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Let (0, F,F = (Ft)icp,00), P) be the underlying filtered probability space for the whole
assignment.

Exercise 1

Exercise 2

Exercise 3

Exercise 4

Exercise 5

(343 Points) Let f: R — R be a convex function.

(i) Let X be an integrable random variable, such that f(X) € L'(P) and G be a sub
o-field of F. Show that,

E[f(X)[G] > J(E[X|G]) P-as.

(ii) Show that (f(X¢))ic,) Is a submartingale, if
a) (Xi)iep,00) Is a martingale and f(X;) € L*(P) for every t € [0, 00).
b) (Xi)iepo,00) is a submartingale, f(X;) € L*(P) for every t € [0,00), and [ is
non-decreasing.

Hint: Every convex function f : R — R can be expressed as the supremum over all
linear functions which lie completely below the graph of f.

(2 Points) Suppose M = (M;):e[0,00) is a martingale such that E[M?] < oo for every
t > 0. Show that E[(M; — M,)(M, — M,)] =0 for every u < v < s <.

(3 Points) Let J be a arbitrary index set and X := (X;);e; C L'(P) be a family of
random variables. Show that X is uniformly integrable, if there exists a measurable
function f : Ry — R, such that
t
lim /) = oo and sup E[f(|X}])] < oo

t—o0 t jeJ

(2 Points) Let X = (X} )ren a sequence of real and independent random variables with
E[Xy] = 0 for every k € N and ), E[X}] < oo. Furthermore define the sequence
(M,))nen with M,, = > Xj. Show that (M, ),ey converges P-a.s. and in L'(P) for

k=1
n — o0.

(5 Points) Let W = (W}).c(0,00) be a Brownian motion and

t
YVt € [O, OO) . Xt = exp (Wt — 5) .

Check if the stochastic process X := (X;)ic[o,00) converges for ¢ — oo P-a.s., respec-
tively in L'(P) and find the corresponding limit.



