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Exercise 37 (4 Points)

For i € I, let (X;,t;) be a topological space and let ) # Y; C X; be subsets. Let t be the
product topology on X = [[,.; X;. Show that the relative topology t|y of tonY =[[..;Y; C X
coincides with the product topology of the relative topologies t;|y; .

Exercise 38 (141+2=4 Points)

(a) Show that subspaces of topological Hausdorff spaces (equipped with the relative topology)
are always again Hausdorff spaces.

Let now X be a locally compact Hausdorff space and let the subset ) # Y C X be equipped
with the relative topology. Show:

(b) If Y is open or closed, then Y is locally compact.

(c) The topological space Y is locally compact if and only if there is an open subset U C X
and a closed subset F' C X such that Y = U N F holds. (Hint : IfY is a locally compact

topological space, one can show that Y C'Y is open. )

For locally compact Hausdorff spaces X,Y we call f : X — Y a proper map if and only if for every compact set
K CY the preimage f~'(K) C X is also compact.

Exercise 39 (242=4 Points)

Let X,Y be locally compact Hausdorff spaces with one-point compactifications X=XU {0}
and Y =Y U{oo}.

(a) Let f: X — Y be a continuous map. Show that f is proper if and only if the continuation
f: X =Y of f defined by
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is continuous.

(b) Show that every proper map f : X — Y is closed.
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A locally compact Hausdorff space is called countable at infinity if it is the union of countable many compact

subsets.
Exercise 40* (3*+1*=4* Points)

Let X be a locally compact Hausdorff space with one-point compactification X =XU {o0}.
Show:

(a) X is countable at infinity if and only if there is a sequence (U, )nen of open sets in X such
that:

(i)
(ii) C Upqq for alln € N.

(i) X = | Un.
neN

U, is compact for all n € N.
U,

(Hint : Choose the sets U, recursively using Corollary 7.10)

(b) X is countable at infinity if and only if the point co has a countable neighbourhood base in
X.

You can also find the exercise sheets on our homepage:
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