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Obstacle Problems with Linear Growth: Holder Regularity
for the Dual Solution

By MICHAEL BILDHAUER and MARTIN FUCHS of Saarbriicken
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Abstract.  For a strictly convex integrand f : IR” — IR with linear growth we discuss the
variational problem

J(u) = /f(Vu)dac — min
Q

among mappings u : IR” D Q — IR of Sobolev class W% with zero trace satisfying in addition
u > 9 for a given function v such that 1|sq < 0. We introduce a natural dual problem which
admits a unique maximizer o. In further sections the smoothness of o is investigated using a special
J-minimizing sequence with limit u* € C1:%(Q) for which the duality relation o = g—}é(Vu*) holds.

1. Introduction

In a previous paper [BF] we investigated the dual variational problem to the mini-
mization problem

(1.1) J(u) = /Qf(Vu)dx — min on uo—l—W;%(Q,IRN)

with strictly convex integrand f : IR™ — IR of linear growth. Here Q denotes a
bounded domain in IR". The study of the dual problem to (1.1) is motivated by the
fact that (1.1) is in general not solvable whereas the dual problem admits a unique
solution ¢ which has a clear physical or geometrical meaning (see [FS] for a detailed
list of references). Besides other things we proved in [BF] that o is partially Holder
continuous on 2 which means that there exists an open subset g of  with full
measure such that o € C’O’(’(Qo, IR"N) for any 0 < a < 1.
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In the present paper we concentrate on the scalar case N = 1 and replace (1.1) by
the obstacle problem

(1.2) J(u) — min on W;%w(ﬁ) = {ueﬂ(}%(ﬁ) :u > almost everywhere}

where 1 : Q — R is a given smooth function such that w|8ﬂ < 0 and ¥(z) > 0 at
some interior point € Q. Problem (1.2) admits a natural dual formulation with
unique solution ¢ and such that the inf-sup relation holds. We prove that o has weak

derivatives in L} (€, IR"), moreover, we show that o is Holder continuous on 2. The

proofs of these facts are based on the construction of a special minimizing sequence
for (1.2) whose weak limit u* is of class C'*(2) and in addition satisfies the duality
relation o = g—é(Vu*).

2. Notation and results

On a bounded Lipschitz domain  C IR" consider a function ¢ € W2 () such that
VY| oo < 0 and ¥(z) > 0 at some interior point x € 2. We define the classes

lew,(Q) = {uEW;(Q) :u > almost everywhere}, 1 <p < o,

consisting of all Sobolev functions with zero trace respecting the obstacle 1. On
Wiw (Q) we let J(u) = [,f(Vu)dx with density f satisfying

Assumption 2.1. The function f : IR®™ — IR is smooth, convex and of linear
growth in the following sense:
(i) f € C*(R™, R).
(ii) There are numbers w1, pe2, v1 and vo in IR(‘)|r such that for all P, Q € IR"

e (1P~ 1255 )

< 3
V14 |P|? 1+ |P|
nV1+|P|2 —ve < Vf(P)-P.

(iii) There is a real number A such that |Vf(P)| < A for all P € R".
Clearly (ii) implies with suitable real numbers a, b € IR, a > 0, the growth estimate

f(P) > a|P|+b for all PeIR".

We may assume f > 0 and in addition V f(0) = 0 since we have for u € W1(€2)

J(u) = /Q(f(Vu)—Vf(O)-Vu)dx.
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Let f* denote the conjugate function of f (compare [ET] or [Ro]). Then

J(u) = sup  l(u,7T)
rEL>® (Q,R")

for any u € W;%w(ﬁ), where
l(u,7) = / (T -Vu — f*(T)) de, wu Eﬂgiw(ﬁ) , TEL®QR"Y),
Q

is the Lagrangian of the problem. Finally, we introduce the dual functional

R : L*(QR")>71 inf I(u,7) € R
ueWw? ,(Q)

and the corresponding dual problem
(2.1) R — max on L*(Q,R").
We now formulate our main results:

Theorem 2.2. Problem (2.1) admits a unique solution o,

R(o) = sup R(r) [ = inf J(u) |,
T€L>(Q,IR") “ewi,w(ﬂ)

with the following properties:
(i) The maximizer o is of class W%JOC(Q,IR").
(ii) o is Holder continuous in the interior of Q with any exponent « € (0, 1).

Remark 2.3. In [BF] partial regularity of the maximizer o has been established
under much weaker assumptions as stated above. First of all, it is an easy exercise
to show that (i) of Theorem 2.2 holds under the hypothesis of the paper [BF] but
unfortunately we could not prove (ii) in this modified setting. The technical reason is
that our proof of Theorem 2.2 (ii) is based on a regularity result for local minimizers
of obstacle problems in BV which we only obtained under the assumption that the
minimal surface type ellipticity condition for f — taken from [GMS] — holds true. We
further conjecture that Theorem 2.2 (ii) remains valid if we replace the lower bound
in Assumption 2.1 (ii) by the weaker condition

2 H1 2

but we did not discuss this question seriously.")

Remark 2.4. (i) These results are also valid in the case of non vanishing finite
boundary values.

(ii) Of course, the following arguments also cover the case without an obstacle and
Remark 6.2 (ii) of [BF] is proved.

D Very recently the first author succeeded in proving Theorem 2.2(ii) assuming that
D2f(P)(Q,Q) > u1(1+ |P|?)~#/2|Q|? holds for some exponent p < 3, we refer to [BI2].
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3. Proof of W1

2’loc—regular1ty via a suitable regularization

From now on we assume that all the hypotheses stated in and before Theorem 2.2
are valid. Then the existence of a solution o to problem (2.1) can be deduced along
the lines of [ET] or just by considering a maximizing sequence, the uniqueness of o is
a consequence of the results established in [BI1]. Clearly we have

(3.1) R(o) = sup  R(1) < inf  J(u),
€L (Q,R") “e‘/m,w(m

the reverse inequality again follows from [ET] but is also a byproduct of the following
considerations: in order to construct a special maximizing sequence converging to o
welet (0 < <1)

)
CIPP+F(P), PeRT,

/ fs(Vu)dz, ueﬂgéw(ﬁ)
Q

fs(P)

Js(u)

For functions « from this space we introduce

Js(u) = sup / (7-Vu—f5(r))de = sup  Is(u, 7).
reL2(Q,R") JQ reL2(Q,R")
Define
Rs(1) = inf  Is(v,7), T€L*Q,R"),

o
vEW} ,(Q)

and let us denote the unique solution of

Js — min on Wiw(Q) .
Lemma 3.1. (i) g5 := %(Vua) is the unique solution of Rs — max on L?(Q,IR™).
(ii) The d-version of the inf-sup relation holds, i. e. Js(us) = Rs(cs).
The proof is standard (see [ET], p. 85), for the reader’s convenience we give a short

and selfcontained proof using the next result which is of great importance for the rest
of the paper.

Lemma 3.2. For any § > 0 we have
(i) 95 = X[us=u)( — div{Df5(V¥)}) > 0 almost everywhere,

(ii) [q06 - Veodr = [, gspdz for all € CH(Q).

Proof of Lemma 3.2. Following [Ful], [Fu2] and [FL] we define for any § > 0

wi = us+tnhe o (us — 1)
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where 0 < n € C3(Q), &,t > 0 and h. € C*(IR) is satisfying 0 < he <1, h. =1 on

(0,¢) and he =0 on (2¢,00). Since wj is of class Wiw,

1
- [/ fa(wa) dx—/ fs(Vug) dx] >0
t|Ja Q
holds true. Passing to the limit t — 0 we see
/ Dfs(Vus) -V (nhe o (us —4))dz > 0,
Q
i.e. there exists a Radon measure A = \s such that for all ¢ € C$(Q)

[ Dis(us) - Vipheo (ws—w)do = [ pax.
Q Q

Notice that A does not depend on e. This can be proved by using w = us+
nt{heo (us — ) — her o (us — 1) }, € < &, as testfunction provided ¢ is small enough.
By standard arguments us is seen to be of class W% 1oc (see [HW] and also Lemma 3.3,
where the testfunction is explicitly given) and we obtain by a partial integration

(3.2) —/Qdiv{Df(;(Vua)}heo(u(;—w)godx = /ngd)\.

Now the right—hand side of (3.2) is independent of ¢ and we may pass to the limit
g — 0. Since Vus = V1) almost everywhere on [us = 9] (see [GT], Lemma 7.7, p. 145),
we get

/g(;godx = /god)\ for all @€ CL(Q).
Q Q

Thus the first conclusion is proved because A is non—negative, the second one since
obviously

/Df(;(Vua)-V(@(l oo (us — ) de = 0. .
Q
Proof of Lemma 3.1. Again sup Ry < inf J;s is evident and we claim
(3.3) Rs(os) > Js(us) = 0inf Js(v),
vEW} ()

implying Lemma 3.1. To verify (3.3) we recall the duality relation
f5(05) + f5(Vus) = o05-Vus.

Thus Lemma 3.2 gives

Rs(os) = inf / [Vv-os — f5(0s)] dz
vew} ()79

= inf / o5+ (Vv — Vus) dz +/ fs(Vus)dx =
vev?/;w(ﬂ) @ @
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= 0inf /(U —ug)gs dx + Js(us) > Js(us)
vewl () /¢

since for all v € V&%w we have [, (v — us)gs de = f[u5=w] (v—1)gs dz > 0. O

Now we want to show that {05} is a maximizing sequence which converges to o.
We let 75 = g—IJ;(Vu(;), i.e. 05 = 6Vugs~+75, and observe the following a priori bounds

sl < e1, lloslliz < co, 5/ Vus2de < cs.
Q

After passing to subsequences we may assume
75 —: 7 in L¥°(Q,R"), o5 —: o in L*Q,R"),

and 6Vus — 0 in L?(Q,IR™), in particular o/ = 7/, and after passing to a further
subsequence 6Vus — 0 a.e. on ). Next we claim

Lemma 3.3. The functions o5 are uniformly bounded (with respect to §) in the
space W3 1,.(Q, R").

Assuming this for the moment we may select another subsequence such that
(3.4) os(x) — o'(z) for almost all z€Q,

and this enables us to prove

Lemma 3.4. ¢’ is R—mazimizing and the whole sequence {os} converges to o’ = o.

Proof of Lemma 3.4. Suppose by contradiction that for some € > 0

R(d') < sup R(r)—¢ < inf  J(u)—e.
reL>=(Q,R") uEV?/i,w(Q)

Then by the definition of Js
(3.5) R(¢') < Js(us) —e = Rs(os) —e¢.

To study the right—hand side of (3.5) observe that for any fixed w € Wiw ()
(3.6) limsup Rs(cs) < / o' -Vwdzr + 1imsup/ (—fé* (05)) dz .
510 Q 510 Q
By definition we have for all Z € R"
. 4]
552 = swp V2= WP 1) = -10)
YeR"
and Fatou’s Lemma proves

1imsup/ —f5(os)dx = —1iminf/ f5(os)dx < /—hminff(;*(a(;) dz .
slo Ja 510 Jq Q 510
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Now (3.4) and
fi(os(x)) > Y os(z) — g Y)>? - f(Y) for all Y €R"
imply almost everywhere
1ir§1l%)nff§ (o5(z)) > Y -o'(z) — f(Y) for all Y € R"

and the definition of f* finally gives

liminf f7 (05(x)) 2 f*(o"()).
Thus (3.6) proves for all w € W;%w(ﬁ)

limsup Rs(0s) < /[U/'Vw—f*(a/)] dx .
510 Q

Given w € W1 ,(€) we now approximate W1(€2) 3 v := w — 1) > 0 with respect to

the W1i-norm by a sequence {vy} C Wi(Q), vr > 0. Setting wy := v + 1 € W%w(Q)
and observing ¢’ € L>°(Q,IR") we arrive at

limsup Rs(os) < R(o').
610

So with (3.5) one obtains the contradiction
R(¢') < R(0')—¢.

The uniqueness of ¢’ as maximizer of R yields the convergence of the whole sequence.
O

Remark 3.5. The well-known inf-sup relation for R and J is a byproduct of the
above considerations since the assumption sup R < inf J also implies (3.5).

It remains to give the

Proof of Lemma 3.3. Fix e € R", |e| = 1, and define for R > h # 0
Ang(e) = {ole+he) = g(a)}
By a direct calculation it is easy to check that for n € C§° (), 0 < n <1,
v o= us+eA_p (P Aplus — ¢P]) € V&%w(ﬁ)

provided ¢ is small enough (see also [HW]). This gives the variational inequality

/Qa(s . V{A_h (nQAh[u(s — w])} de > 0
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and by a “partial integration”

(3.7) /QA;LU(; . V{UQAh[ua — w]} de < 0.

2

Since us is of class W3 4.,

0
os = 0Vus+ %(VU«S) € W%,loc

and we may pass to the limit h — 0 in (3.7). Setting e = ey, v = 1,...,n, and
summing up from 1 to n with respect to - this yields

A@vaa-V{n287[ua—w]}dx <0,

implying (observe the definition of o)

/ 772D2f5 (Vuyg) (V&,ua, V({),yu(s) dx
Q

IN

[ D 5(905) (V0,5, V0, 0) o

+ /Q D2 f5(Vus) (VOyus, 20V [0y — Oyus)) da

IN

[ 102 15(905) (190, 15,190,15) {02 £s(V ) (190,190, 0)} o
+ /Q (D2 £5(Vus) (190, u5, 7V Dug) Y2
x {D? f3(Vus) (2Vn[0y0 — 0yus], 29n[0y0) — Dyus])}* da
Using Young’s inequality we see
| D157 0s) (V0,5 V0, 05) da
< c(n)/Q D2 £5(Vus) || [|[ V612 + [V + | Vus|?] da

and our Assumption 2.1 (ii) proves

IN

/ n?D? f; (Vus)(VOyus, Voyus) dz
Q
b+ ] [IV20* + [VYI* + [Vus|*] da

() / e
c2(n, ) + 63(77)/

Q

IN

V14 [Vus|?

2
[6|Vu5|2+7|vu6| ] da,
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where the right—hand side is uniformly bounded with respect to 6. Summarizing the
results,
Oy05 - VOyusdr = / D? f5(Vus)(Voyus, Voyus) de < ¢(Q) < oo
v . for all Q' ccQ
is proved and the lemma follows immediately on account of
|VU(5|2 < ¢0y05 - VOyus

which again is a consequence of Young’s inequality. O

4. Proof of part (ii) of Theorem 2.2

Let M denote the set of all L'-limits of J-minimizing sequences from I/?/%w(Q)

First of all we note that any J-minimizing sequence {u,,} C I/?/%w(Q) is bounded in
BV (Q) so that at least for a subsequence we have u,, —: u in L'(Q), i.e. u € M.

From now on we fix some v* in M and a J-minimizing sequence {u,,} generating u*.
Let

j(w, Q) := inf {hkminf.](wk) cwy € CF (Q), wy — w in L}, (Q)} )
— 00
We state the properties of J which are needed in the following;:
Lemma 4.1. (i) J is lower semicontinuous with respect to L} (Q) —convergence.
(ii) On W1( ) J and J|§2 coincide.
(iii) J(u*, Q) < mf{.](u) DU € up+ Wiw(Q,IRN)}.

This lemma is easily proved (see [BF], Proposition 5.3) if we observe the lower
semicontinuity of J on W1 () with respect to the L} ~topology (see [AD]). A deeper

result on J is the following representation formula of GOFFMAN and SERRIN (see
[GS]):

loc

Lemma 4.2. The representation formula

J(u, Q) = /Qf(V“u)dx+/Qfoo(|§: |>d|V9u|

is true for all u € BV(Q), where fo 15 the recession function of f defined by

tX
foo(X) = 1imsupM.
t—+0o t
The absolutely continuous part of Du with respect to the Lebesgue measure is here
denoted by V%u, the singular part by Vu and V*u/|V*u| is the Radon—Nikodym
derivative.
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The third lemma follows from [AG], Theorem 2.1 respectively Proposition 2.2, p. 247
(see also [GMS] and [Re]).

Lemma 4.3. Consider u € BV(Q) and a sequence {u,} C W1 (Q) such that:
(1) Upm — u in LY(Q) as m — co.
(ii) fo V1 + [Vum|? dv — [4+/1+|Vul|? as m — co.

(iii) Vum — Vu in the sense of measures as m — 00.
Then J is continuous with respect to this kind of convergence, i. e.

j(um,Q) — j(u,Q) as m — 0.

Next we show (as an alternative one can study a relaxed problem in the space
BV (2), see [GMS]):

Lemma 4.4. The function u* is a local J-minimizer on any ball Br(z) CC Q with
respect to all BV —functions v satisfying v > 1 almost everywhere on Br(x).

Proof. The proof follows the one given in [BF] (see Section 5 and Section 7), so we
only sketch the main arguments. Given the minimizing sequence {u,,}, we claim that
one can fix traces in the following way: for xg € Q choose Br(zq), Bar(xo) CC Q,
and a sequence {wWm tmenN CWiw(Q) such that:

(i) wy, — w* in LY(Q) as m — oo,
(i1) imyn— oo J (W) < limp—oo J(Um ),

(iii) wm|8BR(9co) = u*|8BR(xO) , where the traces are well defined functions of class
Ll (8BR(J?Q)) .

To prove this claim we follow exactly Section 7 of [BF], where we have to take care
of the obstacle: here, the main new feature is to extend the standard approximation
procedure for BV functions in such a way that the obstacle is respected. This approx-
imation argument is outlined in Appendix A and the above claim is seen to be true.
Now define

(a) I : Wi(Bg(zo) — R, I(w) = /B( )f(Vw)dx,

(b) Ky = {w € W1 4(Br(20)) : w|8BR(gco) = u*|8BR(9co)},

where Wiw (Br(20)) := {w € Wi(Bgr(z0)) : w > 1 almost everywhere}, and let
Uy = Wm|BR(xo)' Then

(4.1) inf I = liminfI(vy,)

Ky m— o0

follows immediately as in [BF].
Consider now ¢ € BV (B R (xo)), @ > 1 almost everywhere, such that
spt(p —u*) CC Br(g). Then we choose (with a slight modification of Appendix A) a



Bildhauer and Fuchs, Obstacle Problems with Linear Growth 15

sequence ¢, € Ky satisfying ¢,,, — ¢ in L*(Bg(z0)) and fBR(xo) V1+|Veonl? doe —
JBn(zo) V1 +|Ve]?, hence by Lemma 4.1 and Lemma 4.3

j((p, Bgr(z0)) = lim j((pm,BR(xo)) = lim I(¢m) > iélf[ =y lim inf I(vy,)

m— 00 m— 00 P m— 00

> J(u*, Br(o)),

where the last inequality follows from v,, — u* in L'(Bgr) (see (i)) and the definition
of J(-, Bgr). Thus the Lemma is proved. O

Let us now consider the sequence {us} introduced at the beginning of Section 3. By
construction {us} is a J-minimizing sequence, and after passing to a subsequence we
have convergence to a function u* € M. Let us fix a ball Br(zg) compactly contained
in Q. Then we may apply Lemma B.1 to see that u* is of class C**(Bg(20)), hence
the singular part of Vu* vanishes. Recalling Lemma 4.4 and using the representation
formula from Lemma 4.2, we can derive the Euler-Lagrange equation exactly along
the lines of Lemma 3.2 with the result

of

/ —(Vu*)-Vpdx = / gedx for all ¢ e Cg°(Br(wxo)),
Br(zo) op Br(zo)

where g € L°(Bg(zg)) is defined as in Lemma 3.2 (i) with u* and f in place of us
and fs. Recalling

/ os-Vodr = / gspdr for all ¢ e C5°(Br(zo))
Br(zo) Br(=zo)

with ||gs||z= bounded independent of §, we deduce

/BR<x0> (06 - g—ﬁ(vm) -V (1 [us — u’]) dz

= / (95 — 9)n*(us — u*) d,
Br(xo)

(4.2)

where 1 € C§° (BR(J:Q)), 0 <n<1,is fixed. As shown in [BF], proof of Theorem 6.1,
equation (4.2) yields Vus — Vu* almost everywhere provided

(4.3) / (95 — g)n*(us —u*)dx — 0
Br(zo)

as 6 | 0. But (4.3) follows from us — u* in L'(Q) combined with the L>*~bounds
for gs and g. The pointwise convergence Vus — Vu* finally implies o = g—g;(Vu*) on
Br(zo) (compare again [BF], proof of Theorem 6.1) and since Br(xg) was arbitrary
o € C%%(Q,IR") is established. O
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Appendix A. Approximation of BV—functions in the presence
of an obstacle

We now prove that the standard approximation of a function with bounded variation
can be modified such that the obstacle is respected.

Lemma A.1. Consider a ball Br and a function w € BV (BRg) satisfying u > ¥
almost everywhere. Then there exists a sequence {u;} C C*°(Bg) with the following
properties:

(1) hm]_,oo fBR |’U, — U’jl der = 0,

(11) hm]_,oo fBR |D’U,J| dr = fBR |D’U,| s

(iii) “ﬂaBR :14333f

(iv) uj(x) —9(z) > 0 on Bg.

Proof. Consider u € BV (Bg) such that u > 1 almost everywhere. Fix a function
g € C>=(Bg) satisfying ¢ > 0 on Bgr and g|aBR = 0, for example we may take a
smooth function approximating §(x) = R — |z|. Then for any fixed g9 > 0 and for
§ € R' small enough, ws := u + dg satisfies

(A.1) / |lu —wsldxr < ¢ and ‘/ |Dw5|—/ | Dul
Br Br Br

Furthermore we have by construction

< €p-

(A.2) ws > ¥ on Br and w5|8BR = u|8BR.

Fixing some § as above we write w := ws and now approximate this function following

for example [Gi], Theorem 1.17, p. 14: for any fixed 0 < & < g¢ there exists a number
m € IN such that

/ |Dw| < €.
Br~BO

Here we have abbreviated

Bk = {xEBR:diSt($,aBR)> } for k = 0;1525"'

m+k
and B~7 := () for all j € IN. The sets A;, i € IN, are defined by induction:
A = B?>, A, = B ~Bi-l, =23 ...
As usual consider a partition of the unity {¢;} subordinate to the covering {A4;}, i.e.
(o]
0i € C°(Ai), 0 < ¢, <1, > ¢ = 1on Bg.
i=1
Let 1 denote a positive symmetric mollifier and define €; > 0 according to

() spt e, * (we;) C B+2 ~ B2,
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(b) fBR Ne, * (we;) — wep;| do < £277,
(c) fBR e, * (wWDp;) — wDep;| dw < 27
Now introduce the function

(o)
Ve = 27761: * (we;) .
i=1

Then we have to prove that v. respects the obstacle. To do this, observe that

w

Biti_pgia = v+ pi
for a real number p; > 0. Setting po = ¢_1 =0, for all 4o € IN and for all z € A;,

1012 i0+2
(A3)  w@) = X marwe)@) > D (@ +p0)e)@)

follows. In addition to (a) — (¢) now choose &; small enough such that for ip —2 < i <
10 + 2 and for all z € A;,

Ne, * (i) —vpi| < pi, and  |ne, * @i — @il <K pig -
Then (A.3) implies for x € A;,

10+2

@ > Y [p@+ 22 eie) = v@+ 5

1=i0—2

and since this is true for all ig € IN, we have proved

(A.4) ve(xz) > P(x) for all x € Bg.
If ¢ — 0, then convergence in L' and also
(oo}
(A.5) / |ve —w|dx < Z/ [ne; * (wei) —wp;|de < e
Br i=1"Br

follows from (b) and w = ;= wy;. Semicontinuity, that is

/ |Dw| < liminf/ |Dv, | dz
Br e=0 /B

(see [Gi], Theorem 1.9, p. 7) proves at least for some small enough € > 0
(A.6) / \Duw| < / |Du.| da + <o
Br Br

To show the reverse inequality we fix a function 7 € C3(Bg), |7| < 1 and prove exactly
as in [Gi], p. 15,

(A.7) / ve divr dz S/ |Dw| + &g .
Br

Br
Observe that 7 is compactly supported and only finite sums are to be considered,
i.e. we can interchange summation and integration. If we choose § and € such that
(A.1) and (A.5) — (A.7) are fulfilled for €9 = 1/j, j € IN, then the sequence {u;},
uj = Vg, is by (A.2) and (A.4) seen to satisfy all the conclusions of the lemma. O
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Appendix B. A regularity result for BV—obstacle problems

Let {us} denote the sequence introduced in Section 3 and consider a weak cluster
point u* of {us}, i.e. the weak limit for a suitable sequence § | 0. We claim

Lemma B.1. u* is of class C1*(Q) for any 0 < a < 1.

This regularity result is a consequence of

Lemma B.2. The first weak derivatives of u* are locally bounded functions, i.e. u*
belongs to the space W;OJOC(Q).

Conjecture B.3. This statement is true for any generalized minimizer v € M.?

Given Lemma B.2, the proof of Lemma B.1 in fact is standard: since the singular part

of Vu* vanishes, Lemma 4.2 and Lemma 4.4 together imply that «* locally minimizes

w o f(Vw) dx
Br

on any ball B CC € subject to the constraint w > v almost everywhere on Br. We
fix a ball Br and insert the admissible comparison function

v = u+elA_y (nQAh[u* — w])

for n € C§°(Br), 0 < n < 1, where Ay, denotes the difference quotient in a given
coordinate direction e and ¢ is sufficiently small. Then

/B . { /O 1DQf (Vu*(z) + thARVu* (z + he)) dt}

x (AiLVU*(x)a V[UQ(x)AfL(U* - w)(x)]) dr < 0 ’

and due to Lemma B.2 the bilinear form {...} is uniformly elliptic. Thus the above
inequality implies u* € W%,ZOC(BR)’ i.e. u* € W%lOC(Q). On the other hand, we may
repeat the proof of Lemma 3.2 to get

/QDf(Vu*)-Vgodx = /Qggodx

valid for all p € C}(Q) with g defined according to Lemma 3.2 (i) where of course now
the index ¢ has to be dropped. Let v = d;u* denote any weak derivative. Then

/DQf(Vu*)(VU,Vgo) dr = —/g(‘)sgodx
Q Q

92

for all ¢ € C3(€). The coefficients 3;0(1 afm

on any subdomain, Holder continuity of v can be deduced from [GT], Theorem 8.22.
O

(Vu*) of this equation are uniformly elliptic

2) In the mean time we obtained a positive answer to conjecture B3 since it can be shown that
generalized minimizers are unique up to a constant.
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It remains to prove Lemma B.2. Actually Lemma B.2 corresponds to Proposition 3.6
of [GMS] but since the proof given by GIAQUINTA — MODICA — SOUCEK is quite con-
densed and since due to the presence of the obstacle our setting is slightly different,
we prefer to present the necessary steps in somewhat more detail. We also would like
to point out that similar gradient bounds occur in the papers of GERHARDT [GE] and
LADYZHENSKAYA — URAL'TSEVA [LU]. Following [GMS] and also [LU] we introduce
the following notation:

ws = In(1+[Vusl?), vs(z) = 7@(—%%(@, 1),
Asp = {x €0 ws(x) > k;}, Ss = {(x,u(;(x)) cx € A57k}.

For £ € R™ we let £ := (£,0) € R"*! and
¢ == (& vs)vs
(more precisely we should write &' = §(’5), then our ellipticity condition implies

P& < D2f(Vus)(6,8) < ——E2—— &2

V 1+ [Vus|? V1+|Vus|?

If w: Q — IR denotes a function for which the next expression makes sense, we let
Dw := Vo — (V- vs)vs .
Proposition B.4. (Compare [GMS], inequality (3.12).) There exist positive con-

stants ¢, C and ko = ko(1) independent of & such that for alln € CL(Q), 0 <n <1,
we have

c/ | Dws|*n? d'H"—l—(S/ (1 + |Vus|?)|Vws|*n? dx

Ss.k As ke

< C (ws — k)2 |Dn|* dH™ + 5/ (1 + |Vu(5|2) (ws — k)?|Vn|? da
Ss.k As ke

being valid for all k > ko(v)).

Remark B.5. For functions w : € — IR we have by definition
/ wdH" = / w(T1, .y Tn) dH" (T1, .y Tny1)
S5,k Ss,k
= / wy/1+ |Vus|? da .
As,k
Proof of Proposition B.4. We recall the Euler equation from Lemma 3.2

/Dfa(VUa)'V¢d$ = /gwdﬂ?
Q Q

with right—hand side g5 supported on the coincidence set [’U,5 = w]. Fix a coordinate
direction s = 1,...,n and let A4 denote the corresponding difference quotients. For
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k > 0 and n as above we let ¢ := A_,(Apus max{ws — k,0}n*) and “perform an
integration by parts” in order to get after passing to the limit h — 0 (from now on
summation with respect to s)

. D2f5(Vu(s)(8sVu(5, V(asu(s(w(; — k;)772)) dx
(B.1) 8k

= —/ 9505 (0susn® max{ws — k,0}) dz .
As

We have (compare [GT], Lemma 7.7)
gs max{ws — k,0} = g5 max{ln (1 + |V1b|2) — k, 0} ,

hence the right-hand side of (B.1) vanishes for k > ko(1)). On the left-hand side we
observe

D? f5(9sVus, 0sVus) (ws — k)n* dz > 0,
As ke

and according to fs = f + % | - |* we get four additional terms which are handled as
follows:

D? f(Vuy) (05 Vg, Osus Vwsn®) da
As,k

1
=3 D?f(Vus)(V]us|?, Vwsn?®) dx
As ke

1
= = D? f(Vus) (Vws, Vws) (1 + |Vus|*)n? dx

2 As ke

> &/ |Dws|* V1 + |Vus|? n* de
As ke

2

= &/ |Dw5|2772d7'{",
2 Ss.k

)
0 OsVus - OsusVwsn? de = 5/ |Vw5|2(1 + |Vu(s|2)772 dz ,
As ke As ke

the third term is estimated from above:

DQf(Vua)(asVua, Osugs(ws — k:)VnQ) dzx

As,k

/A (D2 £(Vus) (V [Vusl?. ¥ [Vugl®)) (D £(Vug) (V. V)

1
2

2 n(ws — k) dx

IN

1

2 212 ’ H2 2 :
< ———— |D|Vus ————|Dp n(ws — k) dz
Aa,k<\/1+|VUa|2 [D1vust] ) (\/1+|V%|2 P )
[ Dl Pl n(es ~ k) TF Wl da
As ke

/ 11 [ Duws| Dyl n(ws — k) dH”,
Ss.k
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and the last one satisfies

) sVus - Vn20sus(ws — k) da
As ke

<9 (14 [Vus|?) [Vews| [Vl n(ws — k) dz .
As ke

Now, if we let k > ko(¢) and if we apply Young’s inequality, the claim of Proposi-
tion B.4 follows from Equation (B.1) together with the above estimates. O

Proposition B.6. (Compare [GMS], inequality (3.13).) There are constants C
and ko = ko(¢) not depending on § and k such that for all k > ko and n € CL(Q),
0 <n <1, we have

5/ (ws — k)2 |V2u(5|2772 dz

As ke

<C {/ (ws — k)2 |Dn|* dH™ + 5/ (1+ |Vus|?) |[Vn*(ws — k)? dx} :
Ss.k As ke

Proof. Replacing the derivative 95 by the difference quotients A_; and A we let
o =0 (agu(; max{ws — k, 0}2772) and deduce from the Euler equation for us at least
for k > ko(’(ﬂ)

o
I

D? f5(Vus) (88Vu(5, V[asu(s(w(; — k;)2772]) dx

As ke

D? f5(Vus) (8SU583VU5, 2(ws — k:)VwmQ) dx

As ke
+ D? f5(Vus) (83Vu(5, 83Vu(5) (ws — k)*n* dx
As ke
+ D2f(;(Vu(5)(8su(58$Vua, V772) (ws —k)de = To+Ti+Ts.
As ke

Since OsusdsVus = %V |Vus|? and Vws = (1 + |Vu(5|2)_1v |Vus|?, we get Tp > 0.
The ellipticity of D? f implies

T >

1
Z 1 e T
Asi 1+ |VU,5|2

For Ty we use the upper bound imposed on D?f together with the Cauchy-Schwarz
inequality with the result

|DOsus|? (ws — k)*n* do + 5/ |V2ua|2(w5 —k)?n?dx.
As ke

|T2| < MQ/ |D77|77(w6 - k)Q
B Asi 1+ |VU,5|2

< gug/ STF IV ual® |DwsPr2(ws — k)2 dz+ 2 [ 1Dyl2(ws — k)2 dH
As ke € Ss,k

|D[Vus|?| dx—l—(S/A IV [ Vus)?| [Vn| n(ws — k)* d
S8,k

+ 5/ |Vw5|(1 + |Vu(5|2) V| n(ws — k)? da
As ke
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being valid for any € > 0. It is easy to check that

< = D(0wtiy) - D(0-
1+|V’U,5|2 |VU’5|\/ (8 U'(S) (8 U'(S)

holds, hence we get after appropriate choice of €

) |V2u(5|2 (w(; - k;)2772 dx
As ke

< C {/ |Dn|?(ws — k)2 dH"™ + 5/ |Vw5|(1 + |Vu(5|2) V| n(ws — k)? dx} )
Ss.k As ke

In a last step we observe

/ |Vws| (1 + [Vus|?) V| n(ws — k)? dz
As ke

1
< 25/ 0 |V 2us|” (ws —k)deJrg/ [V (1+ [ Vus|*) (ws — k)? da,
As ke

As,k
and the claim of Proposition B.6 follows. O

For balls B, compactly contained in €2 and positive numbers h we let

A(h,r) = As(h,r) == AsnN By,
S(h,r) = Ss(h,r) = (A(h,r) xIR)NSs = {(x,u(;(x)) s x € A(h,r)},
a(h,7) = ags(h,r) = H*(S(h,7)) = / V1+|Vus|? dz,

A(h,r)

/ (ws —h)Qd'H"—l—é/ (1 + |Vus|?) (ws — h)* d.
S(h,r) A(h,r)

7(h,r) = 715(h,r)

Proposition B.7. Fiz a ball Br, compactly contained in Q. Then for arbitrary
numbers h >k > ko(v) and 0 <r < R < Ryg the following estimates hold:

a) T(h,?") < mﬁ—erT(ha R) a(h,T)% )
b) a(h,r) < ﬁ 7(k,7).
Here ¢ is a constant independent of h, k, r, R, and 9.

Proof. Let n € C4(Bgr),0<n<1,n=1on B, and |Vy| < ¢(R—7r)"".

(i) Let us assume n > 3, the case n = 2 requires some non—essential modifications.
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We have by Holder’s and Sobolev’s inequality (see [GMS], Lemma 3.8, compare [LU])

/ (ws — h)>dH"
S(h,r)

n—2

(/g(h7R){n(wa —h)}%dw> -

ca(h,r)%/ ID{(ws — h)}|? dH"
S(h,R)

3

IN

a(h,r)*

IN

IN

ca(h,r)%/ {(ws = h)*[Dn|* +n” |Dws|?} dH"
S(h,R)

c

——a(h,r %/ ws —h)2dH"
(R—T)Q( ) S(h,R)(é )

+ca(h,7~)%/ n? | Dws|2dH" .
S(h,R)

IN

(ii) On account of =1 < 1 we get in the same manner

/ (1+ |Vus|?) (ws — h)* dz
A(h,r) L

a(h,r)%(/A(hﬂ) {n(1+ IVugl?) T (w5 — h)}ﬁé dx) !

IN

< a(h, 7“)%(/ {77 14+ |Vus)? (ws —h)}m dx> !
A(h,R)
< ca(h,r) / ‘V{m/l + | Vug|? (ws — }‘ dx ,
A(h,R
thus
5 (14 |Vus|*) (ws — h)* da
A(h,r)

2 1
< céa(h T)"{mA(hR) (1+|V’u,6|2)(w§—h)2d$

+ / 0 (ws —h)2|V2ua|2dx+/ n* (1 + |Vus|?) |Vw5|2dx}.
A(h,R) A(h,R)

(iii) Putting together the estimates from (i) and (ii) and using the results from
Propositions B.4 and B.6, we immediately deduce claim a) of Proposition B.7.
(iv) Claim b) is immediate:

a(h,r) = /A(h )\/1+|Vu(;|2 dz

1
< G VIR
1
< W/A(k )(wa—k)2v1+|Vu<s|2 dx
1
= ——= (k). O

(h—k)
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With notation introduced in and before Proposition B.7 we infer from Lemma 3.7 in
[GMS] (compare [ST], Lemma 5.1): there exist numbers d > k(%) and ¢a = ca(c1,n)

such that
a (d, @>T(d, @> = 0.
2 2

6—1
2

d < CQT(O,RQ)%RE%GG(O,RQ) , 0=

For d we have the estimate

2
+ =
n

-
_|_

N =

Remark B.8. In order to apply Lemma 3.7 of [GMS] it is sufficient to check the
hypothesis just for h > k > ko(1)).

By construction we deduce A(d, &21) =0, ie
Vus@)? < ¢! on Brye.

thus it remains to estimate d which means that we have to control

T, = / wgdH"—l-(S/ (1+ |Vus|*)wj dz  and
S(O,Ro) BRO

T2 = / \/1+|V’U,5|2 dx .
BRO

For a suitable constant ¢ we have
Ty < cJs(us) < cJs (maX{O, w}) < c¢J; (maX{O, w})

if we assume without loss of generality § < 1. Thus it remains to find a suitable bound
for Ty. Assuming Bsg, CC Q we let ¢ = usw?n? with n = 1 on Bg,, 0 < n < 1,
|[Vn| < ¢/Ro. Inserting ¢ as test function into the Euler equation from Lemma 3.2
and using the structural conditions for f we get (applying also Young’s inequality)

1/1/ V1 + | Vus|2 win® dx—l—é/ wi |Vus|*n? dx—l/g/ win? dx
Bar,

Bar, Barg

1
< C'q = sup |us) wj dx
Ro o B2r,

1
V14 |[Vus|?

+ 6 sup |u(;|/ {25772 |Vus|> wi + e wd |[Vn)? + [Vws|*n?] } dx
Q Bar,

+ / gsuswin? dx} .
Bar,

Since w? is bounded by /1 + |Vus|?, we can apply the same reasoning as for T to

+ sup |us| n? (Ewg 1+ |Vugs|2 +¢e7* |Vw5|2>dx
Q

Bsry
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get a uniform bound for [ Ban w3 dz. Moreover we have
0

/ gsuswin®dx < C sup |us| widz,

Bary, Q Bary,

hence the desired bound for T3 follows after appropriate choice of € and 7 as soon we
can control supg, |us| and

v 2
T; = / 772 [Ves| dr+ 9 772|VLU5|2d.23.
B:ry

V 1+ |V’U,5|2 BQRO

Let v := min{us,supg [1|}. Then the minimality of us implies (recall f > 0)

/Qf(;(Vu(s)dx < /Qf(;(Vv)dx = /[uaﬁsupn |w|] fs(Vug) dx ,

so that Vus = 0 on [us > supgq [¢]], i.e. us < supg [#h|. In order to discuss T3 we
observe |Vws|? < |Dws|?(1 4 |Vus|?), therefore we are going to consider

T) = / n* |Dws|*\/1 + |Vus|? dx + 6/ n? |Vws|* da .
Bar,

Bsry

To this purpose we let ¢ := 0, (7728su(5) in the Euler equation for ug, thus

[ D% 15(V5) (V0.15, V0uus)i o+ [ D f5(Fus)(VOLus, Vi) O d
BQRO B

2Rg

= _/ 9683(7728.9“6) dx
Bar,

- / 0505 (11200 d
Bar,

and the right-hand side is bounded independent of §. The first integral on the left—
hand side is bounded from below by

|DasU5|2dx+5/ |V2u(5|2772 dx ,

B:ry

1 n’ !
. Ly
Bary \/1+|VUJ5|2

further we have (for any ¢ > 0)

‘ / D?f5 (V(‘)su(s, V772) Osus dx
Bar,

1
2

< 2/3 |Vus]| (DQf(Vu(s) (V(‘)su(s, V(‘)su(s)) 3 (DQf(Vu(s) (Vn, Vn)) 2ndx

5
+ 55/ n* |V2u(5|2dx—|— c—/ |Vn|? |[Vus|? do
Bsry £ 2R

2Rq

< CMQ/ n Dosus - DOsus |D77| dx + 55/ 772 |V2ua|2dx +
B:ry B

Ro
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5
+c—/ |Vn|? |Vus|? dz
€ JBag,

0

DOsus|?
< ecpg 772&@3—!—%/ V1 + | Vus|? |Dn|? dx
Bar, V14 |Vus|? € JBag,

0
—|—55/ n* |V2ua|2dx—|— c—/ |Vn|? [Vus|? dz .
B:ary € JBag

0

Appropriate choice of € yields after absorbing terms

|DOsus|*n? dx + 5/ |V2u(5 |2772 dx

B:ry

1

Baryg V14 |Vus|?

< C(RO){1+/ V14 [Vus|? dz + 5/
B:ry

B:ary

|VU5|2dx}.

The boundedness of § [ Ban |Vus|? dz is immediate (see Section 3), hence
0

DOgus|*n? de + 5/ |V2u(5|2772dx < C,

2Rg

|
Bar, V1 +[Vus|?

where C' — as before — denotes a local constant not depending on §. Finally we recall

c 2
|Dw;s|? < W|Da§ua|2 and  |Vws|> < ¢|Vus|”,

thus T3 is bounded. Putting together all our results we arrive at

[Vus(z)] < C < o0

for all z € Bpg, /2, C being independent of . From this the claim of Lemma B.2 follows

by passing to the limit § | 0 and a covering argument. O

References

[AD] AMBROsIO, L., and DAL Maso, G.: On the Relaxation in BV(;IR™) of Quasi—Convex
Integrals, J. Funct. Anal. 109 (1992), 76—97

[AG] ANzELLOTTI, G., and GIAQUINTA, M.: Convex Functionals and Partial Regularity, Arch. Rat.
Mech. Anal. 102 (1988), 243272

[BI1] BILDHAUER, M.: A Uniqueness Theorem for the Dual Problem Associated to a Variational
Problem with Linear Growth, Zap. Nauchn. Sem. St. Petersburg. Odtel. Math. Inst. Steklov
(POMI) 271 (2000), 83—91

[BI2] BILDHAUER, M.: Apriori Gradient Estimates for Bounded Generalized Solutions of a Class of
Variational Problems with Linear Growth, Preprint 29, Saarland University (2001)

[BF] BILDHAUER, M., and FucHs, M.: Regularity for Dual Solutions and for Weak Cluster Points
of Minimizing Sequences of Variational Problems with Linear Growth, Zap. Nauchn. Sem. St.
Petersburg. Odtel. Math. Inst. Steklov (POMI) 259 (1999), 46 —66

[ET] EKELAND, L., and TEMAM, R.: Convex Analysis and Variational Problems, North—Holland,

Amsterdam, 1976



Bildhauer and Fuchs, Obstacle Problems with Linear Growth 27

[Ful]
[Fu2]

[FL]

[F'S]

[GE]
[GMS]

[GT]

[Gi]
[GS]
[HW]

(LU]

[Re]
[ST]

[Ro]

Fucas, M.: Topics in the Calculus of Variations, Vieweg, Braunschweig—Wiesbaden, 1994

Fucus, M.: Holder Continuity of the Gradient for Degenerate Variational Inequalities, Non-
linear Analysis TMA 15.1 (1990), 85—100

Fucus, M., and L1, G.: Variational Inequalities for Energy Functionals with Nonstandard
Growth Conditions, Abstract Appl. Anal. 3, Nos. 1-2 (1998), 4164

Fucus, M., and SEREGIN, G.: Variational Methods for Problems from Plasticity Theory and
for Generalized Newtonian Fluids, Lecture Notes in Mathematics 1749, Springer—Verlag,
2000

GERHARDT, C.: On the Regularity of Solutions to Variational Problems in BV (2), Math. Z.
149 (1976), 281286

GIAQUINTA, M., Mobica, G., and SOUCEK, J.: Functionals with Linear Growth in the Cal-
culus of Variations I & II, Comment. Math. Univ. Carolinae 20 (1979), 143—172

GILBARG, D., and TRUDINGER, N.S.: Elliptic Partial Differential Equations of Second Order,
Grundlehren der mathematischen Wissenschaften 224, Springer— Verlag, Berlin —Heidelberg—
New York, 1977

GrusTi, E.: Minimal Surfaces and Functions of Bounded Variation, Monographs in Mathe-
matics 80, Birkh&user, Boston—Basel — Stuttgart, 1984

GOFFMAN, C., and SERRIN, J.: Sublinear Functions of Measures and Variational Integrals,
Duke Math. J. 31 (1964), 159—168

HILDEBRANDT, S., and WIDMAN, K. O.: Variational Inequalities for Vector Valued Functions,
J. Reine Angew. Math. 309 (1979), 191220

LADYZHENSKAYA, O. A., and URAL'TSEVA, N.N.: Local Estimates for Gradients of Solutions
of Non—-Uniformly Elliptic and Parabolic Equations, Comm. on Pure and Appl. Math. 23
(1970), 677—703

RESCHETNYAK, Y.: Weak Convergence of Completely Additive Vector Functions on a Set,
Sibirsk. Maz. Z. 9 (1968), 1386— 1394 (translated)

STAMPACCHIA, G.: Le Probléme de Dirichlet pour les Equations Elliptiques du Second Ordre
& Coeflicients Discontinus, Ann. Inst. Fourier Grenoble 15.1 (1965), 189—258

ROCKAFELLAR, T.: Convex Analysis, Princeton University Press Princeton, 1970

Fachbereich Mathematik
Universitat des Saarlandes
D-66041 Saarbricken
Germany

E—mail:
bibi@math.uni—sb.de



