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Introduction

Let Q2 C C" be a bounded open domain and 1 < p < co. We define the Bergman space

on €2 by
Le(2,0) = {f € OQ); |1 fll, = (/Qlflpdk)p < OO},

where A\ denotes the restriction of the Lebesgue measure on C” to €2. One can show that
(LE(2, A), || - |lp) is a Banach space and that for p = 2, the space L2(£2, \) together with
the L?(Q, \)-inner product is a functional Hilbert space.

In the theory of bounded operators on Bergman spaces, a topic one is particularly
interested in is the study of Toeplitz operators T, € L(L2(€2, \)), that is, compressions
to LZ(Q2, \) of multiplication operators M, on L*(Q2,\) with symbol ¢ € L>(Q,\). It
has long been known that on the classical Bergman space L2(ID, \) on the unit disk, a
Toeplitz operator T, with continuous symbol ¢ € C(D) is compact if and only if its
symbol vanishes on the unit circle. Furthermore, in every point in the unit circle, the
value of the symbol coincides with the limit of the Berezin transform I'(7},) at this point.
On a functional Hilbert space H C C® with normalized kernel function k., the Berezin
transform of an operator 7' € L(H) is given by

T(T): Q — C, T(T)(z) = (Tk., k.).

This brought up the question whether one can also use the Berezin transform to char-
acterise compactness of operators in more general settings.

One of the most famous results in this direction was obtained by Axler and Zheng
in [AZ98] for the Bergman space L2(ID, \) on the unit disk. They showed that an op-
erator which is the finite sum of finite products of Toeplitz operators with L*°-symbols
is compact if and only if the boundary limit of its Berezin transform is zero. Englis
provided the same result in [Eng99] for the weighted Bergman spaces L2 (2, A) on an
irreducible bounded symmetric domain 2 C C".

Although for p # 2, the Bergman space LP(2, \) is not a functional Hilbert space, it is
also possible to define a Berezin transform for bounded operators on these spaces. In
[Sua07], Suarez extended the Axler-Zheng theorem to operators in the closed subalgebra
generated by the Toeplitz operators with L>-symbol on the Bergman spaces L2(B,,, \)
(1 < p < o0) on the unit ball B,, in C".



Introduction

Together with Mitkovski and Wick, in [MSW13], he also proved a version for the weighted
Bergman spaces L? (B, \) on the unit ball, where 1 < p < oo. Moreover, Mitkovski and
Wick showed in [MW14] that the same theorem also holds on the unweighted Bergman
spaces L2(D™, \) for 1 < p < oo on the unit polydisk.

In case that one considers only operators in the Toeplitz algebra, that is, the closed
subalgebra of L(L?(£2, \)) generated by the Toeplitz operators 7, with continuous symbol
¢ € C(Q), even more can be said.

Cutkovi¢ and Sahutoglu proved in [CS13] that for operators in the Toeplitz algebra,
on the unweighted Bergman space L2(£2, \) on a smooth bounded pseudoconvex domain
Q) ¢ C™ on which the -Neumann operator is compact, the statement of the Axler-Zheng
theorem still holds.

Another interesting result on the compactness of Toeplitz operators with continuous
symbols was given by Trieu Le in [Le09]. One can prove that the set of holomorphic
polynomials on B,, is a dense subset of the unweighted Bergman space on the unit ball.
Le then defined Toeplitz operators on the L?(f2, v)-closure of the holomorphic polyno-
mials with respect to a wider class of measures v and showed that, also in this case, a
Toeplitz operator is compact if its symbol vanishes on the unit sphere.

We will define Toeplitz operators on an even larger class of functional Hilbert spaces
H? (u) that can be seen as a generalization of the Bergman spaces L?(B,,, \) with respect
to both the set 2 and the underlying measure. In the first part of this thesis, we give
a brief overview on the theory of functional Hilbert spaces and the Berezin transform.
We also prove some results for operators on Hilbert spaces that will be useful later on.
At the beginning of Chapter 2, we show that a version of Le’s theorem also holds in
our framework. We then use this result to prove our main theorem which states that if
the multiplication tuple T, on H% (1) is essentially normal, then under certain technical
conditions, an operator T" in the Toeplitz algebra is compact if and only if

zlirgQF(T)(z) = 0.

In addition, we obtain corollaries for the case when € is convex and for pseudoregular
open domains Q C C”, that is, bounded pseudoconvex domains on which the 9-Neumann
operator is compact. In particular, we show that our main theorem includes both The-
orem 1.1 in [Le09] and Theorem 1 in [CS13] as special cases. For an overview on the
O0-Neumann problem, we refer the reader to the appendix, where we provide a survey on
the most important results in this topic.

In the last chapter, we use Gelfand theory to define the Toeplitz extension of the ideal
of compact operators on H% (u). We use the essential spectrum of the multiplication
tuple T, to replace some of the prerequisites in the main theorem by weaker conditions.
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1 Basics

1.1 Functional Hilbert spaces and the Berezin transform

In this thesis, we will characterize the compact operators in the Toeplitz algebra with
help of their Berezin transform. The setting we will work in is a certain class of functional
Hilbert spaces that can be considered as generalized Bergman spaces. Before we start
introducing these spaces, we would like to remind the reader of some basic definitions
in the theory of functional Hilbert spaces.

Definition 1.1. Let Q be an arbitrary set and let C? be the set of all maps from Q to
C. We call a Hilbert space H C C% a functional Hilbert space if, for every z € Q, the
point evaluation

0. :H—C, frf(2)
18 continuous.

With each functional Hilbert space on a set €2, we associate its reproducing kernel defined
as follows.

Definition 1.2. Let Q be an arbitrary set and let H C C be a functional Hilbert space.

We call the map
K:QxQ—C

a reproducing kernel for H if it satisfies

1. K(-,2) € H for all w € ,
2. {f,K(,2))y=f(2) forall f € H z€Q.

Obviously, each functional Hilbert space possesses a unique reproducing kernel. One can
easily see that the identity

K (w, z) = 0,07
holds. Furthermore, one can show that
H=V{K(,z2);z € Q}.
If H has no common zeros, or equivalently K(-,z) # 0 for all z € 2, we define the
normalized kernel function by
K(w,z) K(w,2)

k(w, z) = = for z,w € Q.
2 =R~ VR G




1 Basics

One of the main tools we will use in this thesis is the Berezin transform of an operator
in L(H).

Definition 1.3. Let Q be an arbitrary set and H C C% a functional Hilbert space such
that H has no common zeros. For z € ), we abbreviate

and define the Berezin transform of an operator X € L(H) as
NX):Q—=C,z— (Xk,, k).
One can easily deduce the following basic properties of the Berezin transformation.

Lemma 1.4. Let Q be an arbitrary set and H C C* a functional Hilbert space that has
no common zeros. Furthermore, let B(§),C) denote the bounded functions from Q into
C. The Berezin transformation

I''L(H)— B(Q,C), X —»T(X)
s well defined, linear, contractive, and respects the involutions.

For our results, the behaviour of I'(T")(z) for z — 02 will be of particular importance.
We introduce some useful notations in the next definition.

Definition 1.5. Let Q@ C C" be a bounded open set and let (F,t) be a topological space.
In addition, let f:Q — (F,t) be a map and x € F. We say

i 1) =

if for every neighbourhood U of x, there exists 6 > 0 such that

f(z) € U for all z € Q with dist(z,00Q) < 6.

1.2 Operators on Hilbert spaces

Besides the basic results on the Berezin transform, we will in this place also mention
some general results about operators on Hilbert spaces that will be useful later on. We
start with defining contractions of class [Co] on a Hilbert space.

Definition 1.6. Let H be a Hilbert space. A contraction T € L(H) is said to be a
contraction of the class [C] if

lim T** =0 in (L (H),7sor) -

k—o0

Contractions of class [Co] have an additional property, which is introduced in the next
definition.



1.2 Operators on Hilbert spaces

Definition 1.7. We call a contraction T completely non-unitary if there is no non-zero
reducing subspace for T on which its restriction is unitary.

Contractions of class [C ] cannot have a non-zero unitary part, as the following lemma
shows.

Lemma 1.8. A contraction T on a Hilbert space H of the class [C] is completely
non-unitary.

Proof. Let T' € L(H) be a contraction with

SOT — lim T** = 0.

k—o0

Assume there is an orthogonal decomposition
H=Hy®Hy
such that Hy # {0} and
T=U®N € L(Hy® Hy),

where U is an unitary operator. Let us consider the effect of the operator 7" on an
element f € Hy with f # 0. Since U is an unitary operator, U** is unitary as well and
we have

lim [T f|| = lim [U*f|| = lim || f]| = [|f]| # 0.
k—o0 k—o0 k—oo
This is a contradiction to
SOT — lim T* =0
k—o00
and hence the assumption was wrong, meaning that 7' is a completely non-unitary
contraction. O

The next lemma deals with certain compact operators on a Hilbert space.

Lemma 1.9. Let H, K be Hilbert spaces and S € L(H, K) a bounded operator. Then S
is compact if and only if the operator S*S in L(H) is compact.

Proof. Suppose that the operator S*S is compact. Then every bounded sequence (z,,)nen
in H has a subsequence (x,, ); € N such that the sequence (S*Sz,, )nen is convergent in
H. Then we calculate for k,l € N with the Cauchy Schwarz inequality

stnk - anz H2

’< (xnk _xnl)v(xnk _xm>>|
H ('Ink - xnl)“’l(xnk - xnz)”
The second term is bounded, since (z,)nen is a bounded sequence. (S*Sxz,, )ken is a

Cauchy sequence. Thus (S, )ken is a Cauchy sequence and therefore convergent, since
K is complete. Hence S is compact. The converse implication is clear. O

VANVAN



1 Basics
A class of of operators on Hilbert spaces that will play an important role later on are
the multiplication operators.

Definition 1.10. Let Q2 C C" be an arbitrary set. Consider two functional Hilbert spaces
Hi,Hy, C C% . The elements of

M(Hl,HQ) = {QO e (C, QOHl C HQ}
are called multipliers from Hy to H,.
In the case Hy = Hy = H, we write M(H) instead of M(H, H).

For f:Q — C, the map
(pf):Q—C

s defined by
(0f)(2) = ¢(2) f(2) for all z € Q.
For a multiplier ¢ € M(H1, Hy), we call the operator
M,:Hy — Hy, fr—of
the multiplication operator with symbol .
Remark 1.11. By the closed graph theorem, multiplication operators are continuous.

For Q C C" and two functional Hilbert spaces Hy, Hy C C® with reproducing kernels
K1, K5, one easily calculates that

MiKs(, 2) = 0(2) K1 (-, 2) for all p € M(Hy, Hy),z € Q.(%)
If H = Hy = H and H has no common zeros, then
K(z,2z) >0 for all z € Q
and equation (%) implies
[ellscs < [|1My]| for all ¢ € M(H),

PRPK (2, 2) = (P (- 2), (2K (- 2))

< IMGIPIEC, =)
= ||M:;||2K(z, z) for all z € Q).



1.2 Operators on Hilbert spaces

For an arbitrary measure p on Q and ¢ € L>®(Q, ), the operator

M+ LA, 1) — L*(Q, 1), [f] = [ ]

s well defined, linear and continuous, since

oz = / oF Pt < 1012w |2

Hence

1Mol < el (.-

In addition, a short calculation yields






2 Compact operators in the Toeplitz
algebra

2.1 The generalized Bergman spaces

Our main theorem extends two previous results on compact Toeplitz operators. The
first was formulated by Le in [Le09] and characterizes the compact Toeplitz operators
with continuous symbols on Bergman spaces on the unit ball in C" with respect to suit-
able rotation invariant measures. The second was obtained by Cuckovié¢ and Sahutoglu
in [éSlB], where the compact operators in the Toeplitz algebra in the setting of Bergman
spaces on pseudoregular domains in C™ with respect to the Lebesgue measure are de-
scribed. We consider a class of functional Hilbert spaces that contains both of the above
classes as examples, namely the generalized Bergman spaces. Let {2 C C" be a bounded
open set, u € M+ (ﬁ) a positive finite Borel measure and A C C(Q) a closed subalgebra
with C[z]|q C A. We define

1 () = A7,

which is, together with the restricted L?(Q, u)-inner product, a Hilbert space. Suppose
that for every z € 2,

({11 € AL - ey ) s LA = £ (2)

is a well defined continuous linear map, and denote by
8, H%(p) — C
its continuous extension. Furthermore, let the map

p i Hi (n) = C p([f]) (2) = 6. (If])

be injective. In this case, the space H% (1) = Im(p) C C% together with the inner
product

(p(f)sp(9) = ([ 9) 2@

becomes a functional Hilbert space. Later on, we will be especially interested in spaces
of the form H? (i) that consist only of holomorphic functions. The next lemma shows
when this is the case.



2 Compact operators in the Toeplitz algebra

Lemma 2.1. Let Q C C" be a bounded open set and H% (1) a functional Hilbert space
as above. Let

K:OxQ—C

be the unique reproducing kernel function for H% (). We denote by Q* the set
O ={z;2 € Q}.

Then the following statements are equivalent:

(i) Ala C O(Q2) and sup||d,|| < oo for all compact sets K C €2,
zeEK

(ii) H2 () € O(%),
(iii) The map Q x Q% (z,w) v K(2,7) is holomorphic,
(iv) The map 6 : Q© — L(H% (1), C), z — 6, is holomorphic.
Proof. (i) = (ii). Assume that A|o C O(Q2) and that

sup||d,|| < oo for all compact subsets K C .
zeEK

For a function f € H? (u), there exists a sequence (f,)nen in A such that

([fa]) =3 p71(f) in H ().

Furthermore, for every compact subset K C €2,

(U D(:) — £ = 10-(e(1£:) ~ 1]
< suplla [l ([£.]) ~ I

= sup||&.|[[|[fa] = o~ ()],
zeK

and since sup||d.|| < oo, the sequence p([f,]) converges to f uniformly on compact
z€K
subsets. We have

p([fal)(2) = fu(z) for all z € Q.

Thus the sequence (f,,)nen also converges to f uniformly on compact subsets of €. Since
fn is holomorphic on € for all n € N, f is holomorphic on (2.

(ii) = (44i). Suppose now that every function in H? (1) is holomorphic. For fixed
w € %, the function K (-,w) is an element of H% (1), and hence holomorphic.



2.1 The generalized Bergman spaces

Furthermore, for fixed z € €, this implies that the map

Q- Cww— K(z,w) = K(w, z)
is antiholomorphic and hence that
= C,w— K(z,w)
is holomorphic. Hartog’s theorem then implies that the map
QAx Q" —C,(z,w) — K(z,w)

is holomorphic.
(¢ii) = (7). For f € H% (n) and z € Q, we have

@] = KGN < IFINEC )= I1FIK (z, 2)2.

Hence the continuity of K implies that convergent sequences in H? (i) converge uni-
formly on all compact subsets of €. Since by (7i7) all functions of the form K (-, w),
w € (), are holomorphic and since the finite linear combinations of these functions are
dense in H? (u), it follows that H% (1) C O(Q). Since Alg C H% (1), we also obtain (i).

(17) < (iv). It is well known that the operator-valued map

§:Q— L(H5 (n),C), 26,

is holomorphic if and only if all the functions

Q—C, 2 08.(f)=f(2) (feHi(n)

are holomorphic. Thus (i) and (iv) are equivalent.

We now introduce Toeplitz operators on the spaces of the form H? (u).

Definition 2.2. For ¢ € L=(Q, i), we call the operator
T, =p (PHﬁ(u)Mw) p~te L(HA (1)
the Toeplitz operator with symbol p. Note that

Tl = p(Prrg o M) | < Mol o @ -
The C*-algebra
Ta=C" ({T;peC(Q)})

is called the Toeplitz algebra on H% (p).



2 Compact operators in the Toeplitz algebra

The following lemma shows that we already know some Toeplitz operators on H? (u).
Lemma 2.3. We have Alg C M(H? (1)) and M o) =Ty for oll f € A.

Proof. Consider a function f € A. The operator
My« LA, ) — L*(Q, 1), [9] = [ 4]
is continuous and, since fA C A, leaves H% (u) invariant. It follows that the operator
My : Hj (n) — Hj (1)
is well defined, linear, and continuous. Consider now the continuous operator
pMsp~ € L(H3 (n))

and [g] € H3 (1) . We choose a sequence (g, )nen in A such that ([g,])nen converges to
[g] and calculate

pMpp~ (p(lg])(2) = lim p([fga])(2)

= hm f(2)gn(2)

= ( ) 1im p([gn])(2)
f(z)p([ ])( ) for all z € Q.

Hence flo € M(H% (1)) and

Msi0) = pMgp™" = pPuz ) M|z 0~ = T

In the next lemma, we obtain yet another useful characterization of 7Ty4.

Theorem 2.4. For the C*-algebra Ta introduced in Definiton 2.2, we have
where C*(T,) denotes the unital C*-algebra generated by T, = (T%,,...,T%,).

Proof. Consider the set
S={peC(Q);T, e C*T,)} CC(Q),

which contains the constant function 1 and the coordinate functions zq, ..., z,.

10



2.2 Characterization of compact Toeplitz operators

This set is a closed linear subspace of C'(£2), since the map

C(Q) = Ta,o—T,

is linear and continuous. Let now ¢ € C(Q2) and f € A with ¢, f € S. In the proof of
Lemma 2.3 it is shown that the operator

My : Hj (1) = H3 (1), [g] = [f9]

is well defined, continuous and linear. Thus, since

Top = pPHE,(u)wap_l
— pPHIQA(,u)MSOpril
= PPrr3 i Mo Prrz iy Myp™

= P2 (o Mop™ ' 0Pppz (g Myp™
=TTy,

the function ¢ f is also an element of S.
Furthemore, for ¢ € S, we have

T, =T € C*(T.),

so S contains .

Hence, since the coordinate functions lie in A, the set S C C(Q) is a closed subspace

containing C[z,%]|g. By the Stone-Weierstrass theorem, it follows that S = C(Q) and
m

One of our main objectives in this thesis is to show that the compactness of an operator in
the Toeplitz algebra depends on the behaviour of its Berezin transform when approaching
boundary points. Of particular interest are the so called peak points for the algebra A
which are defined in the following way.

Definition 2.5. A point zy € OS2 is called a peak point for A if there exists a function
f € A satisfying

f(z)=1>1f(2)] for all z € Q\ {z}.
We write 0,A for the set of all peak points for A in 0€Q.

2.2 Characterization of compact Toeplitz operators

Our goal in the following sections is to characterise the compact operators in the Toeplitz
algebra. As a first step, we look at the generators of the Toeplitz algebra. The next
theorem contains a sufficient condition for such a Toeplitz operator to be compact in
case that all functions in H? (i) are holomorphic. This result will play an important
role in the proof of a more general theorem for operators in the Toeplitz algebra later
on.

11



2 Compact operators in the Toeplitz algebra

Theorem 2.6. Let T, be a Toeplitz operator with symbol ¢ € C (ﬁ) on a functional
Hilbert space H? (i) constructed as in Section 2.1. In addition, suppose that

Hi(1) CO(Q).
If olaa =0, then T, is compact.

Proof. We begin by showing that the assertion holds for every Toeplitz operator T, with
a symbol £ € C (ﬁ) that vanishes not only on the boundary itself, but on U N for
some open neighbourhood U D 9. Given a bounded sequence(fy), oy in H% (1), we
will show that the sequence (¢ fi), .y has a converging subsequence.

By a theorem of Eberlein and Smulian (see Theorem V.6.1 in [DS58]), (fi)en POSSesses
a weakly convergent subsequence ( fkj)jeN' Let f € H? (1) denote the weak limit of this
subsequence. By Lemma 2.1, the map

6:Q— L(Hy(n),C) 20,

is continuous, because all elements of H? (1) are holomorphic functions. In consequence,
the set

{02 € K} CHE (1)
is compact for every compact set K C ). The sequence ((, fkj>)j€N of continuous linear

forms (-, fx,) € H? (1) converges pointwise, hence uniformly on all compact subsets of
H? (1), to the functional (-, f). In particular, the sequence (f,);en converges uniformly
on compact subsets of Q to f. Since p(A) C H? (i) is dense, there is a sequence (F});en
in A such that

j—00

This implies pointwise convergence on H? (1) and by the same argument as above, also
uniform convergence on compact subsets of (2. Therefore

Filo=p(F) =5 f

uniformly on compact subsets of 2. The hypothesis that &|,,g = 0 for some open
neighbourhood U D 9 implies that supp(§) is a compact subset of 2. We then have

EF 2% n

J

uniformly on €, where the function h : Q — C is defined as

{ﬁ(Z)f(Z), z € supp (§)

0, else.

h(z) =

12



2.3 Compact operators in the Toeplitz algebra

It follows that
T (fiy = 2 (F)) = p (PrzoMe) o7 (fi, — p () =5 0 im 2 (1)
and that
T (p (F)) = p (P o Me ) o' (o)

=p (pHi(,u)Mf> (F)) =% pPyz 0 (h)

as p and PHi () are continuous. Together, this yields
lim Te (fi,) = lim Te (o () + Jim T (i, — p (E))
= pPuz ) (h) € H (1),

so T¢ is a compact operator.

Consider now ¢ € C(Q2) with ¢|gq = 0. For € > 0, there exists an open neighbourhood
U D 08 in C" with

lo(2)| < eforall z€ UNQ.

We choose an open neighbourhood V' 5 99 with V € V C U and a cut-off function

0 € C(Q) such that 0 <6 <1 on Q, O|gncn\y = 1, and 0y,15 = 0. The operator Tp,, is
then compact, since fp € C(Q) vanishes on V N Q . We then have

1Top = Toll < (1 = O)¢ll oo

< (1 =0)¢llouvr
< e.

As € was arbitrary, the operator T, can be approximated in the operator norm by
compact operators and is hence compact. O

2.3 Compact operators in the Toeplitz algebra

In Satz 6.22 in [Krell], it was proven that for a Toeplitz operator T, € L(H? (u)) with

p € C(Q), we have
¢(20) = lim I'(T,,)(z) for all 2y € 0,A.

Z—20
If we require the peak points to be dense in 0f2, then in Theorem 2.6, the condition
©laa = 0 follows from the condition that
lim I'(T,)(z) = 0.

z—00Q

The last condition also makes sense in the case of an arbitrary operator in the Toeplitz
algebra. It turns out, that in certain cases, this is indeed the condition that characterizes
the compact operators in the Toeplitz algebra. Before we are able to prove this result,
we need to make some preparations. Let us first define what it means for an operator
tuple to be essentially normal.

13



2 Compact operators in the Toeplitz algebra

Definition 2.7. Let H be a Hilbert space. We call a commuting tuple
T=(T,---,T,) € L(H)"
essentially normal if
T7T; =TT compact for all j € 1,---,n
Another important tool will be the class of Hankel operators.
Definition 2.8. Let H% (i) be as in Section 2.1 and let
Prpz - L2, 1) — H3 (1)

be the projection onto HA (). We define the Hankel operator with symbol ¢ € L>(Q, i)
as

Hy: HA (1) = L@ p), f o (1= Pys ) M.
We want to use Hankel operators to show the compactness of operators of the form
Tpe —1T,1¢ € L(’Hi (1)),

where ¢, ¢ € C(Q) are continuous symbols. The main idea is contained in the next
lemma.

Lemma 2.9. Let p,& € L>®(Q, ) be functions with induced Toeplitz operators
T,,Te € L(H? (1)). Then we have

° H%Hg = pfl(ng — TGDTE)p'
[ ] Wf = H¢p*1T§p+ (_[ — PHE‘(#))M‘P‘HE

Proof. Let g € H% (1) and f € L?(, ) be arbitrary functions. We calculate

(HZf 9) w2 = (s Hzg) 2@
= (f, (I = Pu2)Mg9) 123

< g>L2 (Q,1) <f7 PH% M)M g>L2(Q/,L)

= ( M,f, 9>L2 Q) <M PH2 )f 9>L2(§,u)

= (P Mot 9 im0 — Pz Me P go.f> 9) 13 0)

As f and g were arbitrary, we obtain

Hj - PH2 M PH2 )MSOPH?q(/L)

14



2.3 Compact operators in the Toeplitz algebra

It follows that
H%Hg - PH2 )Mgo(l - PH%(u))MélHQ
_PHQ(M SOEIHIQA(M)_PHQ M ’HQ PH2 )Mf,Hi(N)
M Toep — p‘ngopp‘ngp
= pil(wa — T,T¢)p.

The calculation

Hye = (1 — Pz, ) S0€|Hz
= (I — Py, )M M§|H2

=~ PH?,(u))Mw|Hj<u>PHA(u>Mf|H,%<u> + - PH%(NM@(I = Prz ) Mel3,1))
= 4Pp_ljjgp + (I — PHi(y))MwHﬁ
yields the second equality. O
Remark 2.10. The identity
HiHe = p™ ! (Tige = TTe)p

together with Theorem 2.6 and Lemma 1.9 shows that on each analytic functional Hilbert
space H? (1) € O(Q) every Hankel operator with continuous symbol ¢ € C(Q) such that

Plog =0
1S compact.

The following lemmata show how the essential normality of the multiplication tuple
T, € L(H? (1))™ will be used.

Lemma 2.11. The set
B ={p € C(Q); H, compact }
is a closed subalgebra of C(Q) that contains A.

Proof. 1t follows immediately from the second part of Lemma 2.9 that B is an algebra.
Since for every ¢ € L>(2, )

[Holl = 101 = Prz ) Moo 2, || < 1Mol < Mol oo i
the map
C(Q) — L(H (1), L*(Q, 1)), = H,

is continuous, so B is closed as an inverse image of a closed set. By the proof of
Lemma 2.3, for f € A, g € H3 (u), we have Mg € H3 (). We conclude

Hpg = (I — Pyz(y)Mpg =0,

which in particular means that H; is compact for all f € A, so A C B. m

15



2 Compact operators in the Toeplitz algebra

Remark 2.12. Note that with the same proof, one can also show that
{o € L>®(Q, n); Hy compact } C L>(Q, u)
15 a closed subalgebra.

Compactness of the Hankel operators with continuous symbols is equivalent to the es-
sential normality of T, as one can see from the next lemma.

Lemma 2.13. The following conditions are equivalent:
(i) T, = (T, ,T.) € L(H% (n))" is essentially normal,
(ii) z1,...%Z, € B,
(iii) B =C(Q),
(iv) Toe — T,Te € L(H% (1)) is compact for all ¢, & € C(Q).
Proof. Since the coordinate functions z; are elements of A, we have for j € {1,...,n}
T T, —T,T; =Ts., — T, Ts.
The first part of Lemma 2.9 then yields that
T T, =TT, = pH-Hzp ™t

z

Hence, the essential normality of T, is equivalent to the compactness of the operators
H%Hz—j for 1 <j<n.

By Lemma 1.9, these operators are compact if and only if the Hankel operators
Hzfor j e {1,...,n}

are compact.
Assume now that z7,...,%Z; € B. By Lemma 2.11, the set B is then a closed subalgebra

containing C|z, Z]. The Stone-Weierstrass theorem then yields B = C(12).

Let now on the other hand all Hankel operators with continuous symbol on £ be compact.
Then by Lemma 2.9, the operators
wa - TwTE

are compact for all p,& € C(9).
In order to show the implication (iv) = (i), suppose that T,T¢ — Ty,e € L(H? (1))

is compact for all f,g € C(Q2). This implies the essential normality of T, since for
je{l,...,n}
T'T, —T.T =TT, —T. T
J J J J J J J J
= (5T, — T) + (T — 1, T5),

which is compact as a sum of compact operators. ]
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2.3 Compact operators in the Toeplitz algebra

Another tool that will be important later on is the essential norm of an operator.

Definition 2.14. Let X be a Banach space and S € L(X) a bounded linear operator on
X. We define the essential norm of S as

I|S||le = inf{||S — K||; K € L(X) compact }.

The next lemma yields some information about the essential norm of a Toeplitz operator
with continuous symbol. However, we have to require that the generalized Bergman
space H% (u) consists only of holomorphic functions.

Lemma 2.15. Let H? (1) be a functional Hilbert space as in Section 2.1 which addition-
ally satisfies H% (1) C O(Q). Furthermore, let T, € L(H? (1)) be the Toeplitz operator

with symbol ¢ € C(Q2). Then the inequality
1T]le < llllos,00

holds.

Proof. Since €2 is a bounded subset of C", 9€) is compact. Let
a > [|¢llopn =0

be arbitrary. Since ¢ is continuous on Q, we can find an open neighbourhood U O 052
with

lo(w)] < a for all w € UNQ.
By Urysohn’s Lemma, there exists a function ¢ € C(Q) with
1. 0<(z) <1forall z€Q,
2.9 =10on QN (C"\U),
3. 9 =0 on 0.

By Theorem 2.6, the operator S = T, is compact. For the essential norm of 7,,, we
then have

I Tlle < 1T = S| < sup(|(1 = ¥(2))p(2)]; 2 € Q) < o

Since a > [|¢||c.00 Was arbitrary, it follows that

1Tl < Nl lloc.002

17



2 Compact operators in the Toeplitz algebra

These preparations enable us to formulate the main theorem. A version for Bergman
spaces with respect to the Lebesgue measure on a certain class of bounded domains in
C" is proven by Cuckovi¢ and Sahutolgu in [CS13]. We will consider this situation as
an example later on. Note that if

w— lim k(-,2) =0,
z—00
then the Berezin transform I'(K)(z) of every compact operator K € L(H? (1)) converges
to zero, as z — 0N2. Indeed, for every sequence (z,)nen that converges to the boundary
of Q, the sequence (k,, )nen is weakly convergent to zero. Hence (K'k., )nen converges to
zero in norm and

lim DK ()] = [(K ks, )| S e, | < KR |50,

n—o0

This yields one implication in the next theorem.

Theorem 2.16. Let H? (1) be a functional Hilbert space as in Section 2.1, which in
addition satisfies H% (n) C O(Q). Assume that T, € L(H% ()" is essentially normal
and that

w— lim k(-,2) = 0.
2—00
Furthermore, let 0,A C 02 be a dense subset. Then an operator T' € Ta is compact if
and only if

zl_i)rgﬂ I'(T)(z) = 0.

Proof. Let T € Ta = C*({T,; ¢ € C(Q)}) be an operator such that

lim I'(T = 0.

iz, 1)

Then T is the limit with respect to the operator norm of finite sums of operators of the
form

Ty, ---T,, withm e Nand ¢q,..., ¢, € C(Q).
By an elementary induction, it follows that any such product is of the form

T,

P1Pm

+ K

with a suitable compact operator K € L(H? (u)). The case m = 2 follows immediately
from Lemma 2.13. If the assertion has been shown for products of length m and if

©1y -y Pme1 € C(Q), then using the induction hypothesis we find a compact operator
K € L(H? (i) such that

TLPl s TSO"L-H == (Tgm---gom + K)Tﬂam-ﬁ-l'

18



2.3 Compact operators in the Toeplitz algebra

The case m = 2 then yields the existence of a compact operator K € L(H2 (1)) with
T

1’

T

Pm+1

=T

P1 - Pm+1

+ K+ KT

Pm+1"

Hence, for every e > 0, there are a function &, € C(Q) and a compact operator
K. € L(H? (1)) with

IT— T, — K| < e
Since the Berezin transform is contractive, it follows that
ID(T) — T(T,) = T(K.)| < ¢
on (). By hypothesis
w— Zl_i)rggk(-, z)=0.

Hence

lim I'(K.)(z) = 0.

2—00

Since by hypothesis
lim I'(T")(z) =0,

z—00Q

we can choose an open neighbourhood U D 02 such that
IT(Ty,)| < 2
on U N From Satz 6.22 in [Krell] we know that
€| < 2¢e on 0,A.
Since by hypothesis 9,4 C 0€2 is dense, it follows that
1€elloo00 < 2e.
By Lemma 2.15, there is a compact operator C, € K(H% (1)) with
ITe. — G < 3¢.
But then
|T — C. — K| < 4e

and since € is arbitrary, we conclude that 7' is compact.
The reverse implication is clear. O]

The question arises under which circumstances the requirements in the above theorem
are satisfied. In the next two sections, we will consider some situations in which Theorem
2.16 is applicable.
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2 Compact operators in the Toeplitz algebra

2.4 A class of Bergman spaces on pseudoregular
domains

The first class of spaces we want to look at are Bergman spaces on pseudogular open
domains in C". Before we can define pseudoregular open sets, we need to introduce
the O-Neumann operator. For more information about the d-Neumann problem and
pseudoregular sets, consider the appendix.

Definition 2.17. By Theorem 2.9 (1) in [Str10], on a bounded pseudoconver domain
Q c C", the complex Laplacian

"0+ 00"
has a bounded inverse N on the square-integrable (0,1)-forms on 2. We call N the
0-Neumann operator of €.

A pseudoregular set is then defined as follows.

Definition 2.18. We call a bounded open set Q2 C C" pseudoregular if 2 is pseudoconvex
with smooth boundary and if, in addition, the O-Neumann operator N of € is compact.

We can now define Bergman spaces on these sets.

Definition 2.19. Let Q be a bounded domain in C"* and X € M(Q) the restriction of
the Lebesgue measure on C" to 2. The Bergman space on €2 is defined as

12,0 = {f € O || fl, = ( / \f\w); < oo}.

One can show that (L2(Q, A), || - [|12a,y)) is a functional Hilbert space. It is well known
that the Bergman space is a closed subspace of L?(Q, \) (see Corollary 1.10 in [Ran86]).
For Bergman spaces on pseudoregular domains, Cuckovi¢ and Sahutoglu proved a version
of Theorem 2.16 in [éSlB] which we now obtain as a corollary. While working with
Bergman spaces, the domain algebra plays a central role.

Definition 2.20. Let Q C C™ be a bounded domain. Then we call

A(Q) = {f € C(Q); fla € O}
the domain algebra of 2.

Since we would like to apply our results to the Bergman spaces defined above, we have
to make sure they are of the right form.
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2.4 A class of Bergman spaces on pseudoregular domains

Lemma 2.21. Let Q C C" a pseudoregular set and let u € MT(Q) denote the trivial
extension of the usual Lebesgue measure X\ on §). The Bergman space L2(,\) is a

functional Hilbert space of the form H?% (n) as defined in Section 2.1 with A = A(Q).

Proof. Since €2 is pseudoregular, it is pseudoconvex with class C* boundary, so by
Theorem 20 in [BS99], the domain algebra is a dense subset of L2(Q, \). We now need
to show that for every z € €, the map

0L {[f] f € A} = C[f] = f(2)

is a well defined continuous linear map. Let z € € be arbitrary. Since 2 C C" is open,
there is r > 0 such that the open polydisk P,(z) is entirely contained in 2. For every
f € A(Q), by 1.6 in [ABRO1], we then have,

1
1) = Gy [, S)w)

This implies

1
(7r2)m /Pr(z) [FwldAw)

< K, ( / PREYD / . |f<w>|2cu<w>)é

<rr ([ If(w)\zdu(w)f

= K”f”ﬂ(ﬁ,u)-

[F(2)] <

Here

1 2
K, = o Ko = (/ 1d)\(w)) and K = K1 K,
(ﬂ"f’ )n P.(z)

are constants only depending on z. So for every z € () the map s g well-defined,
—12(Q
linear and continuous and therefore has a continuous extension to H% (i) = A

which we denote by d,. We then look at the linear map

p i Hj (1) = C% p([f)(2) = 6.([f]) for all z € Q, [f] € HE (n).

Let [f] € H? (p) with
p([f])(z) =0 for all z € Q.

Since A(Q) is a dense subset of H?% (1), we can choose a sequence ( f,,)nen in A(Q) with

[fu] =5 [f] in H (1) -
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2 Compact operators in the Toeplitz algebra

We then have, by the continuity of ¢,

lim f,(2) = lim 0.([f.])
= 0, ( lim [£.])

= 0.([/])

= p([f])(z)
=0 for all z € Q.

Since [f,] converges towards [f] in L?(Q, i), there is a p-zero set N C Q and a subse-
quence (fp, )ren Of (frn)nen such that

fr(2) pmisy f(2) for all z € Q\ N.
We conclude, that
f(z) =0o0n QN N°.
Since p is the trivial extension of A to €2, the boundary of € is a p-null set, so we have

[f]=0.

Hence, the map p is injective. By construction p(H3 (1)) consists precisely of all func-
tions f : @ — C for which there is an L?(Q, u)-Cauchy sequence (fy)ren in A such
that

f(z) = kh_)rgo fr(z) for all z € Q.
Since p is the trivial extension of the Lebesgue measure on €2 and since
Alg C L2(Q,))
is dense, it follows that

p(H (1)) = La(, N).

Note that, for f € C(€), the Toeplitz operators on L?($, \)
Ty = p(Plia oy My)p ™" € LLE(, )
with respect to Definition 2.2 coincide withe the usual Toeplitz operators defined by
Przo.x (Myio)|z0)-

Theorem 1 in [CS13] then follows as a corollary from Theorem 2.16.
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2.5 Generalized Bergman spaces on convex sets

Corollary 2.22. Let Q) be a bounded pseudoregular domain in C". Let Taq) denote the
Toeplitz algebra on the Bergman space on £ with respect to the Lebesque measure. Then
T € Taw s compact if and only if

Proof. By the definition of pseudoregularity, the 9-Neumann operator is compact on €.
Thus, Proposition 4.1 and Proposition 4.2 in [Str10] imply that all Hankel operators
on L2(Q,\) with continuous symbols are compact. By Lemma 2.13, this is equivalent
to the condition that the multiplication tuple T, € L(L2(2, \))" is essentially normal.
Since 2 C C" is a bounded domain with C'-boundary, Theorem 3.3.4 and Theorem
3.3.6 in [JPO0] yield that

w— lim k(-,2) = 0.
z—00
By construction of L2(Q,\), every function in L2(€, \) is holomorphic. Moreover, a
remark from Cuckovi¢ and Sahutoglu in [CS13] states that the strictly pseudoconvex
points form a dense subset of 9. Since by Theorem 2.3 in [Noe08], on bounded pseu-
doconvex domains in C" with smooth boundary, every strictly pseudoconvex point is a
peak point for the domain algebra, the set 0,A(€2) is a dense subset of 0. Hence the
statements follow from Theorem 2.16. m

2.5 Generalized Bergman spaces on convex sets

We consider again arbitrary functional Hilbert spaces of the form H? (1) as defined in
Section 2.1. One of the central requirements in Theorem 2.16 is that for the normalized
kernel function of H% (i)
w— lim k(-,z) = 0.
z—00
In general, it is not obvious whether this condition is satisfied. However, we are able
to show that it always holds for generalized Bergman spaces on convex domains in C".

The proof consists of several steps. We start with showing that, for convex €2, the space
H? (1) has the [*-interpolation property, as defined in [DE12].

Definition 2.23. A functional Hilbert space H on an open set 2 C C™ possesses the
[>®-interpolation property if, for every sequence (z)gen in €2 converging to a boundary
point zg € 0L), there exists a subsequence (wy)ren Of (2k)ren in  with

{(h(wi))en; h € M(H)} =1

In order to show that generalized Bergman spaces on convex sets possess this property,
the next lemma will be helpful. It can also be found in [DE12] and it states that, for
every boundary point {2, there exists a function in A which is almost a peak function.
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2 Compact operators in the Toeplitz algebra

Lemma 2.24. Let 2 C C" be a bounded open convex set. For every zy € OS2, there is a
function h € A with h () CD and h(z) = 1.

Proof. Since € is convex and we have zy € 0€), the separation theorems yield a homoge-
nous polynomial p (z) = Y"1 | a;z; of degree one, satisfying

Re(p(2)) < Re(p(z)) for all z € Q.

The algebra A contains the restrictions of the polynomials, hence we have p|g € A. Then
ok
p
p_ Ll
¢ =2 0
k=0
is also an element of A, since A is a Banach algebra. Therefore e is a multiplier on

H% (u). The real exponential function is strictly increasing, hence we have

|6p(Z)| — eRe(P(2)) ~ oRe(p(z0)) — |€p(20)|

for all z € Q. The function h : Q — C with

eP(2)

h(z):MforallzeQ

then possesses the required properties. O

By Lemma 2.3 and Remark 1.11, the restriction of the function h to €2 is then a multiplier
on H? () with multiplier norm

1Plellave = 1Al = 1.

The following lemma will allow us to show that the contraction My, possesses a
w*-continuous H* (D)-functional calculus.

Lemma 2.25. The operator T = My, € L (H% (1)) is a contraction of class [C).
Proof. 1t is to show that
SOT — lim T** =0,

k—o0
which means that for every f € H2 (1),
lim || 7** || = 0.
k—o0

The space H? (1) is a scalar-valued functional Hilbert space, hence it possesses a re-
producing kernel K : Q x €2 — C for which

VK (2)52 € Q) =Hi (1)
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2.5 Generalized Bergman spaces on convex sets

For a function f = K (-, z) with z € Q, we can calculate
1T £l = 1My}, K (- 2) |
—k
=[[h(2) K(2) |
k—o0
=|n () [*ILf =0,
for all z € , since |h (2)| < 1 and for every g € H% ()

(Ml f.9) = (f, My, 9)
= (f,hl69)

With help of the triangle inequality, we also get

klim |T** £|| = 0 for all f € span ({K(-,z);z € Q}).
—00

The sequence of operators (T*’“)kGN
latter and the convergence of the sequence on a dense subset of H% (1) prove the SOT-
convergence. O

is norm-bounded, since 1" is a contraction. The

Concluding from Lemma 1.8 that T is a completely non-unitary contraction, Corollary
14.1.14 in [DAE™03] yields a unique w*-continuous algebra homomorphism

@ H* (D) — L (HA (1)

with ||| = 1, @ (1) = 132, and ®(z) = 7. The next lemma specializes how the
homomorphism ® looks like in this case.

Lemma 2.26. In the situation above, the algebra homomorphism ® acts as
P (f) = Mfo(h\g) forall f € H® (D) .

Proof. The map @ is an algebra homomorphism with ® (z) = 7', hence for a polynomial
p, it acts as

@ (p) =p(T) = p (M) = Mpo(ni)-

Let now f € H* (D) be arbitrary. According to Exercise 1.4 in [Gar81] and Lemma
14.1.6 in [DAE'03], the polynomials are w*-sequentially dense in H> (D).
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2 Compact operators in the Toeplitz algebra

Thus there exists a sequence (py), of polynomials converging to f with respect to the
w*-topology. Since ® is w*-continuous,

® (pr) X @ (f) in (L(H (1) Tun) -

This implies convergence in the weak operator topology and since, according to Lemma
14.1.6 in [DAET03], pointwise convergence in H* (D) follows from w*-convergence, it
follows that

(@ (f)u) () =(@(f)u, K (- 2))
= lim (@ () u, K (-.2)
= lim (M, onjg)u; K (-, 2))

= lim (o (h]o) (=) (2)
= (foh)(2)u(z) for all u € H% (1) and z € Q.
[

Corollary 2.27. Let the function h be as in the preceeding lemma. Then for every
fe H*(D),

fo(hla) € M(HE (1))

The next lemma, originally stated in [DE12] even for functional Banach spaces, indicates
why these results are important.

Lemma 2.28. Let H be a functional Hilbert space on a bounded open set 0 C C™ with
1 € H. If for every boundary point zy € OS2, there exists a multiplier h of H such that
h(2) C D,

lim h(z) =1

Z—20

and
{fohifeH* (D)} c M(H),
then H has the [*-interpolation property.

Proof. In the proof we will use the well-known fact that the classical Hardy space on the
unit disk possesses the [*-interpolation property ( see [Hof62], p.204). If we consider a
sequence (2x)ren in € with

k—oo
2 — 20

for a point zp in 0€2, then for a multiplier h € M(H) as above, the sequence (h(z))ken
is a sequence in the open unit disk D C C with

lim h(z) = 1.

k—oo
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2.5 Generalized Bergman spaces on convex sets

Since M(H?(D)) = H>(D) and the classical Hardy space possesses the [*-interpolation
property, we can find a subsequence (wg)ren Of (2k)reny With

{(f(h(wp)))ren; f € HZ(D)} = 1.
We required that foh € M(H) for all f € H*(D). So we obtain

{(g(w))ren; 9 € M(H)} D 1.

In addition, since by Remark 1.11 every multiplier g € M(H) is bounded on €, it follows

{(g(wp))ken; g € M(H)} = 1.
]

Theorem 2.29. Let Q C C" be a bounded convex open set and H? (1) a functional
Hilbert space on ) as in Section 2.1. Then the space H (1) possesses the [*®-interpolation

property.

Proof. Lemma 2.24 and Corollary 2.27 allow us to apply Lemma 2.28 from which the
assertion follows. ]

Lemma 2.30. Let H be a functional Hilbert space on a bounded open set 2 C C™ with
reproducing kernel K : Q) x Q0 — C such that H has the [*°- property and 1 € H. Then
we have

w— lim k(-,z) = 0.
z—00Q)

Proof. Assume that there were a zero-neighbourhood U C H with respect to the weak
topology and a sequence (z;) ey such that

dist(z;, 0Q2) =% 0,
and
k(-,z;) ¢ U for all j.

Since the space H possesses the [*-interpolation property, there is a subsequence (z;, )ken
of (z;);en such that

{(h(zj))ken; h € M(H)} =17
By the proof of Lemma 3.2 in [DE12], we then conclude that
{(<f> k(’ ij)))keN; f S H} =2

We infer that (k(-,zj,))ken is a weak zero sequence, which is a contradiction to our
assumption. Hence the assumption was wrong and

w— lim k(-,2z) = 0.

z—00
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2 Compact operators in the Toeplitz algebra

Hence we conclude that for a bounded convex open set {2 C C", the normalized kernel
functions converge to zero for z — 0f2.

Lemma 2.31. Let Q C C" be a bounded convex open set and let H? (1) be a functional
Hilbert space on ) as defined in Section 2.1. Then

w— lim k(-,2z) =0.
z—00Q

Proof. By Theorem 2.29, H? (1) possesses the [*-interpolation property. The result
then follows from Lemma 2.30. O

We can now formulate a corollary of Theorem 2.16 for functional Hilbert spaces of the
form H? (1) as in Section 2.1 on bounded convex open sets ) C C™.

Corollary 2.32. Let Q C C™ be a bounded convez open set and let H% (1) be a functional
Hilbert space on § as defined in Section 2.1, which in addition satisfies H% (1) C O(£2).
Assume that T, € L(H? ()" is essentially normal and that 8,A C 99 is a dense subset.
Then an operator T' € Ta is compact if and only if

ZE%QF(T>(Z) =0.

On the unit ball B,, C C", it turns out that we can apply Theorem 2.16 not only to the
Bergman space with respect to the Lebesgue measure, but also to a class of Bergman
spaces formed with respect to a larger class of measures. In his paper “Compact Toeplitz
operators with continuous symbols” ( [Le09]), Trieu Le considers a normalized regular
positive Borel measure g on the unit interval in R with 1 € supp(u) and the unique
rotation invariant probability measure ¢ on the unit sphere. Let 7 = pu x o denote their
product measure on [0, 1] x dB,,. The measure 7 is again a positive Borel measure. The
map

\:C(B,) —C, frs fréd(pxo)(rg)

[0,1]x OBy,

is a positive linear functional with

[Aull = A (1) = 1.
By the Riesz representation theorem , there is a unique positive regular Borel measure
v = v, on B, such that

B fdl/:)‘u(f)

B

is valid for all f € C (En) We then look at the Bergman space defined as

— L2 (By,,v)
Ly(Bn, v) = Hy,)(v) = A(Bn) :
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2.5 Generalized Bergman spaces on convex sets

By Propositions 1.4.8 and 1.4.9 in [Rud80], for multiindices «, § € N", we can calculate

/ 2Py (2) = / rleHPleeBd (u x o) (r,€)
B, [0,1]x OB,

— (/ Ta|+|/3du) ( fo‘gﬁda (5))
[0,1] OBn

0, a#f3

= (n—1)la!

1
_m=Det iy, W
e R
We define for £k € N

ar = / r#du (> 0).
(0,1]

Hence, we obtain an orthonormal basis of L2(B,, ) consisting of the functions

o — <(n+ la| — 1)!

(n —1)lala,,

)%z"‘(aEN”).

The orthonormality follows from the calculation above. To see that (e, )qenn is complete,
not that the closed linear span of

{eq; a0 € N}
is a closed subset of L?(B,,, v) that contains all polynomials and therefore also the algebra

(B
A (B,) = Clz][g,

We begin by stating a rather technical lemma that will be helpful later on.
Lemma 2.33. For the orthonormal basis (€4)aenn defined above, the sum

> leal2)l

aeN?

is convergent for all z € B,,.

Proof. For z € B,,, we have

e R e Exly
ZE: | a( )l EE: (ﬂ,—-l)k”a| !

aeN"
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2 Compact operators in the Toeplitz algebra

We show in two steps that the last series is convergent. First we prove that

lim a,’; =1.
k—oo

Note that, for 0 <e <1 and k > 1,

(- w-em) < ([ r%dﬂ);

1

[0,1]

< ||T2k”L°0(u)'

Since 1 € supp (),

=

(1-¢° < lim (ay)

k—o00

< Tim (ax)*

k—o00

1
< lim ||r2k||£m(u)

k—o00
= |7l oo
< 1.
Thus it follows that
1
Jim o =1

Since for k > n — 1,

<<k+1)...(k+(n—1>>>i

Qg

((n +zja,: 1)!)i

@) (2)-

N
Pl
ESn
~——
3
L
Y
e
N——
Eal
IN

Bl

IN

it follows that the power series

i (n+k—1)! J
(n—1 'k'ak
k=0

has radius of convergence R = 1.
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2.5 Generalized Bergman spaces on convex sets

In order to apply Theorem 2.16 to the situation above, we have to show that the Bergman
spaces on the unit ball, with respect to measures v defined as above, are functional
Hilbert spaces of the form H2 (u).

Lemma 2.34. Consider the Bergman space Lg(@n, v) on the closed unit ball B, c C*
with respect to a Borel measure v defined as above and let A(B,,) be the domain algebra
on the unit ball in C™. Then the point evaluations

{[f1: f € ABn)} = C,[f] = f(2) ( € Bn)
possess continuous extensions
5, : LX(B,,v) = C
and the induced map

p i Li(Ba,v) = C* p([f])(2) = 8:([f]) for all 2 € By,
15 injective with
Im(p) C O(Q).

Hence Tm(p) is a functional Hilbert space of the form H? (i) as in Section 2.1 which in
addition satisfies H% (1) C O(Q).
Proof. Let us first consider a polynomial p € C[z]. We can write p as

p(z) = Z Cata (2) for z € B,,.

lo|<N

Applying the Cauchy-Schwarz inequality leads to

2 2

p)I< | D leal) > el

|a|eN™ la| <N

= Cz||p||L2(En,u)7

where

N[

aeN”

C. - (Z ea (2) |2)
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2 Compact operators in the Toeplitz algebra

Consider a function f € A(B,). Since A (B,) is the closure of the set of holomorphic
polynomials in C'(B,,), we can find a sequence (pi),cy in Clz] with

k—o0

e — f
uniformly on B,,. This implies || f — py|| %0 in L2 (B,.,v) and therefore
£(2)] = Jim |pe (2)|
<C, ]}g]go Hpka(En,u)
- CszHLz(E7L7V) for all z € B,,.

Hence

({1 € L2Bn,v); f € AB)} || lz2@,0)) — C 1= f(2)

is a well defined continuous linear map and has a unique continuous linear extension

6. : L2(B,,v) — C.

If
f= anea € L*(B,,v)
aeN
satisfies

for all z € B,,, it follows that

Z Cato (2) = Z cads (€a)

aeN"” aeN™

=0, (Z caea>
aeNn

=0 for all z € B,,.

The series above can be seen as a power series
E Ca2”,
aeN"?

as e, = koz® for some k, > 0. Since this power series is converging to zero on the whole
unit ball, it follows that all the coefficients are zero. So ¢, = 0 for all @« € N™ and hence
Co = = =0, which leads to f = 0. Altogether, this means that the map

p:L:(B,,v) — C*, p(f)(2) =6, (f)

is well defined, linear and injective. For f € L}(B,,,v), p(f) € O (B,,) is the holomorphic
function with power series expansion

p(f)(2) = Y ([ ea) 2@, mea (2) (2 € By).

aceNn
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2.5 Generalized Bergman spaces on convex sets

We denote by
Hi,) (V) = pLa(Ba,v) C O(B,)
the functional Hilbert space associated with
Ly(Bn,v) = Hy,)(v)

as explained in Section 2.1. In a next step, we show that the multiplication tuple with
the coordinate functions on such a space is essentially normal.

Lemma 2.35. Consider the Bergman space L2(B,,v) on the closed unit ball B, C C"
with respect to a Borel measure v defined as above. Then the multiplication tuple

15 essentially normal.

Proof. This lemma can be found in [CC99], but for the sake of completeness we include
a proof. We have to show that the operator T}, = 17 T, — T, T} is compact for every
1 < k < n. We will only consider the case k = 1, as the other cases can be treated
analogously. The strategy is to approximate the operator T} by a sequence of finite rank

operators. Therefore, we define operators S,,, m € N, by

(T T, —T.,, T )(en), o € N* with |a| < m,
Sm(€a) = '

Z1" 21
0 , otherwise.

llzoer ]

With the definition w,, = I
i€ {2,...,m}, we obtain that

, where e; € N with e;; = 1 and e;; = 0 for

Za Za+el Za+€1

T, (ea) = Zl(

)= o = W
lzl” ol " flee e

Furthermore, we calculate
€a) = z , e
8 N E VAV

2% 28
= T
BEZW<||za||’ . (Hzﬂn»eﬂ
za ZB"l_el
=2 <uzau’“’ﬁuzﬂ+elu>eﬁ

BeNn

= Wq—e,€a—e s

where we read the last term as zero in the case a; = 0.
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2 Compact operators in the Toeplitz algebra

This means

z
Ty(ea) = (w2 — wl_,,) o
Ul
The weights w,, are given by
2 [z ]2
w? = (L)
¢ [[2]
n—1)!(a+er)! rl ate
B ((n+|a)+(_el\f_11))! Jo retetldy
n—1)la! 1 a
(75,+|a\)_1)1 Jo rP1ldp

(o1 + 1) fol r2led+2q,(r)
(n+|al) fy reldp(r)

As an application of Holder’s inequality, we obtain that

(/01 T2|adu(r))2 - (/01 TlaHT'a'_ldu(r))Q
< (/01r2a|+2du(r)) (/01 r2la|_2du(r)>

for all & € N*\ {0}, or equivalently, that

Jo P ldp(r) - fy 2 2dp(r)
Jy rel=2du(r) - fg reldu(r)

In consequence, the function p : N — [0, 1] defined by
(fol 7“2k+2d,u(7“)>
(J re*an(n))

is increasing. Thus, for k — oo, it converges to some py € [0, 1]. We look at the difference

p(k) =

2 _041+1 (0751

A — w? — - - =t 1
(@) = uf =, = P pllal) =~ —p(lal = 1)
and calculate, as p is an increasing function,
ap +1 Qg
Ala) > ——p(la| = 1) = —————p(la| — 1
(@)= S (o] 1) = (el = 1)

 ((aa+1D)(n+]al = 1) —ar(n+ |al) ol

= (R ) el

:( n+lo) —a;—1
a2+ (2n — 1)|a| +n? —n

) ollal = .
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2.5 Generalized Bergman spaces on convex sets

The last term converges to zero as |a] — oo, since
n—1
0= 1
|a|linoo a2+ (2n — 1)|a| +n%2 —n
< lim n+la) —ag —1
|a] =00 ‘04‘2 + (271 — 1)’06’ +n?—n
. n+laf
< 1 =
- |o¢\1£>noo a2+ (2n — 1)|a] + n?2 —n

On the other hand, we obtain

011+1
Ala) <
( )_n+|a|p

aq
n+ |af

= () otla) = el = 1)+

n+ |of

(la) =

p(lel = 1)

et

< (p(le]) = p(laf = 1)) + plal),

n+ |of
which also converges to zero as |a| — oo. Thus

lim A(a) =0.

|at] =00

Hence the operator T} is compact as a limit of finite rank operators. A similar argument
yields the compactness of the operators

Ty, k € {2,,%}
Hence T, € L(HQA(BH)(V))” is essentially normal. O
Therefore, we can formulate the following corollary.

Corollary 2.36. Let L2(B,,,v) be a Bergman space on the closed unit ball B,, C C™ with

respect to a Borel measure v defined as above. Then an operator T' € Tam,) is compact
iof and only of

lim I'(T")(z) = 0.

|z]—1

Proof. Note that since the unit ball in C" is strictly pseudoconvex, Theorem 2.3 in
[Noe08] implies that every point in its boundary is a peak point for the ball algebra
A(B,). By Lemma 2.34, Lemma 2.35, and the convexity of B,, the requirements of
Corollary 2.32 are satisfied. This yields the result. O

As a special case, we obtain Theorem 1.1 in [Le09].

Corollary 2.37. Let L}(B,,,v) be a Bergman space on the closed unit ball B, C C" with
respect to a Borel measure v defined as above. Then a Toeplitz operator
T, € L(Hi(]ﬂgn)(u)) with continuous symbol p € C(B,,) is compact if and only if
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2 Compact operators in the Toeplitz algebra

Proof. As B,, is convex, Lemma 2.29 and Lemma 2.30 lead to

w— lim k(-,z) =0.
|z|—1

Thus we can apply Satz 6.18 from [Krell] and obtain

lim T(T,)(2) = ¢(20)

Z—20

for all peak points zy € JB,,. Since every point in the boundary of the unit ball is a
peak point for the ball algebra, we have

lim I'(7,)(z) = ¢(z) for all z, € 0.

Z—r20

By Corollary 2.36, we conclude that the compactness of T, is equivalent to
w(z9) = 2}1_>r1210 I'(T,)(z) = 0 for all zy € 02
Note that in the setting of Corollary 2.37, the Toeplitz operators
T, € L(Hia&n)(’/))a p € C(By),
are canonically unitarily equivalent to the Toeplitz operators
To = Prag, »yMolr2@, ) € L(L%(By,v))
via the unitary map

p: LBy, v) — Hi(ﬂn)(’/)-
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3 Exact Toeplitz Sequences

In Theorem 2.6, we showed that, on suitable analytic functional Hilbert spaces, a
Toeplitz operator Ty with f € C(Q) is compact if its symbol vanishes on the boundary
of €. In this chapter, we will prove that if the multiplication tuple T, is essentially
normal, it suffices to know that the restriction of the symbol to a certain subset of the
boundary, namely the essential spectrum of the operator tuple T, is the zero-function.
This enables us to replace the requirement @,_A = 0f) in Theorem 2.16 by a weaker
condition.

We consider a functional Hilbert space of the form H% (u) on a bounded domain

) C C™ as in Section 2.1 and the corresponding Toeplitz algebra T4 = C*(7,). Fur-
thermore, we assume from now on that the multiplication tuple T, € L(H? (u))" is
essentially normal.

3.1 Joint spectra

Since we want to determine the compact operators in T4, it will be useful to introduce
the Calkin algebra on H? (p), which is the quotient of the bounded operators on H% (1)
modulo the compact operators.

Definition 3.1. Let K denote the set of compact operators on H% (p). Then we call
COHA (1) = LKA (W) K
the Calkin algebra for H% (p) and we denote by
™2 L(HA () = C(HG (), T = w(T) = [T]
the quotient mapping.

We now look at the range of the C*-algebra T under the quotient mapping 7 into the
Calkin algebra.
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3 Exact Toeplitz Sequences

Remark 3.2. The set
Ca =7(Ta) C C(H5 (1))

is a C*-algebra, as w is a *-homomorphism. The essential normality of T, ensures that
Ca is commutative, since by Lemma 2.13, operators of the form

TyT, — T,T} for f,g € C(Q)
are compact. Since
Ca=7(Ta) = n(C*(T2)) = C*(n(12)) = C*([T2]) C C(HE (w)),
Ca is generated by [T.) = ([T.,),- .., [T..]).

It turns out that there exists a strong connection between the elements of C4 and the con-
tinuous functions on the joint spectrum of the tuple [T}] in C4. The latter is introduced
in the next definition.

Definition 3.3. Let C be a commutative unital Banach algebra and let
r=(x1,...,2,) € C™ be a finite tuple. We define the joint spectrum of x by

oc(z) ={AeC%1¢ Z (Ai —2;)C}.

In a first step, we observe that there exists a homeomorphism between the Gelfand space
of C and the joint spectrum of a generating tuple of C.

Lemma 3.4. Let C' be a commutative unital C*- algebra and let Ac denote the Gelfand
space of C', which is defined as the space of the non-trivial multiplicative linear functionals
of C equipped with the relative w*-topology of C'. Suppose that the C*-algebra C' is
generated by a finite tuple x = (xq,...,x,) € C™. Then the map

K: Ao — oc(x), A= ANz) = (M21), ..., AM(z0))
15 a well-defined homeomorphism.

Proof. Let ¢ € A¢. Suppose 1 € Y7 | (¢(x;) — z;)C. Then there exist ¢1,...,¢, € C
satisfying

n

= Z (P(x3) — )¢y

i=1
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3.1 Joint spectra

Hence

n n

1=¢(1) = ¢(Z (P(wi) — xi)e;) = Z (¢(z:) — d(x:))p(ci) = 0,

i=1 i=1

so our assumption was wrong. Therefore we conclude 1 ¢ > " | (¢(x;) — x;)C, which
means ¢(z) € oc(z). So the map k is well-defined. In order to show that it is also
surjective, let A\ € o¢(x). Then

I=) (N—wz)CcCC
=1

is a proper ideal. By Zorn’s lemma, every proper ideal is contained in a maximal ideal.
We can therefore find a maximal ideal Z;; in C with

T CIy.

By standard Gelfand theory, there exists a non-trivial multiplicative linear functional
¢ € A¢ such that

ker(¢) = Zy.
Hence
T C ker(¢) C C.

Therefore,

n

¢(Z (A —x;)c;) =0 for all ¢; € C.

i=1

For k € {1,...,n}, choosing ¢; = 0 for i # k and ¢, = 1 leads to

and we obtain

A= ¢(z).
Since the functionals A € A¢g are x-homomorphisms, and in particular also continuous,
they are uniquely determined by their action on the generators xi,...,x,0f the C*-

algebra C. Hence k is injective.

We would now like to show that « is also continuous. Therefore, we consider a net (\;);er
in A¢ converging to a non-trivial multiplicative linear form A € Ag with respect to the
Gelfand topology. Since this topology is the restriction of the w*-topology on C’ to A¢,
it follows

71— 00

Ni(zj) — Mx;) for all j € {1,...,n}.
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3 Exact Toeplitz Sequences

Hence

N

k(\i) = Ai(2) i Az) = k(N),

thus k is continuous.
The Gelfand space A¢ is a compact Hausdorff space and o¢(x) is a Hausdorft space.
This implies that the continuous and bijective map k is already a homeomorphism.

m

In particular, it follows that oc(x) C C™ is a non-empty compact subset of C".
The next lemma yields an isomorphism between C4 and the continuous functions on

0cy ([TZ])

Lemma 3.5. For an element [z] € Ca, we denote its Gelfand transform by [z]. Then
the map

—

i:Ca— Cloc, (1)), [2] = [2] o s

is an isomorphism between C*-algebras.

Proof. By Remark 3.2, the tuple [T,] generates C4 as a commutative unital C*-algebra.
Hence, Lemma 3.4 implies that the map

k:Ac, = oc,([T.]), A — AN([T.])
is a homeomorphism. It is easy to see that the function
K: C(ACA) — C(O’CA([TZ])),f — fo K1

is then an isomorphism of C*-algebras. Furthermore, the Gelfand-Naimark theorem
(see e.g. Theorem 1.1.1 in [Arv76]) states that the map

—

7v:Ca — C(Acy), [x] — []

is a *-isomorphism. We conclude that the composition

o~

i=FfKoy:Cy — C<UCA([TZ]))7 [x] = [I] or!

is then an isomorphism between C*-algebras. O]
We now obtain a C*-homomorphism from C() into the continuous functions on ¢, ([T%]).
Lemma 3.6. The composition
©: C(Q) — Ca — Cloc,qryp). f = i([Ty])
with © as in Lemma 3.5 1s a unital C*-homomorphism with
O(z;) = zi|gcA([Tz]) forie{l,...,n},

where the right-hand side stands for the i-th coordinate function of C" restricted to the
compact set oc,r.)) C C".
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3.1 Joint spectra

Proof. By the essential normality of the multiplication tuple T, € L(H? (1)), it follows
from Lemma 2.13 that ® is multiplicative, since operators of the form

Tty — T4Ty € L(H (1)
for f,g € C(Q) are compact. Furthermore, since
T; =Ty for all f e C(Q),
the map
C(Q) = Ca, f > [TY]

is a unital homomorphism between C*-algebras. Together with Lemma 3.5, it follows
that the map ® is a unital *—homomorphism as well. For A € o¢,([7%]), we can find a
¢ € Ac, such that

This leads to
D)) = ([Tl o n™) () = [T ) = [L(0) = 6(T2]) = A
Hence
D(21) = Ziloc, (1)

]

We can now conclude that the joint spectrum of [7}] in C, is entirely contained in the
closure of (2.
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3 Exact Toeplitz Sequences

Lemma 3.7. For the joint spectrum of [T,], we have
oc,([T2]) € Q.
Proof. Since the map
C(Q) = Ca, f = [Ty],
is a unital algebra homomorphism, it decreases joint spectra. Hence
oc,([T2]) Cocy(21,- -5 20) = Q.
O

We have already seen that the map ® acts as the restriction map on the coordinate

functions. The next lemma shows that this is true on the whole space C(2).
Corollary 3.8. The map ® defined in Lemma 3.6 acts as
(f) = floc, (-

Proof. The map ® is a homomorphism between the unital C*-algebras

C(Q) = C*(z1,...,2,) and C(o¢,([T.])) that coincides on 1, 21, ..., z, with the
C*- homomorphism

C(Q) = Cloc,([T), f = Floc, qr.))-
Since by the Stone-Weierstrass theorem
C(Q) = C*(z1,...2,),
it follows that

O(f) = floe, () for all f € CE).

3.2 The Toeplitz extension
Note that
Ta+ K =7""(n(Ta)) C L(H; (1))

is a C*-subalgebra. We now use the homomorphism ® from Lemma 3.6 to construct a
homomorphism from 74 + K into the continuous functions on o¢, ([13]).
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3.2 The Toeplitz extension

Lemma 3.9. The composition
U:Th+K 5 Ca — Cloc,([T2))
is the unique C*-homomorphism with V| =0 and
U(TY) = flete, (zy for all f € C(Q).
Furthermore,
0— K = Ta+ K - Cloc,([12]) — 0

is an exact sequence of C*-algebras. We call this sequence the Toeplilz extension
(of K by C(oc,([T%]))). In particular, for f € C(Q2), the equivalence

Ty e K< floc,qr.py =0
holds.
Proof. By the definition of W, it is clear that ¥ is a C*-homomorphism satisfying
Ul =0,
and since WU(T}) = ®(f), we obtain
U(Ty) = flee, (r.) for all f € c(Q).

As every C*-homomorphism on T4 + K is already determined by its values on elements

of the form Ty + K, where f € C(2) and K € K, it follows that ¥ is unique. For
T € ker(V), it follows [T] = 0 in C4, hence

ker(V) = K

and, since 7 is surjective, W is a surjection as well. This proves the exactness of the
sequence

0— Ko Tat+K -5 Cloe, ([T.])) — 0

and the last equivalence. O

Under certain circumstances, this leads to the joint spectrum being contained in the
boundary of Q. In particular, if H% () C O(f2), Theorem 2.6 yields that the condition

Ty € IC for all f € C(ﬁ) with f’aQ =0

in the first part of the next lemma is always satisfied.
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3 Exact Toeplitz Sequences
Lemma 3.10. If T; € K holds for all f € C(Q) with flaq = 0, then oc,([T3]) is entirely
contained in the boundary of Q). Furthermore, if the equivalence
Tre K& floa=0
holds, we have
e, ([Tx]) = 09

Proof. Suppose that

Ty € K for all f € C(Q) with f|ag = 0.

Assume there was A € o¢, ([T.]) with A ¢ 0€2. By Urysohn’s Lemma, we can find a

function f € C(Q) with f(A\) = 1 and f|sqo = 0. But then Ty € K and hence, by the
preceding lemma,

Floe,qzy =0,

which contradicts f(A) = 1. So we conclude that o¢,(r,)) C 0. In case even the
equivalence

Ty e K< floa=0
holds, a similar argument shows 092 C o¢, ([T%]). O

The next lemma shows that every operator in 74 + K can be expressed as a sum of a
Toeplitz operator with continuous symbol and a compact operator.

Lemma 3.11. We have

Ta+K={T;+ K;feC(Q) and K € K}.
Proof. Consider an operator T' € T4 + K. Then

U(T) € Coc, ([13]))
and, by the Tietze extension theorem, we can choose a function f € C(Q) with
U(T) = floc, (z2))-
If we apply the C*-homomorphism V¥ to the Toeplitz operator with symbol f, we obtain
U(Ty) = floc,qr) = V(1)

The exactness of the sequence

00— K— 7?4 + K l) C(O-CA([TZD) — 0

then yields ' — Ty € K. m
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3.3 Essential spectrum and Shilov boundary

Remark 3.12. If T, € L(H? ()" is essentially normal and

() lim T(K)(2) =0

for every compact operator K € K(H? (1)), then Lemma 3.11 shows that the validity of
the following two statements

o For feC(Q):T; compact < lirgQF(Tf)(z) = 0.
z2—
o For T €Ty:T compact < lirgQF(T)(z) = 0.
z—

is equivalent. Recall that the condition (x) is satisfied whenever

w— lim k(-,z) = 0.
z—00

3.3 Essential spectrum and Shilov boundary

We know from Proposition 1.14 in [Con85] that, for a bounded operator T" on H? (1),
the identity

oc,([T) = oc@e, ) (1)

holds. In addition, Theorem 1.4.16 in [Mur90] yields that the spectrum of [T] in the
Calkin algebra C(H? (1)) coincides with the essential spectrum of the operator T', which
is defined as follows.

Definition 3.13. Let H be a Hilbert space and T € L(H) a bounded operator. We
define the essential spectrum of T as

{N € C; N\ =T is not a Fredholm operator }
As mentioned above, for an operator T' € T4, we have
oe(T) = oc, ([T]).

In [EP96], Eschmeier and Putinar use the Koszul complex to define the essential Taylor
spectrum o.(7") of a commuting tuple T = (13,...,T,) of bounded operators on a
Hilbert space H (or, more generally, on Banach spaces). By Corollary 2.6.11 in [EP96],
the essential spectrum of a commuting tuple 77 € L(H)" coincides with the Taylor
spectrum o(Ly,C(H)) of the induced tuple of left multiplication operators

Ly, :C(H) — C(H), [z] — [T;x] (1<i<n)

on the Calkin algebra.

45



3 Exact Toeplitz Sequences

By a result of Curto (Theorem 1 in [Cur82]), it follows that, for T, € L(H? (1)), the
identity

o(Lr.,C(H3 (1)) = o(Lr.,Ca)
holds. If T, is essentially normal, then C, is commutative and one can show that
o(Lr.,Ca) = oc,([T%]).
Hence, in the setting of Section 3.1 and Section 3.2 the identity
0e(T:) = oc, ([T2])

holds. Under certain conditions, the essential spectrum of T, contains the Shilov bound-
ary of A, which is defined as follows.

Definition 3.14. Let X be a compact Hausdorff space and let A be an algebra of con-
tinuous C-valued functions on X which separates the points of X. We define the Shilov
boundary of A as

Oshiton(A) = ﬂ (S C X closed ; sup{|a(x)|;x € X} = sup{|a(x)|;x € S} for alla € A).
One can show (Theorem 9.1 in [AW9S8]), that
1alloo sni00 = l1@lloo,x for all a € A.

In case that all functions in H? () are holomorphic and €2 is connected, the essential
spectrum contains the Shilov boundary of A.

Theorem 3.15. Suppose that the multiplication tuple T, € L(H? (u))" is essentially
normal and that H? (1) C O(Q). Suppose in addition that Q2 is connected. Then

Dshiton(A) C 0(T%).
Proof. Since by Lemma 3.6 and Corollary 3.8 ,
i([Ty]) = ©(f) = flouz.) for all f € C(Q),
we obtain the equality
f(0e(T2)) = oc(oury) (floa)) = oea([Th]) = ocpe g ((T7]) = oc(Ty)
for every function f € C(Q). For a function f € A, the inclusion
f(Q) € o(T)

holds.
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3.3 Essential spectrum and Shilov boundary

Indeed, for A € 2 and g € H? (),

(fFN) =Tp)g = (f(X) = flg € {h € H (1) ; h(X) = 0} # H (w),

since H? (u) contains the constant functions. So (f(\) — TY) is not surjective and thus,
f(A) is an element of the spectrum. Hence,

f(Q) =
For f € A, we consider a point p € o(T}

| = 1r(Ty)

where 7(7') denotes the spectral radius of Ty. By Proposition 6.7 in [Con85],

f() Co(Ty).
)

with

do(Ty) C ox(Ty),

where o,(7) is the approximate point spectrum of 7y. Hence y is an element of o (7).
From the preceding parts of this proof, we know that

0o(Ty) = f(0(T2)) € f(Q) C o(Ty).

Let us now assume that ;¢ wasn’t in the essential spectrum of Ty. Then pu — Ty is a
Fredholm operator, which implies that the symbol f doesn’t equal the constant function
p, since the image of u — T has finite codimension in H% (1). In addition, the range of
p— Ty is closed in H? (1), so by Propostion 6.4 in [Con85], if u — T were injective it
would also be bounded below. As this is impossible, since u € o,(T}), we conclude that
w € 0,(Ty). Hence, there exists a function g € H% (1) \ {0} with

(n=Ffla)g=(n—="Ts)g=0
on Q. The function g vanishes on Q\ Z(u — f,Q), where
Z(p—f,) ={z € u— f(z) =0}

Since €2 is connected and f # pon Q, Z(pu — f,Q2) is a thin set. Thus the continuity of
g as an element of H? (1) C O(Q) implies

g(z) =0 for all z € Q,

which contradicts g € H% () \ {0}. The above argument still holds for an arbitrary
element of 0.(T}), thus it follows that for each f € A

O’Tr(Tf) C O'e(Tf).
Altogether, we obtain

f(Q) € o(Tf) € Dyzy)(0) = Dy (1) (0) = Dy, iz, (0).
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3 Exact Toeplitz Sequences

This means

1f ey = [1f lloecz)-

By the definition of the Shilov boundary, this implies

Oshitov(A) C o.(T5).

We are now able to formulate a more general version of Theorem 2.16.
Theorem 3.16. Suppose that T, € L(H?% (1))" is essentially normal and that

(i) w— ZE%le(-,z) =0,

(ii) Alg C O(9),
(111) Osniton(A) D 0e(T5).
Then, for T € Ta, we have

T compact < lim I'(X)(z) = 0.
z—002

Proof. Suppose that T" € T, is a compact operator. Since by hypothesis

w— lim k(-,2) =0,
z2—00Q

we obtain that

zlirér)lﬂ I'(T)(z) = 0.

Conversely, suppose that T € T4 is an operator with

lim I'(T")(z) = 0.

2—00

By Remark 3.12, we may assume that T = T} for some f € C(Q). For a peak point
29 € 0, A, Satz 6.18 in [Krell] yields

lim D(7})(2) = /(20).

Z—20

Consider the set of peak points of A as a uniform algebra which is defined as the set of
all A € Q for which there exists a function f € A with

fA) =1>|f(2)] for all z € Q\ {\}.
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3.3 Essential spectrum and Shilov boundary

Since all functions in A|g are holomorphic, every point in the above set is a boundary
point of 2. To see this, assume there were A € Q and f € A C O(Q) such that

fA) =1>|f(2)] for all z€ Q\ {\}.
Then the image of the connected component C'(\) of A in © would be open with
1€ f(C(N\) C Dy(0),

which is not possible. Hence, the set of peak points of A as a uniform algebra is contained
in the boundary of §2 and thus coincides with our usual definition of the peak set of A.
We may then apply Corollary 4.3.7 (ii) in [Dal00] which yields that the peak points for
A form a dense subset of the Shilov boundary. The continuity of f leads to

f =0 on 85}”'10@(14) D) O'e(TZ).
The compactness of T then follows from Lemma 3.9. O

Remark 3.17. Note that the hypotheses of Theorem 2.16 imply that Alg C O(2) and
that Ue(Tz) C 00 = Qqhilo,,(A).

Example 3.18. Consider Q = B, \ {0} and let u € M(Q) be the trivial extension of the
Lebesgue measure X on ) to Q =B,,.

Then A(S2) coincides with A = A(B,,) and the corresponding functional Hilbert space
constructed as in Section 2.1 is the usual (unweighted) Bergman space L%(B,,\) on the
unit ball B,,.

Since the Shilov boundary for A(B,) is the unit sphere in C", it is not dense in the
topological boundary of Q2. One can check that the multiplication tuple T, is essentially
normal and its essential spectrum coincides with the unit sphere.

Hence H? (1) presents an elementary exzample of a situation where Theorem 3.16 is
applicable, but Theorem 2.16 1s not.
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4 Appendix

4.1 The 0-Neumann problem and pseudoregular sets

In Section 2.4, we consider functional Hilbert spaces on pseudoregular domains in C".
The definition of these sets is strongly connected with the d-Neumann problem. This
problem, first studied by D.C. Spencer, deals with the invertability of the complex Lapla-
cian on the square integrable (0, 1)-forms on 2. It was first solved by Héormander and
Kohn. A survey on the d-problem can be found for example in [Str10], but we want
to collect some of the most important results on the existence and compactness of the
O-Neumann operator in this appendix. We begin by introducing the square integrable
forms on a bounded set Q2 C C".

Let £ =C",p e N and let
Ao = C and A? = {w;w : EP — C R-multilinear and alternating} for p > 1

denote the C-vector space of alternating R-multilinear maps on EP. Recall that we can
define a C-multilinear alternating map by

(Al)p—>Ap,(901,...,g0p) = 1AL A o,
where
(er A Ap)(ur, - vp) = det((9i(v))) 1<<ij<p)
For p,q < 1, this induces unique C- bilinear maps
A AP x AT — APT (v, w) = v Aw,
with
(VI A AU) A (Wi Ao Awy) = (0 Ao A Awp AL A wy).
For a € C, we define
aNw=wAa=aw.

One can show that the map A is associative with v A w = (—=1)P?(w A v).
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4 Appendix

We can now introduce differential forms. Let {2 C C™ be an open set. We call a map
w:— A"

an r-form over {2 in n coordinates.
If we consider A' as an R-vector space, then the maps

dzj :C" = C,z—z;jand dz; :C" - C,z2—7Z (1<j<n)
form an R-basis of A'. For r € {1,...,n}, a basis of A" is given by the forms

le'l VAN dZZ'p A dEjl, c. dqu

(p,ge{l,...n}withp+qg=r1<i <...<ip<n1<j <...<j,<n).

This leads to the definition of a (p, ¢)-form over ).
For p,q € N with p + ¢ = r, we call an r-form w with basis representation

w = Z Z Jrad., Ndzy,
I

where the sums are formed over all strictly increasing index tuples
I=(in,....5) €{l,....n} J=(j1,...,Jq) €{1,...,n}?
and
dzr =dzyy N... Ndz,, dz;=dzji N\ ... \Ndzj,,

a (p, q)-form over €.

Let from now on €2 C C" be a bounded open set and let A denote the restriction of the
usual Lebesgue measure to €.

We consider the (0,q)-forms

w = E w;d?l,
I

with coefficients w; € L*(Q, \). Then we define a vector space

L?O,q) (Q7 /\) = {w> UJ(O, q)—form with Z ”wIH%Q(Q,/\) < OO},
I

which we can equip with the inner product

<U7 w)L%qu)

= Z (vr,wr) 2 for all v,w € L?qu)(Q).
I
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4.1 The O-Neumann problem and pseudoregular sets

For j € {1...,q}, welook at the functions f € L*(£2, \) for which there exists a function
g € L2(Q, \) with

/fasodA_ /ggpd)\ for all ¢ € C2*(Q),
Q

where
C(Q) = {p € C*(Q);supp(p) C 2 compact }.
Since C2°(Q) C L*(9Q, \) is dense, if such a g exists, it is unique and we then define

af _
azj_g'

For f € C2°(Q), this coincides with the usual partial derlvatlve of f. On the set

Owy .
dom(d,) = {w = Zwldz[ €L Oq)(Q) % exists
for all strictly increasing tuples I € {1,...,n}'}

we define the O-operator by
n a B
= E Tw[de NdzZr € L(O q+1) (Q, )\)
- (9zj ’
=1 1
In this way we obtain a linear operator

9, : dom(d,) — L?O,q—l—l)(Q)?w = Ow.

Since C2(Q)(0,q) C dom(d,), dom(d,) is a dense subset of Lﬁqu)(Q, A).

Hence, 0, possesses a unique Hilbert space adjoint
9, : dom(a ) — L Oq)(Q A),
where

dom(0 ) ={u e L(O o+1) (2, A); there exists v € L%(),q)(Q, A)
with (u, J,w) 2

(0,9+1)

(@ = (v aw>L§07q+1)(97,\) for all w € domd,}.

This enables us to introduce the complex Laplacian on 2. Let

dom(0,) = {w € L{y »(Q);w € dom@ ) N dom(3,)
Bl

with 3q,1w € dom(gq_l) and d,w € dom(d
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4 Appendix

Then , for g € {1,...,n}, we define the complex Laplacian [J, as
0, : dom(O,) — L%O,q)(Q, A),w gq_léz,lw + 525qw.

The O-Neumann problem deals with the question of whether the complex Laplacian L,
has a bounded inverse on the square integrable (0, g)-forms on 2. The solution goes
back to Kohn and Hormander and can be found for example in the following theorem
from [Str10].

Theorem 4.1. Let n > 2 and @ C C" a bounded pseudoconvex domain. Then, for
1 < gq <mn, the Laplacian O, is has a bounded inverse, the O-Neumann operator Ny.

Proof. Theorem 2.9 in [Str10] O

Before we can use the 0-Neumann operator to define pseudoregular sets in C", we
first want to remind the reader of some basic definitions in complex analysis of several
variables. The first thing we want to mention are strictly plurisubharmonic functions.

Definition 4.2. Let U C C" be an open set.

o We call a function r € C?(U,R) strictly plurisubharmonic in p € U if the Levi
matriz Ly(r) = ((0;0kr)(P))a<jk<n) 5 positve definite. Furthermore, we call v
strictly plurisubharmonic if it is strictly plurisubharmonic in every p € U.

e We call a function p : U — R an exhaustion function for U if , for all c € R, the
set U.={z € U; p(z) < ¢} C U is relatively compact in U.

The above definition enables us to introduce pseudoconvex sets.

Definition 4.3. Let D C C" be an open subset.

o We call D pseudoconvez if there exists a strictly plurisubharmonic exhaustion func-
tion for D.

e [f D is bounded, we call D strictly pseudoconvex in p € 0D if there exists an open
neighbourhood U of p and a strictly plurisubharmonic function r € C*(U,R) with
DNU ={ze€U;r(z) <0}.

o [f D is bounded, we call D strictly pseudoconvez if there exist an open set U D 0D
and a function r € C*(U,R) such that r is strictly plurisubharmonic with
DNU={z€eU;r(z) <0}.

Strictly pseudoconvex points are peak points for the domain algebra, as the next lemma
states.

Lemma 4.4. Let Q C C" be a smooth bounded pseudoconvex domain which is strictly
pseudoconvez in p € . Then p is a peak point for the domain algebra A(S).

Proof. The proof follows from Theorem 2.3 in [Noe0§]. O
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4.1 The O-Neumann problem and pseudoregular sets

A pseudoregular open set is then defined as follows.

Definition 4.5. We call a bounded open set 2 C C" pseudoregular if 2 is pseudoconver
with smooth boundary and if, in addition, the 0-Neumann operator N1 of €1 is compact.

The reason why we are interested in pseudoregular sets is that, for the Bergman space
L2(Q,)\) (Definition 2.19), the compactness of the d-Neumann operator N; implies a
useful property of the Bergman projection on €. Note that by Lemma 2.1 in [Str10],
ker(0y) C L*(Q, )) is a closed subset. One can show that

ker(9o) = L2(, \).
Hence, the projection
P : L*(Q,\) — ker(dp)

is the Bergman projection on €. Then the following theorem, originally stated in [Str10],
yields that the Bergman projection commutes essentially with every multiplication op-
erator with continuous symbol on 2.

Theorem 4.6. Let ) C C" be a bounded domain on which the O-Neumann operator is
compact. Then for every f € C(S) the operator PMy — M¢P is compact.

Proof. Proposition 4.1 in [Str10]. H

By the proof of Lemma 2.9, this yields that for a pseudoregular set 2 C C", all Hankel
operators on the Bergman space L2(2, \) with continuous symbols are compact.

Lemma 2.13 then implies that the multiplication tuple 7, on L2(£,\) is essentially
normal. The next lemma states another important property of pseudoregular domains.

Lemma 4.7. Let 2 C C" be a pseudoregular set. Then the set of strictly pseudoconvex
points is dense in 0.

Proof. Corollary 1 in [3S06]. O]

In Remark 1.3 (a) in [KS93], Salinas and Krantz give a list of conditions under which
the O-Neumann operator N; of  is compact. Examples include domains of finite type,
smooth convex domains, Reinhardt domains without analytic disk in their boundary,
and domains whose boundary satisfies the property (P) defined by Catlin.
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