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Exercise 13 (242=4 Points)
Let K be a compact metric space and let p : K — K be a mapping with

d(e(z), e(y)) < d(z,y)
for all z,y € K with x # y. Show that:

(a) Each sequence in K has a convergent subsequence.

(b) There is a unique point xg € K with o(z¢) = 0.

(Hint : Approzimate inf{d(o(z),z); = € K} by a sequence. )

Exercise 14 (4 Points)
Show that there is no sequence (U,)nen of open sets U, C R with

Q= () U

neN

(Hint : Use also the sets Vo = R\ {q} (¢ € Q) and apply Baire’s theorem. )

Exercise 15 (3+1=4 Points)

(a) Let f: X — X be a function on a metric space X. Define
. 1 .
U, = U(U C X open; diamf(U) < H) (n € N¥).

Show that (7, U, is the set of all points x € X such that f is continuous in z.

(b) Show that there is no function f : R — R, which is continuous in each x € Q and disconti-
nuous in each z € R\ Q.

Exercise 16 (4 Points)

Let K = J;c; Ui be an open cover of a compact metric space (K, d). Show that there is a real
number ¢ > 0 such that each set A C K with diam(A) < ¢ is completely contained in one of the
sets U; (i € I).

(Hint : Otherwise there were sets A, C K with diam(A,) < 1/n and A, NU{ # O for all i € I. Choose points
zn € An and apply Ezercise 13(a). )
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You can also find the exercise sheets on our homepage:
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