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Stochastics II

12. Tutorial

Let (Ω,F ,F = (Ft)t∈[0,∞), P ) be the underlying filtered probability space for the whole
assignment.

Exercise 1 (5 Points) Let X := (Xt)t∈[0,∞) be a Brownian motion with respect to F and let τ be
a F-stopping time. Show that E[Xτ ] = 0 if:

(i) (|Xt∧τ |)(t∈[0,∞) is bounded by a P -integrable random variable.

(ii) E[τ ] <∞.

Hint: To solve (ii), take a look at the random variable

dτe∑
k=1

max
t∈[0,1]

|Xk+t −Xk|.

Exercise 2 (3 Points) Let τ be a F-stopping time. Show that

(i) σ − τ is a (Ft+τ )t∈[0,∞)-stopping time, if σ is a F stopping time.

(ii) %+ τ is a F-stopping time, if % is a (Ft+τ )t∈[0,∞)-stopping time.

Exercise 3 (7 Points) Let W := (Xt)t∈[0,∞) be a Brownian motion with respect to F and let
f : R → R be a function with continuous and bounded first derivative. Calculate the
quadratic variation of (f(Wt))t∈[0,∞).
Hint: Show that(

f(Wti)− f(Wti−1
)
)2

= f ′(Wti−1
)2(ti − ti−1)

+ f ′(Wti−1
)2
(
(Wti −Wti−1

)2 − (ti − ti−1)
)

+
(
f ′(Wui)

2 − f ′(Wti)
2
)

(Wti −Wti−1
)2

for ti > ti−1, where ui = ui(ω) ∈ [ti−1, ti].

Exercise 4 (3 Points) Let (γn)n∈N be a sequence in [0,∞), such that γn
n
→ 1 for n → ∞. Show

that

lim
n→∞

sup
0≤k≤n

∣∣∣∣γk − kn

∣∣∣∣ = 0.


