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Exercise 1

Exercise 2

(4 Points) Let (0, F,F = (F)ico,00); ) be a filtered probability space and X =
(Xt)ic,0) be a F-adapted and integrable stochastic process. Show that the following
statements are equivalent.

(i) X is a supermartingale.

(ii) For all s,t € [0,00) and every A € Fy we have
P(A) > 0= EPtM[X,,,] < EFLY[X].

(iii) For all s,¢ € [0,00) and every A € F; we have

/ XydP < / X,dP.
A A

(iv) For all s,t € [0,00) and every bounded, non-negative and Fs-measurable function
Y, we have

E[YXs—l-t] S E[YXS]

(6 Points) For a martingale X = (X, )nen, in L?(P) we define the process ({X),)nen,
as (X)p := 0 and
(X)n = (X)no1 + E[(Xn — anl)z"’rnfl]

for every n € N. Then (X) is predictable, increasing, and (X2 — (X),)nen, IS a
martingale as well (see exercise 4 of the 6th tutorial).
Now let M be a martingale in L?*(P) such that (M), — oo for n — oo. Show that

n

lim

YIS =0 P-allmost surely.

Hint: Consider the process

My, — My
e 3 M
1<k<n L4 (M)y,

and use exercise 4 of the 6th tutorial to show that W, converges. Then use Kronecker’s
Lemma to conclude the statement.



Exercise 3 (5 Points)

(i) Let (2, F,F = (Fp)neng, P) be a filtered probability space, X = (X, )nen, be a
F-submartingale and o be a F-stopping time satisfying Efo] < co. Furthermore
assume there exists a constant C' > 0 such that

|Xn+1 - an S C
P-a.s. for every n € Ny. Show that
E[X,] > E[Xy].

(ii) Let (&)nen be a sequence of independent random variables with

P(fe = 1)) = P& = 1)) = 5.

Moreover define S, := »",_, & and 7 := inf{n € N|S,, = 1}. Show that E[r] =
0.



