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Stochastics II

3. Tutorial

Exercise 1 (5 Points) Let X be an integrable random variable on a probability space (Ω,F , P )
and let G, H ⊂ F be two σ-fields. Furthermore we assume that σ(σ(X) ∪ H) is
independent of G. Show that the following equation holds true:

E[X|σ(G ∪ H)] = E[X|H].

Hint: You may assume that X is nonnegative (why?). In this case, one can first show
that

E[X1A∩B] = E[E[X|H]1A∩B] A ∈ G, B ∈ H

and extend this identity in a suitable way.

Exercise 2 (4 Points) Let X = (Xt)t∈[0,∞) and Y = (Yt)t∈[0,∞) be real-valued processes with
P -a.s. rightcontinuous paths. Furthermore X and Y are modifications of each other.
Show that X and Y are indistinguishable.

Exercise 3 (7 Points) Let X := (Xt)t∈[0,∞) be a real-valued stochastic process and (FX
t )t∈[0,∞) the

filtration generated by X. Show that Xt−Xs is independent of FX
s for all 0 ≤ s < t if

and only if X has independent increments, i.e. the family (Xtk −Xtk−1
)k=1,...,n, where

Xt0 := 0 is independent for all n ∈ N and 0 ≤ t1 < . . . < tn ∈ [0,∞).


