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Abstract

In this addendum we make the constants in Theorem 3.1 explicit.

Throughout this addendum, the assumptions and notation of Theorem 3.1
in Bender and Steiner, A-posteriori estimates for backward SDEs, are in force
without further notice. This reference will be abbreviated by [BS] from now on.

Lemma 0.1.

N∑
i=1

sup
s∈[ti,ti+1]

E
[
|Ys − Yti |2

]
≤

[
4(1 +K2T )eT (K+1)2 + 8K2eT (K+1)2(T + 2 + 2K2T ) |π|

]
E
[
|ξ|2
]

+
[
4(1 +K2T )eT (K+1)2 +

(
8K2eT (K+1)2(3 + 2K2T ) + 4

)
|π|
]
E

[∫ T

0

|f(r, 0, 0)|2 dr

]
.

Proof. Define

C̃i = sup
s∈[ti,ti+1]

E
[
|Ys − Yti |

2
]
.

Due to the defintion of Y , Itô’s isometry, an several applications of Young’s
inequality we have

C̃i ≤ 2 sup
s∈[ti,ti+1]

E

[∣∣∣∣∫ s

ti

f(r, Yr, Zr)dr

∣∣∣∣2 +

∫ s

ti

|Zr|2 dr

]

≤ 4 |π|E
[∫ ti+1

ti

(
|f(r, Yr, Zr)− f(r, 0, 0)|2 + |f(r, 0, 0)|2

)
dr

]
+ 2E

[∫ ti+1

ti

|Zr|2 dr
]

≤ 8K2 |π|E
[∫ ti+1

ti

(
|Yr|2 + |Zr|2

)
dr

]
+ 4 |π|E

[∫ ti+1

ti

|f(r, 0, 0)|2 dr
]

+ 2E

[∫ ti+1

ti

|Zr|2 dr
]
.

Hence,

N−1∑
i=0

C̃i ≤ 8K2 |π|E

[∫ T

0

|Yr|2 dr

]
+ (8K2 |π|+ 2)E

[∫ T

0

|Zr|2 dr

]
+ 4 |π|E

[∫ T

0

|f(r, 0, 0)|2 dr

]
.
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By Proposition 2.2 in El Karoui (1997) with β = (K + 1)2 we get

E

[∫ T

0

|Yt|2 dt

]
≤ eT (K+1)2

(
TE
[
|ξ|2
]

+ E

[∫ T

0

|f(t, 0, 0)|2 dt

])
,

E

[∫ T

0

|Zt|2 dt

]
≤ 2(1 +K2T )eT (K+1)2

(
E
[
|ξ|2
]

+ E

[∫ T

0

|f(t, 0, 0)|2 dt

])
.

Thus,

N−1∑
i=0

C̃i ≤
[
4(1 +K2T )eT (K+1)2 + 8K2eT (K+1)2(T + 2 + 2K2T ) |π|

]
E |ξ|2

+
[
4(1 +K2T )eT (K+1)2 +

(
8K2eT (K+1)2(3 + 2K2T ) + 4

)
|π|
]
E

[∫ T

0

|f(r, 0, 0)|2 dr

]
.

The following lemma is a variant of Lemma 3.3 in [BS] with explicit con-
stants.

Lemma 0.2.

max
0≤i≤N

E
[∣∣Yti − Y πti ∣∣2]+

N−1∑
i=0

∫ ti+1

ti

E
[∣∣Zt − Zπti∣∣2] dt

≤ d1Eπ(Ŷ π, Ẑπ) +Ky |π|

(
d2E

[
|ξ|2
]

+ d3E

[∫ T

0

|f(r, 0, 0)|2 dr

])

+d4E
[
|ξ − ξπ|2

]
+ d5

N−1∑
i=0

∫ ti+1

ti

E
[
|f(t, Yt, Zt)− fπ(ti, Yt, Zt)|2

]
dt

holds for |π| ≤ min{1, (8K(1+4K))−1, (4K2(T+1)(D∨2)+16TK4(1+T )2(D∨
2)2)−1}, where

d1 = (
d4

4
+ 2)(2 +D)

(
2 + C1(1 +K2T (T +D))

)
d2 =

d4

4K

(
(4 + 4K2)e(K+1)2T + 8K2eT (K+1)2(T + 2 + 2K2T ) |π|

)
d3 =

d4

4K

(
4(1 +K2T )eT (K+1)2 +

(
8K2eT (K+1)2(3 + 2K2T ) + 4

)
|π|
)

d4 = (1 + 2(1 + 2βπ)T )eαπT + 4 + 4βπ |π|

d5 =
d4

4K

βπ = e(4K+16K2)|π|(4K + 16K2)

απ = βπ

(
1 +

1

2(1− |π| /2)2
|π|
)

+
1

2(1− |π| /2)2
,

and C1 is the constant of Theorem 2.1 in [BS].
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Proof. The proof is similar to Theorem 3.1 in Bouchard and Touzi (2004). We
first define the process Y̌ π on [ti, ti+1), i = 0, . . . , N − 1, by

Y̌ πt = E
[
Y πti+1

|Ft
]
− fπ(ti, Y

π
ti , Z

π
ti)(ti+1 − t)

with Y̌ πT = ξπ. Then, Y̌ πti = Y πti for ti ∈ π by (3.3) in [BS]. Moreover, thanks to

(3.5) in [BS], the pairs (Y,Z) and (Y̌ πt , Ž
π
t ) solve on t ∈ [ti, ti+1) the following

differential equations

Yt = Yti+1
−
∫ ti+1

t

f(s, Ys, Zs)ds−
∫ ti+1

t

ZsdWs,

Y̌ πt = Y πti+1
−
∫ ti+1

t

fπ(ti, Y
π
ti , Z

π
ti)dt−

∫ ti+1

t

Žπs dWs,

By Itô’s formula we then obtain

E
[∣∣Yt − Y̌ πt ∣∣2]+

∫ ti+1

t

E
[∣∣Zs − Žπs ∣∣2] ds

≤ E

[∣∣∣Yti+1 − Y πti+1

∣∣∣2]+ 2

∫ ti+1

t

E
[
(Ys − Y̌ πs )

(
f(s, Ys, Zs)− fπ(ti, Y

π
ti , Z

π
ti)
)]
ds

= (I) + (II).

Young’s inequality and the Lipschitz condition on fπ yield for some γ > 0 (to
be fixed later),

(II) ≤ γ
∫ ti+1

t

E
[∣∣Ys − Y̌ πs ∣∣2] ds+

1 + (4K)−1

γ

∫ ti+1

ti

E
[∣∣fπ(ti, Ys, Zs)− fπ(ti, Y

π
ti , Z

π
ti)
∣∣2] ds

+
1 + 4K

γ

∫ ti+1

ti

E
[
|f(s, Ys, Zs)− fπ(ti, Ys, Zs)|2

]
ds

≤ γ
∫ ti+1

t

E
[∣∣Ys − Y̌ πs ∣∣2] ds+ 2

1 + (4K)−1

γ

∫ ti+1

ti

K2
y E
[∣∣Ys − Y πti ∣∣2]+K2 E

[∣∣Zs − Zπti∣∣2] ds
+

1 + 4K

γ

∫ ti+1

ti

E
[
|f(s, Ys, Zs)− fπ(ti, Ys, Zs)|2

]
ds.

Define

C̃i = sup
s∈[ti,ti+1]

E |Ys − Yti |
2
.

Then,

E
∣∣Ys − Y πti ∣∣2 ≤ 2C̃i + 2E

∣∣Yti − Y πti ∣∣2 .
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Hence,

(II) ≤ γ
∫ ti+1

t

E
[∣∣Ys − Y̌ πs ∣∣2] ds+

1 + 4K

γ
K

(
∆iE

[∣∣Yti − Y πti ∣∣2]+

∫ ti+1

ti

E
[∣∣Zs − Žπs ∣∣2] ds)

+
1 + 4Ky

γ
KyC̃i∆i +

1 + 4K

γ
KE

[(∫ ti+1

ti

Žπs dWs − Zπti∆Wi

)2
]

+
1 + 4K

γ

∫ ti+1

ti

E
[
|f(s, Ys, Zs)− fπ(ti, Ys, Zs)|2

]
ds

=: γ

∫ ti+1

t

E
[∣∣Ys − Y̌ πs ∣∣2] ds+

1 + 4K

γ
KAi +Bi.

Summarizing, we have

E
[∣∣Yt − Y̌ πt ∣∣2] ≤ E

[∣∣Yt − Y̌ πt ∣∣2]+

∫ ti+1

t

E
[∣∣Zs − Žπs ∣∣2] ds

≤ E

[∣∣∣Yti+1
− Y πti+1

∣∣∣2]+ γ

∫ ti+1

t

E
[∣∣Ys − Y̌ πs ∣∣2] ds+

1 + 4K

γ
KAi +Bi.

(1)

By Gronwall’s lemma it follows that E
[
|Yt − Y̌ πt |2

]
≤ eγ∆i(E

[
|Yti+1

− Y πti+1
|2
]
+

(1 + 4K)KAi/γ + Bi). Inserting this result into the second inequality of (1)
yields

E
[∣∣Yti − Y πti ∣∣2]+

∫ ti+1

ti

E
[∣∣Zt − Žπt ∣∣2] dt

≤ (1 + γ∆ie
γ∆i)(E

[∣∣∣Yti+1
− Y πti+1

∣∣∣2]+
1 + 4K

γ
KAi +Bi)

Choosing γ = 4K(1 + 4K) and |π| ≤ 1/(2γ) leads to

E
[∣∣Yti − Y πti ∣∣2]+

∫ ti+1

ti

E
[∣∣Zt − Žπt ∣∣2] dt ≤ (1 + eγ∆iγ∆i)

(
E

[∣∣∣Yti+1
− Y πti+1

∣∣∣2]+Bi

)
+

1

2
∆iE

[∣∣Yti − Y πti ∣∣2]+
1

2

∫ ti+1

ti

E
[∣∣Zt − Žπt ∣∣2] dt.

Hence, for |π| ≤ 1/(2γ),

(1− 1

2
∆i)E

[∣∣Yti − Y πti ∣∣2]+
1

2

∫ ti+1

ti

E
[∣∣Zt − Žπt ∣∣2] dt

≤ (1 + βπ∆i)

{
E

[∣∣∣Yti+1
− Y πti+1

∣∣∣2]

+
Ky

4K
C̃i∆i +

1

4
E

[(∫ ti+1

ti

Žπs dWs − Zπti∆Wi

)2
]

+
1

4K

∫ ti+1

ti

E
[
|f(s, Ys, Zs)− fπ(ti, Ys, Zs)|2

]
ds

}
.

(2)
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In particular, for |π| ≤ min{1, 1/(2γ)},

E
[∣∣Yti − Y πti ∣∣2]
≤ (1 + απ∆i)

{
E

[∣∣∣Yti+1
− Y πti+1

∣∣∣2]+
Ky

4K
C̃i∆i +

1

4
E

[(∫ ti+1

ti

Žπs dWs − Zπti∆Wi

)2
]

+
1

4K

∫ ti+1

ti

E
[
|f(s, Ys, Zs)− fπ(ti, Ys, Zs)|2

]
ds

}
.

Thanks to the discrete Gronwall lemma we get for |π| ≤ min{ 1
2γ , 1}

E
[∣∣Yti − Y πti ∣∣2] ≤ exp{απT}

{
E
[
|ξ − ξπ|2

]

+
Ky

4K
|π|

N−1∑
j=i

C̃j +
1

4

N−1∑
j=i

E

(∫ tj+1

tj

Žπs dWs − Zπtj∆Wj

)2


+
1

4K

N−1∑
j=i

∫ tj+1

tj

E
[
|f(t, Yt, Zt)− fπ(tj , Yt, Zt)|2

]
dt

}
. (3)

Next we sum (2) up from i = 0 to N − 1 and obtain

N−1∑
i=0

∫ ti+1

ti

E
[∣∣Zt − Žπt ∣∣2] dt

≤ 2(1 + βπ |π|)

{
E
[
|ξ − ξπ|2

]
+
Ky

4K
|π|

N−1∑
j=0

C̃j

+
1

4

N−1∑
j=0

E

(∫ tj+1

tj

Žπs dWs − Zπtj∆Wj

)2


+
1

4K

N−1∑
j=0

∫ tj+1

tj

E
[
|f(t, Yt, Zt)− fπ(tj , Yt, Zt)|2

]
dt

}

+2T

(
βπ +

1

2

)
max
ti∈π

E
[∣∣Yti − Y πti ∣∣2] (4)

By (3), (4), Young’s inequality and Itô’s isometry,

max
ti∈π

E
[∣∣Yti − Y πti ∣∣2]+

N−1∑
i=0

∫ ti+1

ti

E
[∣∣Zt − Zπti∣∣2] dt

≤ max
ti∈π

E
[∣∣Yti − Y πti ∣∣2]+ 2

N−1∑
i=0

∫ ti+1

ti

E
[∣∣Zt − Žπt ∣∣2] dt+ 2

N−1∑
i=0

E

[(∫ ti+1

ti

Žπs dWs − Zπti∆Wi

)2
]

≤ d4

E
[
|ξ − ξπ|2

]
+
Ky

4K
|π|

N−1∑
j=0

C̃j +
1

4K

N−1∑
j=i

∫ tj+1

tj

E
[
|f(t, Yt, Zt)− fπ(tj , Yt, Zt)|2

]
dt


+(
d4

4
+ 2)

N−1∑
j=i

E

[(∫ ti+1

ti

Žπs dWs − Zπti∆Wi

)2
]
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The assertion now follows by Lemma 0.1 above (taking the definition of C̃i into
account) and (3.6) in [BS].

We finally present a version of Theorem 3.1 in [BS] in terms of the explicit
constants defined in Lemma 0.2 above.

Theorem 0.3. Suppose (H) and (HF
π ) and that Gt = Ft ∨ σ(Ξ), where Ξ is in-

dependent of FT . Then, for every pair of Gti-adapted square integrable processes
(Ŷ πti , Ẑ

π
ti)ti∈π

max
ti∈π

E0

[
|Yti − Ŷ πti |

2
]

+

N−1∑
i=0

E0

[∫ ti+1

ti

(
|Yt − Ŷ πti |

2 + |Zt − Ẑπti |
2
)
dt

]
≤ 2(2T + 1)(d1 +DC1)Eπ(Ŷ π, Ẑπ)

+2(2T + 1)d4E
[
|ξ − ξπ|2

]
+ 2(2T + 1)d5

N−1∑
i=0

∫ ti+1

ti

E
[
|f(t, Yt, Zt)− fπ(ti, Yt, Zt)|2

]
dt

+ |π|

(
d̃2E

[
|ξ|2
]

+ d̃3E

[∫ T

0

|f(r, 0, 0)|2 dr

])
for |π| ≤ min{1, (8K(1 + 4K))−1, (4K2(T + 1)(D ∨ 2) + 16TK4(1 + T )2(D ∨
2)2)−1}, where

d̃2 = 2K(2T + 1)d2 + 8(1 +K2T )eT (K+1)2 + 16K2eT (K+1)2(T + 2 + 2K2T ) |π|

d̃3 = 2K(2T + 1)d3 + 8(1 +K2T )eT (K+1)2 +
(

16K2eT (K+1)2(3 + 2K2T ) + 8
)
|π|

Moreover,

Eπ(Ŷ π, Ẑπ) ≤ (10 + 16K2T )

(
max
ti∈π

E0

[
|Yti − Ŷ πti |

2
]

+

N−1∑
i=0

E0

[∫ ti+1

ti

(
|Yt − Ŷ πti |

2 + |Zt − Ẑπti |
2
)
dt

]

+E
[
|ξ − ξπ|2

]
+

N−1∑
i=0

∫ ti+1

ti

E
[
|f(t, Yt, Zt)− fπ(ti, Yt, Zt)|2

]
dt

)
.

If, additionally, f and fπ do not depend on y, then

max
ti∈π

E0

[
|Yti − Ŷ πti |

2
]

+

N−1∑
i=0

E0

[∫ ti+1

ti

|Zt − Ẑπti |
2dt

]

≤ 2(d1 +DC1)Eπ(Ŷ π, Ẑπ) + 2d4E
[
|ξ − ξπ|2

]
+ 2d5

N−1∑
i=0

∫ ti+1

ti

E
[
|f(t, Yt, Zt)− fπ(ti, Yt, Zt)|2

]
dt

for |π| ≤ min{1, (8K(1 + 4K))−1, (4K2(T + 1)(D ∨ 2) + 16TK4(1 + T )2(D ∨
2)2)−1}.

Moreover,

Eπ(Ŷ π, Ẑπ) ≤ (10 + 16K2T )

(
max
ti∈π

E0

[
|Yti − Ŷ πti |

2
]

+

N−1∑
i=0

E0

[∫ ti+1

ti

|Zt − Ẑπti |
2 dt

]

+E
[
|ξ − ξπ|2

]
+

N−1∑
i=0

∫ ti+1

ti

E
[
|f(t, Zt)− fπ(ti, Zt)|2

]
dt

)
.
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Proof. We follow the lines of the proof of Theorem 3.1 in [BS]. Inserting the
result of Lemma 0.2 instead of Lemma 3.3 in [BS], eq. (3.7) in [BS] becomes

max
ti∈π

E0

[
|Yti − Ŷ πti |

2
]

+

N−1∑
i=0

E0

[∫ ti+1

ti

|Zt − Ẑπti |
2dt

]

≤ 2(d1 +DC1)Eπ(Ŷ π, Ẑπ) +Ky |π|

(
2d2E

[
|ξ|2
]

+ 2d3E

[∫ T

0

|f(r, 0, 0)|2 dr

])

+2d4E
[
|ξ − ξπ|2

]
+ 2d5

N−1∑
i=0

∫ ti+1

ti

E
[
|f(t, Yt, Zt)− fπ(ti, Yt, Zt)|2

]
dt. (5)

The third inequality follows by setting Ky = 0.
In order to complete the proof of the first inequality we estimate

N−1∑
i=0

E0

[∫ ti+1

ti

|Yt − Ŷ πti |
2dt

]
≤ 2T max

ti∈π
E0

[
|Yti − Ŷ πti |

2
]

+ 2 |π|
N∑
i=1

sup
s∈[ti,ti+1]

E
[
|Ys − Yti |2

]
.

Combining this ineqaulity with (5), we obtain the first inequality after applying
Lemma 0.1.

The second and fourth inequality are shown in the proof of Theorem 3.1 in
[BS].
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