄)

η^2Γ̄^{p−22} |∇ε(ū)|^2 dx + c(γ) ∫ B_{2r} (x̄)

η^2Γ̄^{2−p2} dx

(recall |∇^2ū| ≤ c|∇ε(ū)|). For γ > 0 sufficiently small, the first integral on the right-hand side may be absorbed on the left-hand side of (6.2) and the second one is of growth order r^{α1} for any α_1 < 2. Moreover,

T_1 ≤ cr^{−1} [ ∫ T_{2r} (x̄) |∇ū − Q|^2 dx ] 1_2

|B_{2r}(x̄)|^{12} ≤ cr^{−1} ∫ T_{2r} (x̄) hH dx r^{α2} . Let us finally discuss the pressure term in (6.2): | | | | | ∫ B_{2r} (x̄) η∂_kp̄1 : [∇η ⊙ ∂_k(ū − Qx)] dx ≤ c ∫ B_{2r} (x̄) η|∇σ̄||∇η||∇ū − Q| dx +c ∫ B_{2r} (x̄) η|∇(ū ⊗ ū)||∇η||∇ū − Q| dx +c ∫ B_{2r} (x̄) η|g||∇η||∇ū − Q| dx =: T_1 + T_2 + T_3 . Since ū is uniformly bounded, T_2 (and of course T_3) is estimated in the same way as outlined in (6.4). We further have

T_1 ≤ cr^{−1} [ ∫ T_{2r} (x̄) |H|^2 dx ] 1_2 [ ∫

T_{2r} (x̄) |∇ū − Q|^2 dx ] 1_2

≤ cr^{−1} [ ∫ T_{2r} (x̄) |H|^2 dx ] 1_2 ∫

T_{2r} (x̄) hH dx . Combining this inequality with (6.2)–(6.4) we end up with ∫ B_r (x̂)

H^2 dx ≤ c_1r^{−1} [ ∫ T_{2r} (x̄)

H^2 dx + r^α

] 1_2 ∫

T_{2r} (x̄)

hH dx + c_2r^β (6.5)

being valid for any exponents α, β < 2. Note that the additional term c_2r^β on the righthand side of (6.5) is rapidly decreasing and completely irrelevant for the proof of Lemma 4.1 of [FrS]. To be more precise, inequality (A 3.6) of [FrS] now reads (using the notation of [FrS]) ∫ B_r (x̄)

H^2 dx ≤ C_3 [√ log_2 (2R r ) ∫ T_{2r} (x̄)

H^2 dx + r^α √ log_2 (2R r )] + C_4r^β which is an immediate consequence of inequality (6.5). If we choose β > α, then clearly the latter estimate reduces to the original form of (A 3.6) in [FrS]. Hence we may apply the lemma with the result ∫ B_r (x̄)

H^2 dx ≤ K(t)| ln r|^{−t} for any t > 1 . (6.6)

Observing |∇σ̄| ≤ cH, (6.6) together with the version of the Dirichlet-Growth Theorem given in [Fre], p. 287, implies the continuity of σ̄ = Df(ε(ū)). Now we can proceed as in the proof of Corollary 5.1 to get the statement of Theorem 1.5. ■

References

[AM] Acerbi, E., Mingione, G., Regularity results for stationary electrorheological fluids. Arch. Rat. Mech. Anal. 164 (2002), 213–259.

[Ad] Adams, R. A., Sobolev spaces. Academic Press, New York-San Francisco- London 1975.

[AFP] Ambrosio, L., Fusco, N., Pallara, D., Functions of bounded variation and free discontinuity problems. Oxford Science Publications, Clarendon Press, Oxford 2000.

[BF1] Bildhauer, M., Fuchs, M., Partial regularity for variational integrals with (s, μ, q)-growth. Calc. Var. 13 (2001), 537–560.

[BF2] Bildhauer, M., Fuchs, M., Variants of the Stokes problem: the case of anisotropic potentials. J. Math. Fluid Mech. 5 (2003).

[BF3] Bildhauer, M., Fuchs, M., Regularisation of variational integrals with applications to generalized Newtonian fluids.

[BF4] Bildhauer, M., Fuchs, M., A regularity result for stationary electrorheological fluids in two dimensions.

[BFM] Bildhauer, M., Fuchs, M., Mingione, G., Apriori gradient bounds and local C^{1,α}– estimates for (double) obstacle problems under nonstandard growth conditions. Z. Anal. Anw. 20 (2001), 959–985.

[BAH] Bird, R., Armstrong, R., Hassager, O., Dynamics of polymeric liquids, Vol. 1 Fluid mechanics, John Wiley, Second Edition 1987.

[ER] Ettwein, F., Růžička, M., Existence of strong solutions for electrorheological fluids in two dimensions: steady Dirichlet problem. In: Geometric Analysis and Nonlinear Partial Differential Equations. By S. Hildebrandt and H. Karcher, Springer-Verlag, Berlin-Heidelberg-New York, 2003, 591–602.

[EG] Evans, L. C., Gariepy, R., Measure theory and fine properties of functions. Studies in advanced mathematics, CRC Press, Boca Raton - Ann Arbor - London, 1992.

[Fi] Fichera, G., Existence theorems in elasticity, and unilateral constraints in elasticity. Handbuch der Physik VI a, 347–424, Springer, Berlin, 1972.

[Fre] Frehse, J., Two dimensional variational problems with thin obstacles.

Math. Z. 143 (1975), 279-288.

[FM] Frehse, J., Málek, J., Problems due to the no-slip boundary in incompressible fluid dynamics. Geometric analysis and nonlinear partial differential equations. By S. Hildbrandt and H. Karcher, Springer, Berlin-Heidelberg-New York, 2003, 559–571.

[FMS] Frehse J., Málek, J., Steinhauer, M., On analysis of steady flows of fluids with shear-dependent viscosity based on the Lipschitz truncation method. To appear in SIAM J. Math. Anal.

[FrS] Frehse, J., Seregin, G., Regularity for solutions of variational problems in the deformation theory of plasticity with logarithmic hardening. Proc. St. Petersburg Math. Soc. 5 (1998), 184–222 (in Russian). English translation: Transl. Amer. Math. Soc, II, 193 (1999), 127–152.

[Fri] Friedrichs, K.O., On the boundary value problem of the theory of elasticity and Korn’s inequality. Ann. Math. 48 (1947), 441–471.

[FL] Fuchs, M., Li, G., Variational inequalities for energy functionals with nonstandard growth conditions. Abstract Appl. Anal. 3 (1998), 41–64.

[FS] Fuchs, M., Seregin, G., Variational methods for problems from plasticity theory and for generalized Newtonian fluids. Lecture Notes in Mathematics 1749, Springer, Berlin-Heidelberg, 2000.

[Ga1] Galdi, G., An introduction to the mathematical theory of the Navier-Stokes equations, vol. 1. Springer Tracts in Natural Philosophy vol. 38, Springer, New York, 1994.

[Ga2] Galdi, G., An introduction to the mathematical theory of the Navier-Stokes equations, vol. 2. Springer Tracts in Natural Philosophy vol. 39, Springer, New York, 1994.

[Gi] Giaquinta, M., Multiple integrals in the calculus of variations and nonlinear elliptic systems. Ann. Math. Studies 105, Princeton University Press, Princeton 1983.

[GM] Giaquinta, M., Modica, G., Nonlinear systems of the type of the stationary Navier-Stokes system. J. Reine Angew. Math. 330 (1982), 173–214.

[GT] Gilbarg, D., Trudinger, N.S., Elliptic partial differential equations of second order. Grundlehren der math. Wiss. 224, second ed., revised third print., Springer, Berlin–Heidelberg–New York, 1998.

[KMS] Kaplický, P., Málek, J., Stará, J., C^{1,α}-solutions to a class of nonlinear fluids in two dimensions – stationary Dirichlet problem. Zap. Nauchn. Sem. St.- Petersburg Odtel. Math. Inst. Steklov (POMI) 259 (1999), 89–121.

[Ko1] Korn, A., Die Eigenschwingungen eines elastischen Körpers mit ruhender Oberfläche. Akad. Wiss. München, Math.-Phys. Kl., Ber. 36 (1906), 351–401.

[Ko2] Korn, A., Über einige Ungleichungen, welche in der Theorie der elastischen und elektrischen Schwingungen eine Rolle spielen. Bull. ist. Cracovie Akad. umiejet, Classe sci. math. nat. (1909), 705–724.

[La] Ladyzhenskaya, O.A., The mathematical theory of viscous incompressible flow, Gordon and Breach, 1969.

[LS] Ladyzhenskaya, O.A., Solonnikov, V.A., Some problems of vector analysis, and generalized formulations of boundary value problems for the Navier-Stokes equations. Zap. Nauchn. Sem. Leningrad Odtel. Mat. Inst. Steklov (LOMI) 59 (1976), 81–116 (in Russian). English translation: J. Soviet Math. 10, no. 2 (1978).

[MNRR] Málek J., Necǎs, J., Rokyta, M., Růžička, M., Weak and measure-valued solutions to evolution partial differential equations. Applied Mathematic and Mathematical Computation vol. 13, Chapman and Hall, 1996.

[MM] Mosolov, P.P., Mjasnikov, V.P., On well-posedness of boundary value problems in the mechanics of continuous media. Mat. Sbornik 88 (130) (1972), 256–284. Engl. Transl.: Math. USSR Sbornik 17, no. 2, (1972), 257–268.

[Pi] Pileskas, K.I., On spaces of solenoidal vectors. Zap. Nauchn. Sem. Leningrad Odtel. Mat. Inst. Steklov (LOMI) 96 (1980), 237–239 (in Russian). English translation: J. Soviet Math. 21, no. 5 (1983).

[St] Strauss, M.J., Variations of Korn’s and sobolev’s inequality. Berkeley symp. on P.D.E., AMS Symposia 23 (1971), 207–214.

[Ze] Zeidler, E., Nonlinear functional analysis and its applications vol. IV. Springer, Berlin, 1987.