MATHEMATICAL METHODS IN THE APPLIED SCIENCES
Math. Meth. Appl. Sci. 2002; 25:149-178 (DOI: 10.1002/mma.282)
MOS subject classification: 74 B 05; 74 G 65; 74 N 99

The effect of a surface energy term on the distribution
of phases in an elastic medium with a two-well
elastic potential

Michael Bildhauer', Martin Fuchs'*! and Victor Osmolovskii’

! Universitiit des Saarlandes, F.R. 6.1 Mathematik, Postach 15 11 50, Saarbriicken D-66041, Germany
2 Mathematics & Mechanics Faculty, St. Petersburg State University, St. Petersburg 198904, Russia

Communicated by H. D. Alber

SUMMARY

We consider the problem of minimizing
J(u,E)= /ﬁl+(~,8(u))dx + / S e(u)) dx + o] 0E N Y
E O—E

among functions u:R?>Q— R, ujpo =0, and measurable subsets E of (2. Here SF, f7 denote
quadratic potentials defined on Q) x {symmetric d x d matrices}, 4 is the minimum energy of f£* and

e(u) is the symmetric gradient of the displacement field u. An equilibrium state &, £ of J(u, E) is called
one-phase if £=0 or E =), two-phase otherwise. For two-phase states, ¢|0F N 2| measures the effect
of the separating surface, and we investigate the way in which the distribution of phases is affected
by the choice of the parameters 4 € R, ¢>0. Additional results concern the smoothness of two-phase
equilibrium states and the behaviour of infJ(u,E) in the limit ¢ | 0. Moreover, we discuss the case
of additional volume force potentials, and extend the previous results to non-zero boundary values.
Copyright © 2002 John Wiley & Sons, Ltd.
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1. INTRODUCTION

We consider an elastic medium occupying a bounded Lipschitz region Q ¢ RY and assume that
the medium can exist in two different phases. Each phase is characterized by its deformation
energy density

FEe(u)(x)) = (A5 () (e(u)(x) = E5(x)), e(u)(x) — E5(x)) +a*
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150 M. BILDHAUER, M. FUCHS AND V. OSMOLOVSKII

and its location in the non-deformed state, i.e. by sets QF CQ, where Q" NQ~ =0 and
Q+ruUQ~=Q. The plus and minus superscripts correspond to the first and second phase,
respectively, u(x)=(u'(x),...,u’(x)), x €€, is the field of displacements with corresponding
strain tensor &(u), and we assume that u(x) vanishes on 0f2. According to the definition, the
energy density f* of each phase is a quadratic function of the linear strain &(u). ¢* denotes
the stress-free strain of the ith phase; A*(x) is the tensor of the elastic moduli viewed as
a positive definite, symmetric linear map on the space of symmetric tensors. We do not as-
sume that 47 and A~ coincide but their difference measured in L°°-norm should be small
(see Section 2 for precise statements). Finally, a® is the associated minimum energy, w.l.o.g.
we will assume that a" =h€R and a~ =0. In order to indicate the dependence of f* on
the parameter h, we will write f,"(x,¢) in place of f*(x,¢). If y denotes the characteristic
function of the set Q" occupied by the first phase, then it is natural to take the functional
(neglecting for the moment volume force potentials)

Jlu, y]1= /QXﬁ(-,S(u))Jr(l =0/ G eu))dx (1)

as the total deformation energy and to investigate the existence and behaviour of equilibrium
states, i.e. of pairs #, 7 such that

J[i,7]= inf J

where the infimum has to be taken w.r.t. to all deformations u:$) — RY, ujpo =0, and all
measurable characteristic functions y:{2— R. A state of equilibrium is termed one-phase, if
Z2=0 or y =1, and two-phase otherwise. Unfortunately, the variational problem J — min may
fail to have solutlons as it is shown by an example in Reference [1]. One way to overcome
this difficulty is the observation that

Xﬁl+('98(u)) + (1 - %)f_(’é’(u))> min{ﬁ,+('38(u))’ f_(sé(u))} :f(’g(u))

hence we may introduce the functional

Il = /Q F(e(u))dx @)

whose energy density is the non-convex double well potential f(-,&(u)) and whose infimum
agrees with infJ (compare Theorem 7.1). Again, the existence of /-minimizing displacement
fields cannot be guaranteed but the quasiconvex envelope £ e(u)) of f(-e(u)) provides a
natural regularization [[u]= fQ f (-,&(u))dx of the functional / which means that [ attains
its minimum among all admissible displacements. Moreover, the /-minimizing displacement
fields are exactly the weak cluster points of /-minimizing sequences. There are many papers
devoted to the study of the relaxed variational problem

I[u] — min (3)

on suitable classes of displacements u: {2 — RY. Without being complete we mention Refer-
ences [2,3] and the references quoted therein.

There is another way to obtain a regularization of the functional (1): following Reference
[4], it is natural to introduce an additional term in (1) similar to the Griffith surface energy

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:149-178



THE EFFECT OF A SURFACE ENERGY 151

and proportional to the area of the surface S separating the regions QT ={x€Q: y(x)=1}
and O~ ={xeQ: y(x)=0}, more precisely we let

Iu, x) = /Q[xﬁﬁ(w(u)) + (1 =)/~ e(u))] dx + alS| 4)

where |S| denotes the area of the separating surface and ¢ is a positive constant. Reformulating
the variational problem for (4) in suitable spaces like X = 55! (2; RY) x {y € BV(Q): x(x)=0
or 1} by observing that
si= [ 194
Q

if S:=0(sptyN) is smooth, it is easy to show the existence of equilibrium states i, 7.
Moreover, we have inf /{u, y] — infJ[u, %] as ¢ | 0 (see Theorem 7.1).

The main purpose of our paper is to investigate the way in which equilibrium states depend
on the parameters /s € R and ¢ >0, in particular, we describe the range of parameters for which
only two-phase (one-phase) equilibria exist and under which conditions bifurcation occurs. A
precise formulation is given in Theorem 2.1, and in Theorem 8.1 we include additional volume
force terms, Theorem 9.1 addresses the case of non-zero boundary values. In this paper, we
will make use of various methods introduced by the third author in Reference [5] for the
investigation of phase transition problems in elastic media with residual stress operators. The
reader who wants to learn more about the mathematical and physical backgrounds should
consult the monograph [13].

Finally, we wish to mention that there exists a third way of regularizing (1) where the
surface energy term o¢|S| from (4) is replaced by a quantity involving higher order weak
derivatives like ¢ [, |Au|? dx of the deformation field u. This model was proposed in Refer-
ences [6,7], and in the particular case 4 =0, there is an approach to investigate the minimiza-
tion problem for the functional (2) without using any regularization. This approach is based on
the construction of a deformation u s.t. e(u)(x)€{&T(x),& (x)} holds a.e. (see again
Reference [7]).

Remark 1.1. The reader should note that the variational problems with a perimeter penal-
ization naturally occur in the setting of optimal design theory, we refer e.g. to Reference

8].

2. NOTATION AND RESULTS

Let S denote the space of all symmetric d x d matrices. We define for u = (u;), v=(v;) € R?
and for x=(x;), k=(k;)ES?, u-vi=wvs, |ul=vu-u, (xK):=te(xK)=0x;K;, |#|:=
V (%, %), seu = (xu;) € R?, where we always take the sum over repeated Latin indices from
ltod. If 4:S —S? denotes a symmetric linear operator, i.e.

(Ao, B) = (o, AB)  for all o, feS?
we will use a coordinate representation in the form

(o) =aij o, i,j=1,...,d

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:149-178



152 M. BILDHAUER, M. FUCHS AND V. OSMOLOVSKII

In terms of the coefficients a;;; € R symmetry of 4 means

Qijkl = Akl,ijs  Qijkl = Ajikl>  Qijkl = Qij, Ik (5)
In the following, Q C R? is assumed to be a bounded Lipschitz domain. For functions u: ) —
R? from the Sobolev space Vflzl(Q; R?) (see Reference [9]) we define the strain tensor

1 . .
(eu))y = 5@ + ), ij=1.....d (6)

and observe that ¢(u)(x)€S? for a.a. xc Q. Note also that by Korn’s inequality (compare,
e.g. Reference [10] for a list of references) there is a constant ¢ independent of u such that

Vull20) <clle)] 2

holds for any u from the space I/IO/ZI(Q; R?). Suppose now that for each x € ) two symmetric,
linear operators A*(x):S? — S are given with coordinates of the form

+ +
a,‘j,kl(x):aij,kl(x) + Ocl:j’kl(X) (")
a;j, and ai ; being symmetric and satisfying

0/ + +
aiji € C°(82), % kil €L>(Q2), H“U,HHLOQ(Q) <é (7)

Here ¢ is a sufficiently small positive real number being specified in Lemma 3.5 below. In
addition to (7), we assume the operators AT to be positive definite, i.e. for some v>0 we
have

Vo < (A o) o) < v 8)

being valid for all x € Q and o € S¥. Next, let us state our hypotheses concerning the stress-free
strains ¢*: for some finite ¢ >d, we have

& el (Y;8") )
Moreover, ¢t are generalized solutions of the equilibrium equations, i.e.
/<Ai<§i,5(u)> dx=0 for all ve F5(Q:RY) (10)
Q
Note that (10) holds in the case that 4* as well as ¢* do not depend on x € 2. Besides this
A* and &* should satisfy one of the following additional conditions:

there is a subset £ of ) with positive measure such that

U @E@LE) -~ [0S
< Jo an

<{A7(x)C (%), ¢ (x) — |(12|/Q<A(y)€(y),é(y)> dy

is true for a.a. x€ E

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:149-178
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(A7 ()& (x), ¢ (x)) — |(12| Q<A+(y)€+(y), &) dy

U WE @ E ) - |IQ| /Q A ()E (D E () dy (1)
a.c.on ) and ATET£ATE

In Section 4, the hypotheses (11) and (11*) will imply the existence of two-phase equilibria.
(11) should be viewed as a kind of sufficient condition for this fact in the case of vari-
able data A*(x), ¢*(x). Clearly (11) is violated in the case when A*=AF, ¢+ =¢F with
constant operators A(jf and constant symmetric matrices 53: but then (11*) reduces to the
natural requirement that Agtfg #A, &y . An example satisfying (11) will be given at the end
of Section 6.

Let us now recall our definitions of f*(-,¢), fhi(~,8), heR, e€S?, from Section 1 and
define for 60

Iu, g, h,0]:= /()(fh+ se(u)) + (1 — X)f*(',S(u)))derG/ IV (12)
Q Q
where the pair (u,y) is taken from the space
X = WAL RY) x {y eBV(Q): 7(x)€{0,1} ae} (13)

i.e. y is a measurable characteristic function of finite total variation

/ |[Vy|:= sup {/ xdivedx: e CHL R, o<1 a.e} < + o0.

Q Q

For a definition of the space BV({2), we refer to Reference [11] or [12] where the reader will
also find the proofs of the following facts:

(a) Lower semicontinuity: if {y,} is a sequence of measurable characteristic functions
I €BV(Q) s.t. y,— y a.e., then

[ 1vzi<timint [ vz,
0 n—ooJa

(b) Compactness: if for a sequence {y,} as above we have sup, [, |V,,| <oo, then there is
a subsequence {7,} and a measurable characteristic function y € BV(Q) s.t. y, — x a.e.

(¢) Isoperimetric inequality: suppose that the measurable characteristic function y € BV(£2)
satisfies 1/|)] fﬂxdxé%. Then there is a number x =x(d, () s.t.

(d—1)/d
(/xdx) <K/\Vx|
Q Q

(d) Density: for any measurable characteristic function y there exists a sequence {y,} of
measurable characteristic functions in BV({2) s.t. y, — 1 a.e.

(Property (d) is proved in Reference [13], we also refer to the appendix of Reference [14]).
Now we state the main result of our paper in which we describe the dependence of equi-
librium states #, 7 of the functional (12) on the parameters /# and .

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:149-178



154 M. BILDHAUER, M. FUCHS AND V. OSMOLOVSKII

Theorem 2.1. Let all the hypotheses stated before be satisfied. Then, for any 4 <R and
¢ >0, the functional from (12) attains its minimum on the set X defined in (13). The half-
plane of parameters ¢ >0 and 2 € R is divided into three open regions 4,B,C (see Figure 1
below) such that the following holds:

(a) for (g,h) €A we only have the one-phase equilibrium #=0, 7 =0;
(b) for (o,h)€ C only the one-phase equilibrium state #=0, 7 =1 exists;
(c) within the region B only two-phase states of equilibria exist.

Region A(C) is separated from region B by the graph of a continuous function 2" (o) (2~ (o)),
0<o<o* for some ¢*>0; the functions h* are defined on (0,+oc) and have the following
properties: there exists a number 4 (an expression for this quantity is given in (20)) such
that:

e on (0,6%)ht is strictly decreasing and A"t > h;
e on (0,0%)h~ is strictly increasing and A~ <#;
e for 0 €[6*,00) we have ht(c)=h"(c)=h.

On the graphs of #*, we have the following description of equilibrium states:

(d) for h=h*(o), 6 €(0,6*), we have the one-phase equilibrium state #=0, 7=0 and at
least one additional two-phase equilibrium state;

(e) for h=h"(0), 0€(0,0%), there is at least one two-phase equilibrium state together
with the one-phase equilibrium #=0, y=1;

(f) for h=h, oe(c*,00), the equilibrium states consist of the pairs #=0, 7=0 and
u=0, =1,

(g) for h=h, 6=0" we have the equilibrium states #=0, 7=0, #=0, 7=1 plus at least
one additional two-phase equilibrium.

As to the regularity for two-phase state equilibria we have the following result (assuming the
same hypothesis as for Theorem 2.1).

Theorem 2.2. Consider a two-phase equilibrium state (i, 7) € X of the functional from (12)
with >0 and let E={x€Q: j(x)=1}. Then, if d<7, QNOE is a hypersurface of class C!
separating {2 into two open sets on which # is smooth provided that the coefficients aiﬂfi, 4 are
regular. ‘

Remark 2.3. Regarding the definition of 0E we adopt the standard convention (see, e.g.
Reference [11], Proposition 3.1 and Remark 3.2) that

0<|ENB.(x)| <wgr?

holds for any x€0E, w, denoting the volume of the d-dimensional unit ball. The latter
condition can always be achieved by replacing E through a set £ such that |E—E|=|E—E|=0.

Remark 2.4. In Theorem 8.1 (and 8.2) we prove that Theorem 2.1 (and also Theorem
2.2) extend to the case when we add a potential like [, p - udx to the energy I[u, y,h,o].
Moreover, we can include the case of non-vanishing boundary values u, (see Theorem 9.1).
In both cases, the data have to be sufficiently small.

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:149-178
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"5 (>0)
Ho)

h (o)

Figure 1. The o, h half-plane.

Remark 2.5. By further decreasing the quantity ¢ from (7?) (if necessary) the functions
h*(o) are seen to be bounded if so are the stress-free strains ¢+ (x) (see Lemma 7.3).

The proof of Theorem 2.1 is organized in a series of lemmas presented in Sections 3-5.
In Section 6, we put together these auxiliary results by way of completing the proof of
Theorem 2.1. Moreover, Section 6 contains the proof of Theorem 2.2. We finish Section 6
by adding an example for which condition (11) is satisfied. In Section 7, we give some
further comments on our results, in particular we show that {#,} is a minimizing sequence
for the functional from (2) whenever (i,,7,) € X is an equilibrium state of /[u, x, h,0,] for a
sequence {o,} such that ¢,>0,:;, 0,>0, lim,_ . 6,=0. Finally, we discuss in Section 8§,
the case involving an additional volume force term and in Section 9 we add some remarks
on non-zero boundary values.

3. SOME EXISTENCE RESULTS

From now on we assume that all the conditions stated before Theorem 2.1 are valid but let
us remark explicitly that we neither need (11) nor (11*) throughout this section. We start
with the following simple observation: consider a one-phase equilibrium state (i, 7)€ X of
the functional I[u, y,h,0], he R, =0, i.e. 7=0 or y=1. Then we have #=0. For the proof
let us consider the case y=1. Then

1[4, 1,h,0]<1[0,1,h,0]
implies (compare (12) and write f," = f;" +h, fi7(-,e):=(AT(e = &F),e — &T))

[ fcaanass [ o
Q Q

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:149-178



156 M. BILDHAUER, M. FUCHS AND V. OSMOLOVSKII
and by (10) (recall i€ Vflé(ﬂ, R?)) this reduces to

/ (Ate(in),e(r)) dx <0
Q

hence the ellipticity condition (8) together with Korn’s inequality gives the claim. The case
7=0 is treated in the same way.
The next result is a trivial application of (8) combined with Young’s inequality.

Lemma 3.1. Let he R, ¢>0 be given. Then for any (u,y) €X we have the estimate

244
5 [P axto [ (Va<iuzhel e+ = e P e har as
Q Q Q

The functional /[u, y, h, 0] has nice lower semicontinuity properties.

Lemma 3.2. Consider a sequence (u,,),) from the space X and sequences 4, €R, g,>0
such that

hy— ih, 6,— 0,up—u in W' (G RY) and y, — @7 ae. (15)

with (i, y) € X. Then
Iu, . h,o]< 1inﬁli£f1[un,}(n,hn,0n] (16)
Remark 3.3. Clearly, the assumption that (u, y) is in the space X is equivalent to y€BV(Q).

On account of [, [Vy|< n—oo Jo |Vu| this would follow if the total variations of the
on stay bounded which cannot be deduced from the convergences stated in (15).

Proof. Let us first suppose that

I[u, 3, h, 0] < liminf I[u,, %, An, 0] (17)

Assuming (17) we get

I, 1, o) = I, 7,1,0] + o / v
Q

< liminf 1wy, x4, by, 0] +11m1nf/ [V (G 00)|

n—oo

where o [, |[Vy|<liminf,_.o [, [V(0,x:)| follows from sup, |[G,in||z~) <oco together with
g.)n — o) by a simple application of Lebesgues’s theorem on dominated convergence. This
shows (16). For (17) we observe

It 70 s 0] = /Q Gy o)) + (1 — 1) f~Creu))) dx

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:149-178
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- /Q Gofi Coe@)) + (1= )/~ (e(u))) dx

+ / Ui (o)) — i (eu))
Q
(1 ) () — f (e dri= (1) + (2)

where (1) =1[u, ), 11, 01" =" I[u, 1, h,0]. Let &,:=¢(u,), €:=¢e(u). Then

(AF(en — E5) 60 — EF) = (AF(en — €),60 — €) + (¥ (e — EF),e = &F)
+2(4% (e, —€),6 — EF)

and by ellipticity, this implies the lower bound

@22 [ 14" elw) - ). lu) — ') dx
Q
2 [ (1= 1) () — () c(u) - ) dx"=50
0
where the limit behaviour of the right-hand side follows from Assumption (15). This proves
(17), Lemma 3.2 is established. |

Putting together Lemmas 3.1 and 3.2, we get

Theorem 3.4. Given arbitrary parameters £ € R and ¢ >0, there exists an equilibrium state
(41,7) € X of the functional I[u, y, h, o].

In the next lemma, we give an upper bound for the value of the quantity € occurring in
condition (72). It should be noted that & does neither depend on 4 nor on ¢>0.

Lemma 3.5. There exist constants € >0 and R>0 just depending on 2,d,q, ||aiju|l|z>=)
and the ellipticity constant v (R is also depending on ||*||;2q)) such that if (7%) is satisfied
for this choice of ¢, we have & € VOVz;(Q R?) together with ||i
is an equilibrium state of [[u, y,h, o] with h€R, ¢>0.

WL (URD) <R, whenever (&, 7)€ X

Proof. Let (i1, 7) denote an equilibrium state of I[u, y,h,c]. Then I[d, 7, h, c]1<I[d+tv, ], h, o]
for any 1€ R, ve W, (;RY), therefore

/52{2<A+(5(ﬁ) —EMe()) + (1 =A™ (e(@ — &7 ),e(v))} dx =0
Let 4:=(a;n), /f:z(f(oc;k, +[1 = 7]e; 4)> hence
/(As(ﬁ), e(v)) dx + /(A%(ﬁ),e(v)) dx= /()ZAJré+ + (1 =4~ & ,e(v)) dx
Q Q Q

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:149-178



158 M. BILDHAUER, M. FUCHS AND V. OSMOLOVSKII

being valid for any ve V%I(Q; R?). For ¢ small enough (depending on ||4||;=) and v) the
operator A(x): S? — S satisfies (8) with v replaced by v/2 for any x € €2, therefore the unique
weak solution u € J,!(€; R?) of

/Q (A-(u),(v)) dx = (T,)

belongs to the space VOVz}](Q; R?) provided T € qu_l(Q; Rd)::(VoV(éq),(Q; R%))* (compare, e.g.
Reference [15], Chapter 6.4, or [16]), more precisely, the mapping

JiW (GRS T ue (% RY)

is an isomorphism. Clearly

L: (R 5w L€ W (5 RY)
()= [ A0 dr. 0 € i (R
is a continuous linear mapping whose norm can be bounded independent of 7, and from the
definition of 4, it follows that
I L W RY) — Wy (5 RY)

is an isomorphism provided that ||L|| is small enough. The last requirement can be fulfilled
(independent of 7) if we choose

+
llotg7 galloey <€

with € as in the lemma. Let b e WZ‘;I(Q; R?) be given by
(o) = [(G47E +(1= A€ ) da
Q

By the above considerations, there exists a unique function ' € Vf/z;(Q; R?) such that
'+ L)w)=b,
and from the equation satisfied by @, we immediately deduce &z =u’. This shows
ire W (2 RY) together with Il ) < Clblly- 10y

By definition (recall (9)) the norm of b can be bounded uniformly w.r.t. to j, the lemma is
established. O

To finish this section, let us consider

I [u, h) :z[[u,l,h,O]:/Qﬁf(-,s(u))dx
! (18)
I u] := I, 0,h,0] = / FCe@)dx, ue 1 RY
Q

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:149-178
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I* represent the total deformation energy of one-phase elastic media with energy density
7 (,e) and f(-,€), respectively.
As mentioned in the beginning of this section, we have

Lemma 3.6. On },'(;RY) the functionals /= attain their unique minima at 4= = 0.
Let us consider the case that the variational problem
I[u, 1, h,6]— min in X (heR, ¢>0)

admits only one-phase equilibria (i, y), i.e. either y =0 or 7 =1 together with #=0 (see the
beginning of this section). Then the quantity

Io[h] := min{I[a", k], I [0~ ]} (19)

determines the dependence of the energy of an equilibrium state on the quantity 4. It is easy
to check that

/<A+f+, Edx+ O, h<h
AL

S

/<A*é*,é‘*>dx, h> (20)
Q

- ISIZI /Q(—<A*é+,af+> F(A7E,ET))dx

4. THE BEHAVIOUR OF THE VOLUME OF THE PHASES OF EQUILIBRIUM
STATES AS A FUNCTION OF THE PARAMETER #4

Roughly speaking, the next lemma implies that under certain hypotheses sequences of two-
phase equilibria will converge weakly to a two-phase equilibrium.

Lemma 4.1. For any k> 1, there exists a number 6 =03(k) € (0,1/2) (depending also on
d,,q,||E%|240)) such that the following is true: suppose that (i,7)€X is a two-phase
equilibrium of the energy I[u,,h, o] with |h| <k and k~! <o <k. Then we have

0< |g12| /Q ydx<1-9
Proof. Let (11, ) denote a two-phase equilibrium state of I[u, y, 4,c]. Then
1[4, 7,h,0]1<1[0,0,h,6] and [I[a,},h,0]<I[0,1,h, 0] 21)
The first inequality in (21) implies
/Q{f*(sdﬁ)) + 2047 Coe(@) = £ e(@))}dx + G/Q Vil
< /Qf*(-,O)dxg /Qf*(ge(ﬁ))dx

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:149-178
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where the last inequality follows from Lemma 3.6. Thus we obtain
o [1V1< [ 20 o) - £ oot d (22)
In a similar way, we may use the second inequality in (21) to get
/Q{f;f(',«?(ﬁ)) + (1 =D Ce@) = f7Ce(@)))} dx + U/Q V(1 =72l
< [ o< [ G
in conclusion,
G/Q V(I =)l < /ﬂ(l — DAL Coe@@) — £ e(@))} dx (23)

Let G :=|f;t(-,e(@1)) — f~(-,&(i1))|. Recalling Lemma 3.5 and Assumption (9) we get
1G]]0 < Go

for a finite constant G, independent of %2 and ¢ (but depending on the same quantities
as R from Lemma 3.5). Let us denote by 7 one of the functions 7 or 1 — 7 for which
1/19 [, 7 dx < § is true. (22), (23) and Hélder’s inequality imply

1 1
GO + |h‘ HyllL/IZQ)]Hylqul(Q))/q

~rl ~1((q—d)/qd || ~(d—1)/d
= [Go + |A] HXllqu(m]Hylliql(m)/q 17115

1 d)/qd
/q (q(Q))/q / |Vy|

~(d—1)/d
)
Recall that (i, 7) is a two-phase equilibrium state, hence [, |V 7| #0, and we deduce from the
above inequality

1 o qd/(g—d) 1
—_— < — |17l 24
e ) o e G4
From (24), the claim of the lemma follows if we define 0 as the minimum of the left-hand
side for all choices of |A| <k and ¢ € [1/k,k]. |

An application of Lemma 4.1 is

Lemma 4.2. Consider sequences 4, € R, g,>0 such that 4, — 4 and g, — >0 as n— oc.
For each n let (i1,,7,) € X denote an equilibrium state of the functional I[u, y, 4, 0,]. Suppose
that a subsequence of two-phase equilibria (or one-phase equilibria with 7, =0 or one-phase
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equilibria with j,=1) exists. Then, for /[u, y,/,0] there also exists a two-phase equilibrium
state (or a one-phase equilibrium state with 7 =0 or a one-phase equilibrium state with y=1).

Proof. Passing to a subsequence, let us first assume that (i,, 7,,) is a sequence of two-phase
equilibria. By Lemma 3.1, we can extract a subsequence having the convergence properties

stated in (15), in particular i, — @ in V(I)/E(Q; R?), 7,— x a.c. Lemma 3.2 implies
I[i, 7, h,0] < li;llg;f I, 7,5 Bns 0]
On the other hand, for any (u,y)€ X, we have by minimality
I, 7,y hns 00] < 11ty 1 s 0]

and since the right-hand side converges to /[u,y,h,0], we see that (i, ) is an equilibrium
state of I[u, y,h,c]. Let us fix k> 1 such that |h,| <k, o, €[1/k,k]. Then, according to Lemma
4.1, we have

5<|(12|/Q)2ndx<1—6

for all n with 0 independent of n, therefore
1
0< = / pdx<1-6
1 Jo

and (i, 7) is a two-phase equilibrium state. The corresponding result for single-phase equilibria
is trivial, since the property y,=0 (j,=1) is stable in the limit. |

Lemma 4.3. For i=1,2 let (4;,%;) €X denote an equilibrium state of the functional /[u, y,
h;,a]. Then we have

(hr = h)(| 72112 0) —

Proof. The proof is a simple calculation using [[é, 3, h1,0] < I[ia, 15, M, 0] and [[in, },,
hZaJ]él[ﬁla}El’hZaJ]' 0

Zallziey) <0

Remark 4.4. Suppose that for some %, there exists an equilibrium state (o, 7,) of I[u, x, o,
o] such that 7,=0 (j,=1). Then, according to Lemma 4.3, all equilibrium states (i, ) of
Iu, y,h,0] with h>hy (h<hy) satisfy 7=0 (y=1).

The next lemma shows that for |A| large enough, only one-phase equilibrium states can
exist.

Lemma 4.5. There are numbers At >h~ depending, in particular, on ¢ with the following
property: if A>h"(h<h~) and if (i, 7) denotes an equilibrium state of I[u, y,h, ], then we
have 7=0 (7=1).

Proof. Let us first suppose that for all numbers H >0, there exists 2> H and an equilibrium
state (i, 7,) of I[u,y, h,c] such that

1 . 1
Kﬁémw>5 (25)
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From estimate (22), we get (j =, 4 :=u;)

{AWﬂ+h42M<KﬁUTﬁMD—ﬁ1AMDM (26)
(26) implies
o [19i1+h [ 2dx < Gollif)* < Gole/o " 27)

If we replace & by a sequence %, T oo and use (25), then (27) gives a contradiction. Hence
there exists 7' >0 such that

|(12|/Qfgdx<; for all h>h" (28)

Returning to (27) and quoting (28), we may use the isoperimetric inequality to get (h>l~z+)

N d—1)/d | ~ —d)/qd A —d)/qd A
UXUVX G199 < G| 7 e KUVX

being valid for all equilibrium states (&, y) of I[u,x,h,a]. By (28) 7=1 is not possible. If
(,7) is a two-phase equilibrium, then [, [V7|#0. But from (27) we see (by dropping the
first term on the left-hand side) 7|11 q) < Go|2|“"1/h, hence there exists a number At

(w.lo.g. >l~z+) such that
o 'kGol|7]|“= 4 <1 for all h>h* (29)

A —1
< GOHXHSII(Q))/(] = GO

7

Inserting this into the estimate for o [, [V7|, we see that (i1, 7) must be a one-phase equilib-
rium, in conclusion 7 =0 follows. The existence of A~ is proved in a similar way starting
with (23). O

To proceed further, we now present some necessary conditions for the parameter 4 under
which two-phase equilibria for I[u, y,h, 0] can exist.

Lemma 4.6. Suppose that for the functional I[u, x, h,a] at least one two-phase equilibrium
state exists. Then we have

|h| <ho(a) := max{(2/|Q))4 G, (1c/a )/ @=DGaa—)y
Here Gy is defined after (23) and x denotes the constant from the isoperimetric inequality.

Proof. Let (41,7) denote a two-phase equilibrium state. W.l.o.g. assume % >0, the case
h <0 is treated in a similar way. Going through the proof of Lemma 4.5, we see that (28)
or (29) must be violated, i.e. we have

1. 1 _ A 1(g—
o >3 or o kGo| 21 ) > 1 (30)
since in the opposite case (i, 7) is a one-phase equilibrium state. Quoting (27) in the form

A 5 _1 1 ¥ _1
n [ 4 <Gulzlita) e h< Gl
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and using (30) to estimate the right-hand side, we get
0 < h< max{(2/|Q)"1G,, (/o) a=DGI4=D} 0

Lemma 4.7. There exists a number ¢* such that for 6 >¢* and all 7€ R all equilibrium
states of I[u, x,h,c] are one-phase equilibria.

Proof. Consider an arbitrary equilibrium state (i, 7) € X of the functional I[u, y,h,0]. Ac-
cording to (27), we have

~ N A —1D)/gd y~11(d—1)/d
o [19i1+h [ 2de <Gl “1G)
hence
A ~Anl/d A —d)/qd An(d—1)/d
o [ 1921 < U1, + Gol 1 N

If (4, 7) is a two-phase equilibrium state, then, according to Lemma 4.6, || can be replaced
by ho(0), in the one-phase case this is obvious, therefore

o [ V7] < {holo)

A

1/d A —d)/qd An(d—1)/d
A0, + Goll 21D 3 17l

LY() L) L)

Starting with (23), we get by analogous calculations

o [ 1va-2)

Let 7 denote the function 7 or 1 — 7 for which 1/|Q| [, 7dx<3. Using the isoperimetric
inequality and the estimates for 7 and 1 — 7, we deduce

[ v <mo [ vz
() i= S [ho(@)(1921/2)! + Go(|021/2)~a¢)

(d—1)/d

< {ho(0)|1 = 71110, + Goll1 = 21420311 — 7))

LN(Q) LY(Q)

Since /y(o) stays bounded as g — oo, it is clear that there exists a number ¢* >0 such that
hi(g)<1 for all ¢>0¢*. But then (4&,7) is a one-phase equilibrium state. |

Lemma 4.8. Let h denote the number defined in formula (20). Then, for all ¢>0 small
enough, the energy I[u, x,h,a] has only two-phase equilibrium states.

Proof. By contradiction, we assume that there exists a sequence g, >0, ¢, — 0, such that
I[u, x, h,0,] admits a one-phase equilibrium (#,,%,), i.e. #,=0, %,=0 or #,=0, y,=1. For
any (u,y)€X, we get

) ) ) /f;(-,O)dx, P,=1
I, 1 by 6,1 =1 {80, 7,0 b 6,1 =1[0,7,,5,0] = { °°
\/in(',())dx, )?nEO
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thus (compare (20)) I[u,x,fz, an]zfo[fz] for all (u,y)€X. Choosing u=0, we get for any
characteristic function y € BV(Q2)

/ (LA EEN + (1= A& &) +hpde+ o, / Vol = Rl = / A=) d
Q Q Q
hence

/ UATER,E) — (A, &) + hdx + o / V7120

Q Q

Passing to the limit n — oo and using the definition of A, we obtain

X [<A+é+,f+> - @ - <<Aé,é> - faea dy)} dx>0

valid for all y as above. Therefore,

A et ) |IQ| [wreeiasuee) - ; /Q<A*é:é*> dx

which is in contradiction to (11). Let us now assume condition (11*) in place of (11). With
the same notation as before, we get I[u, i, h,0,] Zio[h] for all (u,y)eX, i.e.

/Q DA (o) — &), o) — E7) 4 )+ (1= 7)™ (o) — & eu) — )] dx
. >h[hl= [ (4 &, &) dx
+U/Q\VX|>10[] /Q< £, )

Observing [,(4~ &, e(u)ydx = [, (7,47 e(u)) dx =0 (see (10)) and letting n— oo, we arrive
at

60000+ A )0+ 2000 A6 — A7) = Aol )
, I Frtor+ _ N —r— e
[r|uween g [ueery- (ueo-g [ueoy)|e
=0

and (11*) implies

/Q(A’s(u), e(u)) + x[{(ATe(u), e(u)) + 2{e(u),A=E — ATET) — (A e(u), e(u))] dx
>0 forall (u,y)eX

In the next step, we replace u by Au, A>0, divide through A and pass to the limit 4 | 0 with
the result

/Ms(u),A’é’ —ATEY)Ydx>=0 for all (u,y)eX 3D
Q
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We claim that (11*) (i.e. ATEH#£A47¢7) implies the existence of u € C(Q2; RY) s.t.
(e(u),A=E" —ATE) #0 (32)
holds on a set £ C () with positive measure. If not, then
(e(u),A=E™ —ATETY =0 ae. and for all uc C°(Q;RY), hence

/qo(s(u),A’é’ —ATENYdx=0 for all p e C®(Q), ueC(;RY)
Q

Observing &(pu) = %(V(p Qu+uxVe)+ e(u)p and (compare (10))
[ etonae —aeryax=o
we get ((y;):=A47& —A47¢)
/aj@u% dx=0
Q
and since u is arbitrary, this implies
0 @y;=0, i=1,...,d for all pcC>®(Q)

Letting o(x)=x;, k=1,...,d, we obtain the contradiction y; =0, i,k=1,...,d. Thus we
have (32). W.l.o.g. we may assume that

E7i={xeQ: (e(u)(x), A" (x)& (x) — A" (x)¢"(x)) <0}
has positive measure (otherwise replace u by —u). Let y denote the characteristic function

of E~. We do not know that y is in BV(€2) but according to the density property, we find
measurable characteristic functions y, € BV(€2) such that y, — x a.e. We get

O>/X<s(u),A_f_—A+§+)dx: lim /x,,(s(u),A_f_—A+§+)dx
Q n—=oo Ja

hence
/ anle(u),A=E" —ATET)dx <0
0

for large enough n. But (u,y,)€X and so the last inequality contradicts (31). |

5. THE BEHAVIOUR OF THE ENERGY OF EQUILIBRIUM STATES
AS A FUNCTION OF THE PARAMETER #
If heR and 0>0, we set
Ilh,c]:= inf [I[u,y,h, o] (33)
(u,7)€EX
According to Theorem 3.4, the value /[, a] is attained by at least one equilibrium state (i, 7).
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Lemma 5.1. We have the estimates
[[h,e1<ho[h),  |ITha, 0] — IThy, 01| <|Q| [y — By (34)

valid for all >0, h, h;, h, €R, in particular, the function his T [A,0] is continuous for all
g>0.

Proof. For (34) we just observe I[h,0]<I[0,1,h, 0] and I[h,a]<I[0,0,h,c]. Consider A,
hy € R and let (#;, 7;) denote equilibrium states of I[u, y, h;, 0], i=1,2. Then
i[h27o-] _f[hlao-] < I[ﬁlailahzaa] _I[ﬁlailzhlaa]
=(hz—h1)/y:1dx<|ﬂ||h2—h1\
Q

and in the same way [[h,, 0] — [[hs, 0] < Jo 7o dx(hi — hy), from which the claim follows. [

Let us define the number

c*:=inf{o;>0: for >0y and all 7€ R the energy /[u,y,h, o] has only
one-phase state equilibria}

By Lemma 4.7, the set of numbers g; >0 is non-empty, hence inf{...} >0, but on account of
Lemma 4.8, we know ¢* >0.

Lemma 5.2. For any ¢ >0, there exist unique numbers 2" (c)=h" (o) as follows:

h=(o)=h"(a)=h for all c>¢" (35)
h=(o)<h<h®(c) for all o€ (0,0%) (36)
for he (h (0),h"(6)), 0<o<o*, all equilibrium states are two-phase and 37)
iTh, o1 <Io[A];
for h<h™ (o), >0, only the one-phase equilibrium state (38)
=0, 7=1 exists, we have I[h, o]=I[h]
for h>h"(c), ¢>0, only the one-phase equilibrium state (39)
u=0, 7=0 exists, we have Ih, o] =1Io[h]

Proof. Fix ¢>0 and quote Lemma 4.5 to see that

ht(o):=inf{HER: 0=

0, 7=0 is the only equilibrium state of /[u,y, H, o]}
h=(g):=sup{HeR:u=0,

7 =1 is the only equilibrium state of /[u,y, H,o]}

h*(o)=h(0), are well-defined and that for 2> A" (o)(h<h~(c)) we must have 7=0 (j=1)
for any equilibrium state (#, y) of I[u, x,h,0]. Let us start with the proof of (35) assuming
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first that 0 >¢* is fixed. Recalling the definition of o*, we see

/Q A& EVdvi=E  (“7=0")
I[h,o]= or (40)
/Q AHE EY dx+ Q) (=17

with [[h,6]=E at least for h>h" (o) whereas the second line of (40) is valid for A <h=(0).
We claim that A7(¢)=h"(o)(=h). If this is not the case, then 42~ (o) <h'(g). Suppose that
for some ;€ (h~(0),h" (o)), we have

I[h,0]=1[h"(0),0]

By continuity of /[h,a], we get I[h*(c),6]=E, hence ii1=0, 7=0 is an equilibrium state of
I[u, x,h1,0]. But then Remark 4.4 shows that for 2> hy, all equilibria of I[u,y,h,c] are of
this form contradicting the definition of A% (¢) and the choice #; <hA' (). For this reason, we
must have

Ih,o]= /Q<A*é‘+,é*>dx + h[Q

also on (A (0),h"(0)), in particular #=0, 7=1 is the only equilibrium state for % in this
range (compare Remark 44) contradicting the definition of A~ (¢). Thus we have A" (o) =
h~(c) and by continuity of /[, ], this can only happen for the common value h.

Let us extend (35) to the limit case ¢ =¢*: consider a sequence g, >a* such that g, — o*.
For h>iz:h+(on), we have the only equilibrium state #, =0, §,=0, by Lemma 4.2, 4 =0,
7=0 is an equilibrium state of [[u, x,h,0*], and with the same reasoning #=0, 7=1 is an
equilibrium state of I[u, y,h,c*], h<h. According to Remark 4.4, we see that for h>iz, the
only equilibrium state of I[u, y, h,c*] is given by =0, 7 =0, whereas for A <h we only have
4=0, 7=1. This implies 4" (¢*)=h"(o*)=h by definition of h*(c*). Altogether we have
shown (35), (38) and (39). For example, I[h,0]=1Io[h] in case h>h't(c) follows from

[, h]=1[0,1,h,6]=1[h,6] =1[0,0,h,¢]=1"[0"]

hence according to the definition of Iy[h], it is seen I[0,0,h,a]=Io[h]=I[h,0].

To proceed further, we claim that at /,6* there exist the equilibrium states #=0, 7=0 or
7=1 and at least one two-phase equilibrium state u, j.

In fact, the existence of the one-phase equilibria follows from Lemma 4.2 together with
(35), (38) and (39). By definition of ¢*, there exists a sequence ¢, <c¢*, g, — ¢*, such that
at least for one h=h,, a two-phase equilibrium state (i,,},) of I[u,y,h,,0,] must exist.
Lemma 4.6 implies sup, |/,| <-+oo, hence &, —: & at least for a subsequence, and Lemma 4.2
shows that at /,6* a two-phase equilibrium state exists. In case #>h, we get a contradiction:
since =0, 7=0 is an equilibrium state at h,¢*, we would get again by Remark 4.4, that
for h>h a}l equilibrium states are of this kind. The same argument excludes the case & <#h,
hence h=h.
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Let us fix o<o*. If (i1,7) is the two-phase equilibrium state at h,¢*, we get (use the
existence of one-phase equilibria for the first equation)

Io[h = ITh,6*1=1[it, 1, h, 61> 1[i1, 7, h, 6] =1[h, o]

Since h+— Io[h] and h+— L[k, o] are continuous, we see [o[h]>I[h, o] valid for 4 on an open
interval (H—(0),H"(c)) containing h. Clearly H*(s)=h*(c): by definition of h*(c) we
have h=(c)<H (0), H"(c)<h" (o), since for example H (o)<h (o) would imply the
existence of 4 € (H(0),h (0)) with equilibrium state only #=0, 7=1, but then H (o) has
also #=0, 7=1 as the only equilibrium state (see Remark 4.4) contradicting Io[h]>1[h, o).
On the other hand, by definition of A*(o), the open interval (A~,h") contains only numbers
h for which only two-phase state equilibria of /[u, y,h, o] can exist (again use Remark 4.4),
hence fo[h]>1[h,o]. This proves HE(a)=h*(s), i.. (36) and (37). O

Next we discuss the behaviour of the phases for the case h=h*(q).

Lemma 5.3. (i) For 6 €(0,0*) and #=h"(0), the states of equilibrium of the energy I(u, y,
h,o) consist of 1=0, 7=0 and at least one additional two-phase equilibrium.

(i1) For 6 €(0,6*) and 7= h— (o), the states of equilibrium of the energy /[u, x, 4, o] consist
of 1=0, 7=1 and at least one additional two-phase equilibrium.

(iii) In case h=h, o>c* only the one-phase state equilibria #=0, 7 =0 and z
(both) occur.

(iv) At h=h, o =0¢*, we have one-phase equilibrium states 7=0, 7=0, 4=0, 7=1, and
at least one two-phase equilibrium.

1

0, 7

Proof. (i), (ii) and (iii) follow directly from Lemmas 5.2 and 4.2 (with g, =0¢) while (iv)
is contained in the proof of Lemma 5.2. O0

Finally, we discuss some analytic aspects concerning the functions A% (c).

Lemma 5.4. The functions ¢ — h*(g) are continuous on (0,00). A+ is strictly decreasing
on (0,0*), whereas A~ is strictly increasing on this set.

Proof. 1t is sufficient to discuss /4™, the results for 2~ follow with obvious modifications.
So let 0<0, <0y <0*, h;:=h"(0;), i=1,2, and consider a two-phase equilibrium state u;, };
of I[u, y,h;,0;], i=1,2, whose existence follows from Lemma 5.3. Since there also exists the
one-phase equilibria #; =0, 7;,=0, we have I [A:,0:] :fo[h,-], hence

lolm ] =1I1in, 7, b, 011> 1[0, §y, by, 02) = [h, 03]

But Io[h]>1[h), 2] implies that I[u, y,h;, 0] admits only two-phase equilibria which means
hy € (h=(62),h"(02)) (see Lemma 5.2), i.e. At (ay)<h'(ay).

It is enough to discuss the continuity of A" on (0,0*], since ht=h on [6*,00). Assume
by contradiction that A" is discontinuous at some point gy € (0,6*]. The monotonicity of At
implies

liTm ht(o)=:0>p:= lilm h* (o)
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Let us fix he[f,«] and consider a sequence g, Tao. We have h'(g,)> limsys AT (0)=h.
By Lemma 5.2, (37), there exists a two-phase equilibrium state for /[u, ¥, 4, 0,], Lemma 4.2
implies the same for I[u, 3, h, d¢]. Next, let g, | g9. Then 4% (0,) < lim, |4, A" (o) <h, on account
of Lemma 5.2, (39), we find the one-phase equilibrium state #=0, 7=0 for the energy
I[u, x,h,0,], hence the same is true for [[u,y,h,o¢]. Thus, for any he[f,a], there exists
the one-phase equilibrium #=0, 7=0 and also a two-phase equilibrium of I[u, y, h,60]. By
Lemmas 5.2 and 5.3, this implies h=h"(ay) for any & € [f,a] which contradicts f<oa. [

6. PROOFS OF THEOREMS 2.1 AND 2.2

The existence of equilibrium states (&, 7)€ X for the energy I[u,y, h,¢], (u,x)€X, heR,
>0, is established in Theorem 3.4. The subdivision of the parameter half-plane ¢ >0, h€ R
into the open regions A, B, C together with a description of the corresponding phase states
is given in Lemma 5.2. In Lemma 5.3, the behaviour of the distribution of the phases on
the boundaries of the regions 4, B and C is analysed, Lemma 5.4 contains the information
concerning the functions ¢ +— h*(g) whose graphs generate the subdivision of the parameter
half-plane. Thus we have a complete proof of Theorem 2.1.

Next consider a two-phase equilibrium state (i1, 7) of I[u, x,h,a]. Let H=0""(f,7(-,e(&1)) —

/= (,&(@))) and observe
/|V2|+/2de</|vx|+/dex
Q Q Q
Q
for any characteristic function y € BV(£2). This implies

/|v1E|+ deg/mpu/ H dx
Q ENQ Q FNQ

for any set F of finite perimeter in €2, and following Reference [17], we see that £ is a set
of generalized mean curvature H in ). From (7), (9) and Lemma 3.5, we deduce H € LI(2)
and since g>d, the regularity of 0EN{) follows from Reference [17, 1.9 and 1.14]. It is
well-known that Vj is supported on the reduced boundary 0*E which on account of the
above result coincides with 0F if d <7. Let xy € {2 — 0E. Due to the smoothness of 0E N2,
we find a ball B,(xo) such that B,(xo) N 0E =0, hence |V}|(B,(x9))=0, thus either =1 on
B,(xo) or 7=0 on this ball. Let us consider the case 7 =0. Then, for any ve C}(B,(xp), RY)
we have

d

dtj—0 /3,0

0 f(e()+ ts(v))dx:2/ (A~ (e(ar) — £7),e(v)y dx

B;)(XO)

) (A= e(i1), o(v)) dx

By(xo)

hence i is a solution of the equilibrium equations of linear elasticity and therefore smooth in
case of regular coefficients. The other case is treated in the same way which gives the proof
of Theorem 2.2.
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As stated in Section 2, we require the tensors of elastic moduli A*(x) and the stress-free
strains ¢*(x) to satisfy one of the conditions (11) or (11*) which in turn are used to prove
the existence of two-phase equilibrium states for I[u, y,h, o] for small positive ¢. In the case
of constant data, (11*) seems to be quite natural, now we would like to add an example for
which (11) is true. Let

(AFE &) i=at (o) (E2) + bE(x)(tr éY?, eSS, xeQ

with functions a*,b* € L>°(Q) such that a*(x)>v>0, b*(x)>0. The equilibrium equations
(10) to be satisfied by the stress-free strains ¢+ now read

g (P :
=)+ b™t =0 =1,...,d 41
Let us assume that a* =a,b" =b and ¢F=¢; with constants a,b>v, &/ €S?. Then (41)

holds in the +-case, and (11) reduces to

. (A&, )de<(a7E7,¢87) (42)
€ Jo

valid on a set £ C 2 with |E|> 0. Obviously, (42) holds if we assume that (4~ ¢, &™) # const.
Let us write a— (x)=a+a (x), b~ (x)=b+p(x) with functions a«—, f~ € L>°(2) whose norm
is sufficiently small (see (7)). Moreover, let ¢;;(x):=c(x)Jd;;. Returning to (41) we find for
some constant y

cx)=y/(a+a” +d[b+ 7] (43)

Conversely, if we define ¢ through (43) and let {~,a—,b~ be defined as above, then we see
that A®, £+ satisfy (11) together with the other requirements from Section 2.

7. THE CASE ¢, |0
In this section, we first investigate the behaviour of

o, ;= inf Iu,y h, o,
(wy) €X [z I

for a sequence {a,}, 6,>0, 6,1 <0, such that lim,_,., g, =0. To this purpose, define J[u, ]
and /[u] according to (1) and (2), respectively, and let

Y= VIO/ZI(Q; RY)x{y:Q—R, y is measurable, y(x)€{0,1} a.e.}
We further define

o:=inf J, p:=infJ, y:= inf [
¥ ! AED
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and select for each n € N an equilibrium state (i, i,) €X of I[u, y, h, 6,], i.e. I[dn, 1, h, 0u] =0l
Then we have

Theorem 7.1. Let the above assumptions hold, in particular, we assume that all the hy-
potheses needed for Theorem 2.1 are satisfied.
(a) We have o= f =7, and the common value is given by lim,_ ., %,.
(b) (@, ) provides a minimizing sequence for the functional J considered either on the
space X or on the space Y.

(¢) {&,} is a minimizing sequence for the energy / on the space V(IJ/ZI(Q; R7)

Remark 7.2. According to Lemma 3.1, there exists a subsequence {i,} (not relabelled)
and a function 7€ W!(;R?) such that 4, —a in W,'(€;R?). Since 4 is a weak cluster
point of an /-minimizing sequence, we see that # is a minimizer of the relaxed energy

ITu]= Jo (-, e(u))dx, f denoting the quasiconvex envelope of . On account of Theorem 2.2,
the functions #, have good smoothness properties, and it is an interesting question if these
properties are preserved to some extend in the limit n — oo.

Proof of Theorem 7.1. From
I[un-H s Xn+ls h7 Gn+l] <][urla Xns ha Gn+l] gl[una Xn> h’ Gn]
we see o, <o,. Moreover,

a= II)}f J = ll}fl[u, Xa hn O] <][l:\trl’ 2}73 ha 0] <][l”ina ;zn’ha Gn] = O(}’I

thus o< lim,_, a,. To prove the reverse inequality, choose ¢>0 and (i, 7)€ X such that
a=>J[ii, 7] — e. Since 7 €BV(Q), we have g, [, |V7|<e for n>> 1, in conclusion

a=Id, ), h,0,] —2e=0, — 2¢

valid for large enough n. By definition, we have ff<a. Again, for given ¢>0, select (u,x) €Y
such that f>J[u, ] — ¢. The density property (d) stated before Theorem 2.1 implies the
existence of a sequence {y,} of characteristic functions in BV({2) such that y, — y a.e. For
large enough m, we get (by dominated convergence) J[u, y]=J[u, xn] — ¢, and having fixed
such an m, we see as before J[u, x| =1[u, xm,h,0,] — ¢ for n>1, thus

B=1{u, Ym,h,0,] —3e=a, — 3¢, ie. f= lim a,

n—oo

From f<o and o= lim,_, o, together with the foregoing inequality, we get a = f = lim,_,
o,. Obviously [, Jn,h, 0,1 =J [, 1n] =2, thus (4, 7,) is a J-minimizing sequence w.r.t. both
spaces X and Y. By definition, we have

SCe@) <ty Cre)) + (1 =)/~ e(u))
for any (u,%)€ Y which shows y<p. Consider now an arbitrary function u € I/OVZI(Q; R?) and
(>)
let Q) :={xeQ: f,(-,e(u)) 2 f(,¢e(u))}, then we have (y:=1g,)

[ S oot dr =71 g S =
Q
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hence 7>, in conclusion B =y. Finally, we observe y <I[i,] <J[in, 7.]" — B =7, and there-

fore {i,} is an /-minimizing sequence. This completes the proof. O0
We finish this section with the following

Lemma 7.3. 1f we assume in addition to the hypotheses of Theorem 2.1 that (9) is replaced
by the requirement & € L>°(Q;S?) and if we further impose the bound (see (7) and (8))
£<v/2, then the functions ~A*(¢) have finite limits as ¢ | 0.

Proof. Let us suppose that we can find a finite number /] such that
Iu, 1, hy ,01=1[0,0,hg , 0] (44)

holds for any ¢>0 and all pairs (u,y)€X. From Remark 4.4, we deduce that #=0, 7=0
is the only equilibrium state of I[-,-,h,a] for h>h; which means (recall the definition of
ht (o)) that h™(c)<hg for any ¢>0. Obviously (44) is equivalent to

/Q AL — A7 Ve, e(u)) — 2(ATEY — A7 a(u)) + (A, &)
—(A_é_,§_>+hg]dx+/ (A~ e(u), e(u)) dx—l—a/ [Vy=0 (45)
Q Q

Using the estimates (0<u<1)

(A7 e(u), e(u)) + 7 (A" — A7 )e(u), e(u))
> (A" e(u), e(u)) — (47 — A7 )e(u), e(u))], 2/(4FE, e(u))]

< A=), e(u)) + £<Aiéi,éi>
we see that (45) follows from
/ﬂ (A &), e(u)) — (A" — A Ye(u). 6(u))] — pl(A + A e(u) e(u))] dx
1 1 L
+/Qx[hg+<1—u> <A+f+,<:+>—<u+1) (U >] dx>0 (46)

By (8) and the bound for ¢ the first term in (46) is greater than or equal to

/Q (v — % — 2,uv’l) |e(u)]* dx

Thus we fix <1 such that v/2 —2uv=' >0 and define
1 1
i=||(1- D) urenen - (1+1) e
H H
This proves (46) and by the way (44). In a similar way, we prove the existence of a num-

ber A, >0 such that I[u,y,—h;,6]=>1[0,1,—hy,c] is true for all 6>0 and (u,y)€X, ie.
h= ()= —hy . O

L(Q)

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:149-178



THE EFFECT OF A SURFACE ENERGY 173

8. THE CASE OF NON-ZERO VOLUME FORCES

From now on, suppose that (5), (7), (8)—(10) and either (11) or (11*) are satisfied. Suppose
further that a function

2qd

E(Q,RY >
pel(Q,R?), s 2+ d

(47)

is given. (Note that s >2d/(d+2), hence I/OV21(Q; RY)>uw [, pudx is compact). With I[u, x,
h,c] from (12) we now let

[p[uaX7haO-]:[[uaX>haJ]+/p'udx (48)
Q

heR, 6>0, (u,7)€X. As before we say that a minimizer (i,7) of /, is a one-phase equi-
librium state if either y =1 or 7 =0, otherwise (&, 7) is termed a two-phase equilibrium state.
Clearly, Lemma 3.2 and Theorem 3.4 hold for the functional from (48). From (47), we see
that Lemma 3.5 is true for equilibrium states (&,7) of I,[u, x, h,o] with the quantity ¢ as
before but R now also depending on || p||s). Let

I [u,h) :zl[u,l,h,O]%—/ﬂp-udx:/Q]f(-,s(u))dx—k/gpudx
I [u] ::I[u,O,h,O]+/p-udx:/f’(~,8(u))dx+/p-udx, ue V%I(Q;Rd)
Q Q Q

Let 2" and 4~ denote the unique minimizer of I*[u, k] and I~ [u], respectively. Obviously
(i, 7) is a one-phase equilibrium state if and only if (i1, 7)= (4", 1) or =(z~,0). Using (10)
we find for any v e 17 (Q; RY)

2/0<Aig(zzi),e(u)> dx+/Qp.udx=o (49)
This implies
[t n = /Q<A+(s(a+)—5+),s(a+)—5+>dx+h|ﬂ|+/Qp-mdx
(IO)’:(49)h|Q|—l—/g(A*f*,f*)dx—i—%/gp-de (50)
and in the same way
1‘[&‘]:/Q(A_é_,§_)dx+% [ pi ax (s1)
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Let us define /o[4] as in (19). Then

/<A+é+,é+>dx+h|sz|+1/p.mdx, h<h
7 . Q 2 0

Io[h] = .
/<A_é_a5_>dx+*/p-lft—dx, h=h
Q 2 Q

where now
A 1 11
h=— 7A++ + A" E . E o (N~ — Tt
o [Cre e e e s [ —iax

Consider next an equilibrium state (i1, 7) of I,[u, x,h,o]. Then 1[4, },h, o] <I,[a*,1,h, 0], ie.

/ 2O @) — f~Coe(@)) — £~ Coe(@))] dx + 0 / Vil + / p-iidx
Q Q Q
<t M <I*[i b
so that
o / V(- 7)< / (1= D Coa@)) — £~ Coe(@))) dx

Thus we have again inequality (23), inequality (22) follows from 1,[4, 7, h, o] <I,[i~,0,h, 0]
=1"[a" )<l [a]. With (22) and (23), the proof of Lemma 4.1 can be finished as before,
hence we have Lemma 4.1 for the functional 7, with ¢ also depending on p. Since Lemma 4.2
is reduced to Lemmas 3.2 and 4.1, the conclusion of Lemma 4.2 holds for the p-case, too; the
validity of Lemma 4.3 for equilibrium states of I,[u, y, h;, 0] is immediate. From Lemma 4.3,
we get Remark 4.4 as before, and since the proof of Lemma 4.5 just uses inequalities (22)
and (23), the result of Lemma 4.5 is not affected by the presence of the p-term. Finally,
Lemmas 4.6 and 4.7 remain unchanged: their proofs again rely on estimates presented in the
proof of Lemma 4.5. Let us pass to the proof of Lemma 4.8: again, assume by contradiction,
that for a sequence o, | 0 the functional /,[u, y, h, 0,] admits only one-phase equilibria (#,, 7,),
ie. (dy,7,)=@@",1) or =(4~,0). Exactly the same calculations as before—using (50) and

(51)—imply
Lu, 1, h, 6,)=Io[h]  for all (u,y)eX (52)
and if we choose u=0, (52) implies after passing to the limit #n — oo
A 1 .
[ataren ey cine (- pureendes [ue e [
Q Q Q
being valid for any characteristic function y € BV(€2). Inserting the value of h, we arrive at

[{r|weer-g [uweerw-(ueer- g [ueaiy)]

11 e At 1 .
Y — — . — 27 .
+’C|Q|2 Qp (o u )dy}dx Z/Qp o dx (53)
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Suppose now that (11) is valid. Approximating 1z with characteristic functions y; € BV((2),
we see that

| [<A*é+,é+> - fareeia- <<Aé,é> -mi <Aé,é>dy>}dx

converges to the negative number b(E) := [,[ gl---Jdx, and (53) implies
b(E)> — /Q Ipl(ja" |+ |2~ ) dx> — ”pHLZ(Q;R")(Hﬁ+||L2(Q;[Rd) + i || 2:mre)) (54)
Let us estimate the norms of 4: minimality of #* implies

[~ ey - ey x4 bl + [ peatdxs [Ue ) dx i
Q Q

Q

in conclusion (recall (10))

/(A%(ﬁ*),s(a*)) dx+/ p-0"dx<0
Q 0
and from Korn’s inequality we get

Vi |22 qumoxay S erlli™ | zomn | Pl

By Poincaré’s inequality, this turns into the estimate
~t 12
| Vi HLZ(Q;de)<C2Hp||L2(Q;Rd)
and the same result holds for ||V~ || ;2(q.rex«). Inserting this into (54) we end up with

b>*c3||PHi2(sz;Rd)

which is a contradiction if we assume

||PH§2(Q;W)<® (55)

for some sufficiently small positive number © depending on the data.
Suppose next that (11*) holds. Then we get for any (u,y) €.X, using (48) and passing to
the limit n — oo

/Q{<A*€(u),€(u)> + (A e(u),e(u)) +2(47E — AT e(u))

A o). ()]} dx + /Q X [<A+é+,é+> - Kl” (wee

(e - g fu -z:&-wﬂ dx

s i | g s [ o
>— U dx — cudx — dx u- —u")dx
2 ),P L7 2|Q| x p-(u )
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By (11*), we may drop the second integral on the left-hand side, thus
| ,2) + (1 = <G ()] dx
+2/ wWA™E —ATE e(u)) dx +/ prudx> — C4||PHEZ(Q;W) (56)
Q Q

We recall (see (32)) that (11*) implies the existence of a measurable set £ with positive
measure and of a function ¢ € C$°(£2; R?) with the property (e(¢),A=¢~ —ATEF) #0 ae. on
E. W.lo.g. we may assume that

[ et —areryax==0
E

Let y, € BV(Q2) denote a sequence of characteristic functions such that y, — 15 a.e. We then
use (56) with y =y, and u= /¢, A€R, and get after passing to the limit

72 /Q [1p(A (@), (@) + (1 — 1) (A" (), ()] dx
2[5+ [ prods| =-alplsam

ie. P(A):=A%4 +2/B+ C>0. For | p||;2(.rs) small enough, we can arrange B>b/2>0 so
that for B2 — C>0 P(/) has two different negative zeros. Thus we can find A<0 such that
P(1)<0. By definition of C, the required condition B?>>C holds under suitable smallness
assumptions for || p|;2(q,re)- Summing up we have shown that a condition of the form (55)
implies a contradiction also in the case (11*) which finally proves Lemma 4.8 to be valid
also in the presence of a volume force term p whose L2-norm is small enough.

In accordance with (33), we let for A€ R, >0, f[h, o] := inf(, ex I[u, x, h, o] and obtain
(34) from

fh o)< (it Lhol =10 2 hel+ [aren e dxs s [ pratdx
Q Q

fhol<n i 0.hol =11 [ e eydrt g [ peirdx
Q Q

The second inequality in Lemma 5.1 can be proved as before if I[u, y, h;,a] is replaced by
L,[u, x, hi, o).

Lemmas 5.2-5.4 were established just by combining the previous results. So they remain
valid with obvious changes: I[u, x,h,0] has to be replaced by I,[u,x, h, o], the one-phase
equilibrium states (0,0) and (0, 1) have to be interpreted as (#",1) and (i2—,0), respectively.
Summing up we have proved the first part of Remark 2.4, precisely, the validity of the
following result is shown:

Theorem 8.1. Assume (5), (7)—(10), (11) or (11*), (47) and (55). Then, with the nota-
tional changes just stated above, Theorem 2.1 remains valid if the functional from (12) is
replaced by the energy defined in (48).
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It is immediate that the volume force term does not affect the proof of Theorem 2.2, hence

Theorem 8.2. Under the assumptions of Theorem 8.1, the result of Theorem 2.2 is true for
two-phase equilibrium states of the functional from (48).

In the same spirit, we can prove Theorem 7.1 if the potential [, p-udx is added to any
energy under consideration.

9. REMARKS ON THE CASE OF NON-ZERO BOUNDARY VALUES

Given uy € W,1(; R?) we now denote by @ (2~ ) the unique minimizer of I*[u, h](I~[u]) in
up + W3 (Q; RY) (compare Lemma 3.6). We further replace X (see (13)) by

X i={uo+ l/cf/zl(Q; R} x {x €eBV(Q): x(x)€{0,1} ae.}
and with / defined according to (12), we consider the variational problem
I[u,7,h,6]— min in X (heR,o>0) (57)
The existence of equilibrium states for (57) is ensured exactly as in Theorem 3.4. Let (4, 7)
denote a one-phase equilibrium of I[u,y,h,0] in X, i.e. =1 or 7=0. If 7=1 we have for
all ucuy + VCI)/ZI(Q;R"’)

/ fiFCoe(@))ydx=1I[a,1,h,061<I{u,1,h,6]1=1"[u,h]
Q

hence (together with the analogous inequality for /=) the one-phase equilibria are seen to
be given by (i",1) and by (4~,0). Before going through the arguments of Section 4, we
first note that Lemma 3.5 remains valid if we assume in addition that u, e WQ;(Q; R?) (of
course we now claim @ € uy + I/f./zlq(Q; R?) with corresponding @ priori bound for Hﬁ||W2;(Q;Rd),
where the quantity R also depends on HU()”WZL(Q;RJ)). Moreover, the quantity € is seen to be
independent of uy. Similar to Section 8, we have to check the validity of the arguments of

Sections 4—6 for the case of non-zero boundary values, the necessary adjustments are carried
out in Reference [14], and we get the final result

Theorem 9.1. Assume that ug € %}I(Q; R?) is given such that |[e(uo)|| 2. gixe) <7, Where y
is sufficiently small depending on the data A* %, Then Theorems 2.1 and 2.2 remain valid
if we replace X by X.

Remark 9.2. Of course, we can combine the case of non-zero boundary values with the
presence of an additional volume force term p. The calculations are, in principle, the same
as needed for establishing the results of Theorems 8.1, 8.2 and 9.1.
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