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Introduction

The classical Wold decomposition for isometries ([I5, Chapter 1.1]) states that every
isometry on a Hilbert space decomposes into a direct sum of a unilateral shift and a
unitary operator.

More precisely, for every isometry V € L(H) on a Hilbert space H there exists a
Hilbert space W such that V' is unitarily equivalent to (M, ®idyy) ® U, where M, ®idyy
is the unilateral shift on the W-valued Hardy space H*(D, W) = H?(D) ® W and U is a
unitary operator on

H = [ V'H.
n=0

Every unilateral shift operator as above is an isometry with #° = {0}. These isometries
are called pure. A pair (V1,Va) € L(H)? of commuting isometries is said to be pure if
the product V1 V5 is a pure isometry.

Pure pairs of commuting isometries have been studied by C. A. Berger, L.. A. Coburn
and A. Lebow in 1978 (see [5]). The following result is of particular interest for the
purpose of this thesis:

Theorem 1 (Berger, Coburn, Lebow). Let V' € L(H) be a pure isometry and let
Vi,V € L(H) be commuting isometries. Then the following are equivalent:

(i) V=W

(ii) There exist a Hilbert space £, a unitary operator U € L(€) and an orthogonal
projection P € L(€) such that the operator-valued functions ®,¥: D — L£(&)
defined by

d(z) = (P + ZPL) U* and U(z)=U (PL + zP) (z €D)

induce a pure pair (Mg, My) € L(H?(D,£))? of isometric multiplication operators
with

MMy = MyMge = M, ® ide
and such that

(Vi Vo, V) & (M, My, M. ® ide).
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Pure isometries V' € L(H) are exactly those isometries that are of class C.g, that

is, for which h_)m V* = 0 in the strong operator topology. In the following, we will
n—oo

consider the more general case of contractions of class C.. Analogously, we say that a
pair (T1,Ty) € L(H)? of commuting contractions is of class C.g if the contraction 11T
is of class C.o. We denote by Dg = (idy —S55*)H the defect space of a given contraction
S € L(H) and assume that H is separable.

In 2017, B. K. Das, J. Sarkar and S. Sarkar obtained an extension of the Berger-
Coburn-Lebow result for pairs of commuting contractions (see [§]). The purpose of the
present thesis is to give a complete proof of the results from [§] and to provide the
necessary tools. The main result of this thesis will be the following:

Theorem 2 (Das, Sarkar, Sarkar). Let 7" € L£(#) be a contraction of class C.g and let
(T1,T3) € L(H)? be a pair of commuting contractions. Then the following are equivalent:

(i) T =T1Ts.

(ii) There exist a Hilbert space &, a unitary operator U € L(€) and an orthogonal
projection P € L(&) such that the operator-valued mappings ®, ¥: D — L(&)
defined by

d(z) = (P+2PHU* and  W(2)=UPt+2P) (zeD)
induce a pure pair (Mg, My) € L(H*(D,£))? of commuting isometries with
Mg My = My Mg = M, & idg
and such that
(Th, 13, T) = Po(Ma, My, M; ®id¢)|o

with a suitable joint (M, M, M} ® idg)-invariant subspace Q C H*(DD, £).

(iii) There exist £(Dr)-valued polynomials ¢, 1 of degree at most 1 such that
PoM; @ idp, |@ = PoMyylo = PoMyelo
and
(T1, Ty) = Po(My, My)lg
for a suitable joint (M7, M)-invariant subspace Q C H%(D, Dr).

As an application of this result, one can prove the following version of von Neumann’s
inequality:



Theorem 3 (Das, Sarkar, Sarkar). Let (T1,T%) € £L(#H)? be a pair of commuting con-
tractions of class C.g with finite dimensional defect spaces Dz, D7,. Then there exists
an algebraic variety V C C? with V N T? # T? such that

(T, T2) || < [lpllver

for all polynomials p € C|z1, 22].

Earlier in 2017, B. K. Das and J. Sarkar studied the case of commuting contractions
Ty, Ty € L(H) where Ty or Ty is of class C.g (see [7]). Using a similar approach as in [§],
they obtained the following dilation theorem:

Theorem 4 (Das, Sarkar). Let (T1,T) € £L(H)? be a pair of commuting contractions
with finite dimensional defect spaces Dr,, D, and let 17 be of class Cy. Then there
exists an analytic operator-valued function ®: D — L£(Dr,) which induces an isometric
multiplication operator Mg € L(H?*(D, Dr,)) such that

(T3, T3) = Po (M. @ idoy, , Ma ) |

for some joint (M 2 ®idpy, M&i)—invariant subspace Q C H3(D, Dr,).

Using Theorem {4} one finds another improvement of von Neumann’s inequality for
commuting pairs of contractions which reads as follows:

Theorem 5 (Das, Sarkar). Let T1,T> € L(H) be commuting contractions of class C.g
with finite dimensional defect spaces Dr,, Dr,. Then there exists a distinguished variety
V C D? such that

Ip(T1, T2)[| < lpllv

for all polynomials p € C|z1, 22].

In the particular case that 77 and 75 are commuting contractive matrices of class Cg
(or, equivalently, without unimodular eigenvalues) Theorem [5| was first proved by Agler
and McCarthy in [2].

Besides the main result described in Theorem [2, we will explicitly present the argu-
ments used in [7] to give a proof of Theorem {4 and Theorem

The structure of the thesis is the following. In the first three chapters we provide the
tools that are needed in both [§] and [7]. The fourth chapter is divided into two cases.
We first consider commuting contractions 77,7» € L(H) with finite dimensional defect
spaces such that T} is of class C.y and give a proof of Theorem [l Subsequently, we drop
the assumption of finite dimensional defect spaces and consider commuting contractions
Ty, Ty € L(H) such that the product 1175 is of class C.y to prove Theorem [2| Finally,
in the last chapter we give proofs of Theorem [3| and Theorem
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1. Reproducing Kernels

Let € be a Hilbert space and let X be an arbitrary set. The set of all mappings from X
to £ will be denoted by £¥.

1.1. Functional Hilbert Spaces

Firstly, we define vector-valued functional Hilbert spaces using the same approach as in
[3] and [4].

Definition 1.1. A Hilbert space H C X is called a functional Hilbert space if the point
evaluations

Oh:H—E&, fr—fN

are continuous for all A € X.

Since positive definite functions play a key role in the theory of functional Hilbert
spaces, we recall the definition of positive definiteness.

Definition 1.2. A function K: X x X — L(&) satisfying

D (K (N, Aj) hy hi) >0
ig=1

for all finite sequences (\;)?_; in X and (h;)]; in & is called positive definite.

Remark 1.3. (i) Using the identification C = L(C), where a complex number o € C
1s considered as the multiplication operator

M, : C— C, zZ— az,

a function K: X x X — C is positive definite if and only if

> K (M Aj) 2% =0
ij—1

holds for all finite sequences (A\;)?_q in X and ()}, in C.
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(ii) A function K: X x X — L(E) is positive definite if and only if all finite operator
matrices

(K i\ € Mo (€) 2 £E) (121,01, M € X)

define positive operators on E™. Since positive operators are self-adjoint, positive
definite functions satisfy K (A, u)" = K (u, \) for all \,u € X.

Proofs of the following results can be found in the first chapter of [3].

Theorem 1.4. Let H C £X be a Hilbert space. The following are equivalent:
(i) The space H is a functional Hilbert space.
(ii) There exists a function K: X x X — L(E) such that
K(,prxeH
and
(L K (op)x) = (f (1), )
hold for allx € E,p € X and f € H.

In this case, the function K is uniquely determined by K (X, pu) = o0, for all A\, p € X.
In the setting of Theorem the function K is called the reproducing kernel of the

functional Hilbert space H.
Lemma 1.5. Let H C X be a functional Hilbert space. Then we have:

(i) The reproducing kernel K of H is positive definite.

Theorem 1.6 (Moore). Every positive definite function K: X x X — L(€) induces a
unique functional Hilbert space Hx C EX with reproducing kernel K.

Remark 1.7. Let H C &% be a functional Hilbert space with reproducing kernel
K: X xX — L) and let Y C X be a subset. The positive definite function
Klyxy: Y xY — L(E) induces a functional Hilbert space Hy, which can be identi-
fied with the subspace

VAKGwez|peY,zet}
of H. More precisely, the restriction map
o: H— Hy, fr—fly

is a well-defined contraction and its adjoint induces a wunitary operator
o Hy - V{K (L p)x | peY,zel}.



1.2. Multipliers of Functional Hilbert Spaces

Theorem 1.8. If K: X x X — C is positive definite, then
Ke: X x X — L(E), (A p) — K(\ p)idg

is positive definite and there is a uniquely determined unitary operator V: Hg®&E — H,
such that

Vifoz)=f =

holds for all f € Hi and x € £, where Hix C CX and Hr, C EX denote the functional
Hilbert spaces with reproducing kernels K and Kg respectively.

1.2. Multipliers of Functional Hilbert Spaces

Let &1, & be Hilbert spaces and let H; C SZ-X (1 = 1,2) be functional Hilbert spaces with
reproducing kernels K;: X x X — L(&) (i = 1,2).

Definition 1.9. The functions in
M (Hi, Ho) ={¢: X — L(&1,E2) | ¢f € Ha for all f € Hy}
are called multipliers between Hy and Ho. Here ¢f: X — &> is defined by
@f)(A) =N f(N)  (AeX)

for every f: X — &;.
For ¢ € M(H1,H2), we call

My: Hy — Ho, f—of

the multiplication operator with symbol . Whenever H1 = Ho = H, we will write M(H)
instead of M(H,H).

Remark 1.10. For ¢ € M(H1,Hz2), an elementary application of the closed graph
thereom shows that My € L(H1,Ha). One obtains a norm

0 pnmin) = Mol ey (6 € M(H1, 92)
on M(H1,Hs) if
M(H1,H2) — E(Hl,Hg), ¢ My

is injective. This holds true if, for example, Hy contains all constant functions.
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Remark 1.11. Let £ be a non-trivial Hilbert space. If H C EX is a functional Hilbert
space that contains all constant functions, then the reproducing kernel K: X x X — L(E)
of H satisfies
K(p,p) 20 and  K(p,p) #0
for all p € X. This follows from the observation that
1 (s o) l|* = (K () v, ) < (1K (o, )| ]|

forallpe X and x € €.

Corollary 1.12. Let H C C¥ be a functional Hilbert space with reproducing kernel
K: X x X — C such that H contains all constant functions. Then the inequality

su A <
RGOV < 190y, e, )
holds for each multiplier ¢ € M ('HKgl ) HK52>'

Proof. Let ¢ € M (’HKgl JH Kg2> be given. An elementary exercise shows that

MK (-, p)x = K (-, p)d(p) @

for p € X and x € &. Using the identifications explained in Theorem one easily
obtains that

K () |6 ()" 2l|” = | K (-, 1) & ()" ]
< || M|PIE (- ) )2
= | My|* K (1, ) |||

for p € X and x € &. Since K(u, 1) > 0 by Remark we may conclude that

o (w)|I* = e o ()" ||” < || My

for all p e X. O

1.3. Vector-valued Hardy Spaces

In this section, we introduce the functional Hilbert space over the unit disk D known as
the Hardy space. This functional Hilbert space will play a fundamental role throughout
the remainder of this thesis.



1.3. Vector-valued Hardy Spaces

Definition 1.13. The space

H?(D) = {f = anzn € O(D) ‘ HfHI%IQ(ID)) = Z’fn|2 < OO}
n=0 n=0

is, together with the inner product
o0 o0 o0 [e.e] oo

(SreYost)  =Spm (Lae Yo com),

n=0 n=0 Hz(]D)) n=0 n=0 n=0

a functional Hilbert space with reproducing kernel

1
1— 2w’

K:DxD-—C, (z,w) —>

The Hilbert space H?(D) is called the Hardy space over D.
The &£-valued Hardy space on D is defined by

H*(D, &) = {f =Y fa2" € O(D,E) } 1 f2pe) = D IIfnll < oo} :
n=0 n=0

This space, equipped with the inner product
<Z Fa gnz”> = {furGn)e (Z fa2™>  gnz" € O(D, 5)) :
n=0 n=0 HQ(]D)’g) n=0 n=0 n=0

is a functional Hilbert space with reproducing kernel K¢ = K -idg (see e.g. [13| Section
1.15]).

As explained in Theorem one can identify the Hilbert space tensor product
H?*(D) ® £ with the £-valued Hardy space H*(D,E). We shall use this identification
throughout the whole paper.

Corollary 1.14. The Hilbert space tensor product H*(D)®E& is isometrically isomorphic
to Hz(]D),S ) via the unitary operator

V: H*(D) ® £ — H3(D,E)
uniquely determined by
Vifex)=f =

for all f € H(D) and z € £.
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One can show that
00 1 2m
Sl = s o [l Par
=0 0<r<l &7
0

for f = Z fuz™ € OD,E) (cf. [13, Section 1.15]). We are now able to identify the

multlphers of vector-valued Hardy spaces over D.

Proposition 1.15. The identity
M((0.6)) = {o € 0O.LE) | lollo = suplo(:)] < oo}
zE
holds and the multiplier norm is given by

ey

for all ¢ € M (H*(D, €)).

Proof. Let ¢: D — L(£) be a bounded holomorphic function. For f € H?(D, &), the
function ¢f: D — £ is analytic with

21

1/Ww( )2 at < 1913112

0

for 0 < r < 1. Thus ¢ € M (H*(D,€)) with 161l p (12 (0.69) < €]l
Conversely, let ¢ € M (H2 (D, 5)) be given. Then

D— €, z— ¢(2)x

belongs to H?(ID, £) and hence is analytic for every = € £. A well known application of
the uniform boundedness principle implies that the operator-valued map ¢: D — L(E)
is analytic. By Corollary we know that

[¢llp < H¢HM(H2(D75))'

This observation completes the proof. ]



2. (' y-Contractions and Inner Functions

The purpose of this chapter is to provide basic definitions and preliminaries that are
needed to prove the main results of the thesis. Our starting point is the Wold decom-
position for isometries. For the rest of this thesis, let H be a separable Hilbert space.

2.1. Wold Decomposition

We begin with the definition of reducing subspaces.

Definition 2.1. Let T € L(H).
(i) A closed linear subspace M C H is called invariant for T if TM C M.
(ii) A closed linear subspace M C H is called reducing for T if M and M= are invariant
for T

Definition 2.2. Two operators T' € L(H1) and S € L(H2) on Hilbert spaces H; and
Ho are said to be unitarily equivalent if there exists a unitary operator U: Hi — Ha
such that

UT = SU.
In this case, we write T' = S.

In the setting of Definition it is easy to see that T'= S if and only if T* = S*.

The following theorem describes the Wold decomposition for isometries. Its proof can
be found in [I5, Chapter I.1].

Theorem 2.3 (Wold decomposition). LetV € L(H) be an isometry. Then H = H@H*
decomposes into the orthogonal sum of the closed subspaces

H = ﬁ V'H  and  H' = {7 VW,
n=0 n=0

where W = H © VH. Furthermore, the spaces H° and H' are reducing for V, the
operator V' |yo is unitary and the operator V| is unitarily equivalent to the unilateral
shift

M, ®idyy: H*(D, W) — H*(D, W), fr—zf
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via the unitary operator

U: H' — H2(D,W), i Vi, — ixnz”.
n=0 n=0

Remark 2.4. Let V € L(H) be an isometry and let M C H be a closed invariant
subspace for V' such that V|aq is unitary. Then we obtain

e Qe [
n=0 n=0

Thus, the space H° in Theorem is the largest reducing subspace for V' such that V|0
18 unitary.

Definition 2.5. A contraction 7' € L£(H) is said to be completely non-unitary if there
is no reducing subspace {0} # M C H for T such that T'|p¢ is unitary.

More generally, in [I5, Chapter 1.3] is proven that a similar decomposition exists for
contractions on Hilbert spaces.

Theorem 2.6. Every contraction T' € L(H) admits a unique orthogonal decomposition
of H =HDH! into reducing subspaces H® and H' for T = Ty Ty € L(H° ®H') such
that Ty € L(HO) is unitary and Ty € L(HY) is completely non-unitary. The space H° is
given by

HO = {h e M| ||T"h| = ||h|| = |T*"h|| for alln € N}.
For isometries, this decomposition coincides with the Wold decomposition.

We are particularly interested in isometries with trivial unitary part H° = {0}. This
leads to the following definition.

Definition 2.7. An isometry V € £(H) is called pure if H® = {0}. Moreover, we call a
commuting pair of isometries (Vi, Va) € L(H)? pure if the isometry V; V5 is pure.

Remark 2.8. By the Wold decomposition theorem, pure isometries act, up to unitary
equivalence, as vector-valued unilateral shifts

M, ®ide: HY(D,E) — H2(D,E), fr—zf
with a suitable Hilbert space £.

Another class of operators we are interested in is introduced in the following definition.

Definition 2.9. We say that a given contraction T' € L(H) is of class C.g if
lim T""h =0

n—oo

for all h € H. In this case, we call T' a C.y-contraction.



2.2. Transfer Functions

Example 2.10. Let £ be a Hilbert space. The unilateral shift
M, ®idg: H*(D,&) — HY(D,E), fr—zf
s of class Cly.

Proof. Let w € D and x € £. Since the sequence (M}"), .y is norm-bounded, the

z
assertion follows from Lemma [[.5] and the observation that

lim MJ"K(-,w) ® x = lim w"K(-,w)xr = 0. O

n—o0 n—oo

The properties described in the Definitions and [2.9] coincide for isometries.

Proposition 2.11. For an isometry V € L(H), the following statements are equivalent:
(i) V is completely non-unitary.

(ii) V is pure.

(iii) V is of class C.y.

Proof. Both H" and H! are invariant for V. Thus, if (i) is true, then by Theorem
the space H' is trivial and hence (ii) follows.

Let V' be pure. Then Remark yields V = M, ® idg € L(H?(D,E)) for a suitable
Hilbert space £. Since M, ® idg is of class C.g by Example sois V.
Now suppose that (ii3) holds and let h € H° be arbitrary. Then, for all n € N, there
exists g, € H with h = V"g,. Since

n *NY N *n (n—00)
IRl = V" gnll = llgnll = [[V"V"gn| = [[V"h]| — 0,

we conclude that h = 0. By Remark the isometry V' is completely non-unitary. [

2.2. Transfer Functions

The goal of this section is to specify a class of operator-valued functions ¢ on D, which
induce isometric multiplication operators. For this purpose, let H1 and Hs be Hilbert
spaces.

Definition 2.12. For a unitary operator

A B
U= (C D) EE(Hl@Hz),

we call
D — L(H1), 2+ A+zB(idy, —2D)" ' C

the transfer function of U.
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Remark 2.13. In the setting of Definition we have [|Al],||B],||C], |P|| < 1.
Hence y: D — L(H1) is a well-defined analytic function.

The following lemma is based on a standard computation for transfer functions. A
proof can also be found in [I, Theorem 6.5].

Lemma 2.14. For U and 1y as in Definition[2.13, it follows that
id?—[l *TU(Z)*TU(Z) = (1 - |Z‘2) Cr (idHQ *ED*)il (id?ﬁ *ZD)il C
for all z € D.

Proof. Since U*U = idy, ¢,, we conclude that
<A*A +C*C A*B+ C’*D> B <A* C*> <A B> B (idHl 0 )
B*A+ D*C B*B+ D*D B* D*)\C D 0 idy,/)’
Thus, it follows
idy, —70/(2)*70/(2) = idyy, — (A" + 2C" (idw, =2D*) ' B*) (A + 2B (idw, —2D) ' C)
—idy, —A*A — zA*B (idy, —2D) ' C — 2C* (idy, —zD*) ' B*A
— 220" (idy, —zD*) "' B*B (idy, —2D) ' C
= C*C + 2C*D (idy, —2D) ' C + zC* (idy, —zD*) ' D*C
— |2|2C* (idy, —zD*) ! (idyy, —D*D) (idy, —zD) "' C
= C*[idy, +2D (idy, —2D) "' + % (idy, —zD*) "' D*
— |2|? (idg, —2D*) " (idge, —D* D) (idy, —2D) "' ]C
= C* (idy, —2D*) "' [ (idg, —2D*) (idp, —2D) + 2z (idgy, —2D*) D
+2D* (idy, —2D) — |2|* (idy, —D*D) ] (idg, —2D) ' C
= C* (idy, —2D*) "' [idy, —2D — ZD* + |2]>D*D + 2D — |2|?D*D
+ZD* — |2]2D*D — |2|? idy, +|2|*D* D] (idy, —2D) ' C
= C* (idy, —2D*) ™" (1 — |2?) (idss, —2D) " C
for all z € D. ]

Remark 2.15. Let 7y as in Definition [2.14 Then Lemma yields ||ty (2)]| < 1 for
all z € D.

A B
C D
A* C*
B* D*

Remark 2.16. Let U = < ) € L(H1 D Hz) be unitary. Lemma|2.14| applied to the

unitary operator U* = < ) € L(H1 @ H2) yields that

idy, —7u(2)70(2)" = idw, —10+(2)"T0+(%)
= (1 —|2[*) B (idy, —2D) " (idg, —2D*) " B*

10
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for all z € D.

We continue with a very simple but useful result about contractions that will be needed
in the following.

Lemma 2.17. Let T € L(H) be a contraction and let h € H be arbitrary. Then Th = h
if and only if T*h = h.

Proof. Suppose that Th = h. Then (h, T*h) = (Th,h) = (h, h) = ||h||* and hence
I = T*RI|* = ||2]|* — 2 Re (b, T*h) + |T*h|[* = ||al|* = 2 |Al* + | T*h||* < 0,

because |[|[T*h| < ||h||. Thus T*h = h. The converse assertion follows by symmetry. [

Remark 2.18. Let T € L(H) be a contraction, let X\ € T and h € H be given. By
applying Lemma to the contraction %T, we obtain that Th = Ah if and only if
T*h = Ah. In particular, it follows that a completely non-unitary contraction cannot
possess any unimodular eigenvalues. This is due to the fact that any unimodular eigen-
value of T provides an eigenspace M such that T|n is unitary.

A B
C D
pletely non-unitary, then, for all z € D, the operator 1y (z) does not have any unimodular
etgenvalues.

Proposition 2.19. Let U = ) € L(H1 @ Ha) be unitary. If A € L(Hq) is com-

Proof. Let z € D and assume that 77(z) has a unimodular eigenvalue, that is
Tv(2)v = Ao

for some v € H1\{0} and A € T. Since 7y (z) is a contraction by Remark Remark
[2.1§] yields that

v (2)* v = A,
and hence that
(idy, —1v(2) 10 (2)) v = 0.
Thus, Lemma [2.14] yields Cv = 0 and the definition of 77 implies
Av = 1y (2)v = .

Then A has a non-trivial unitary part and is therefore not completely non-unitary. [

A B
C D
A=Ay ® Ay € LIH) ® HE) be the orthogonal decomposition of A € L(H1) into its

Proposition 2.20. Let U = ( > € L(H1 ® Ha) be a unitary operator. Let

11
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unitary part Ag on HY and its completely non-unitary part Ay on Hi as in Theorem .
Then

A, B
Uy = (CI; D) € L(H @ Hy)

is unitary and the transfer function 7y of U admits the decomposition

v (z) = <f(1]0 TUl()(Z)) € L(H(l) ® /H%)

for all z € D.
Proof. Because U is unitary, we have
A*A+ C*C =idy, and AA* + BB* =idy, .
Since A*Alyo = AA*[30 = idyo, we conclude that
HY C ker C and HY C ker B,
or, equivalently,
H) CkerC and  ImB C Hj.

Thus, one easily checks that

A B
Uy = <C|H% D) € L(Hi ®Ha)

is isometric and surjective again and hence unitary.
The matrix representation of 7 (2) = A + 2B(idy, —2D)1C € L(H1) (2 € D) with
respect to the decomposition Hy = H{ & H} is given by
(Ao 0
(=0 A+ 2B(idy, ~2D)"1Clyy
for all z € D. Hence 7y(z) = Ao @ 11, (2) € L (H) ® H}) (2 € D), where
0, D — L(H]), 2+ A1+ 2zB(idy, —2D)"'Clyp
is the transfer function of Uj. O
Let m be the normalized, one-dimensional Lebesgue-measure on T.
Definition 2.21. A bounded analytic function ¢: D — L(H) is called inner if the limit

SOT- 17}%111 o(rz)

exists in the strong operator topology and is an isometry on H for m-almost every z € T.
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2.2. Transfer Functions

One can show that the limit in Definition [2.21] exists for every bounded analytic
function ¢: D — L(H) for m-almost every z € T. For a proof see [15, Chapter V.2].
For f € H?(D, 1) one can show that there is an m-zero set N C T such that the limit

£1(2) = lim f(r2) € ¥

exists in the norm-topology of H for every z € T\ N. The function

lim f(rz), z¢ N
5T — H, Zz— g T
0, z€eN

defines an element in L?(T, ) which is independent of the choice of N and satisfies the
identity

191300 = [ 1) Pdm).
T
For a bounded analytic function ¢: D — L(H), there is a zero set N C T such that the
limit
¢*(z) = SOT- li%? od(rz) € L(H)
exists in the strong operator topology of L£(H) for every z € T\ N. The function

SOT-lim ¢(rz), ze€e T\ N
¢*: T — L(H), z — 1
0, zeN

defines an element in L°°(T, £(#)) which is independent of the choice of N and satisfies
the identity

19llp = [1¢*[ILee (T, 2(3))-

Proofs of these results can be found in [13, Sections 4.5-4.7].
Let ¢: D — L(H) be a bounded analytic function and let ¢*: T — L(H) be the radial
limit of ¢ defined as above. Denote by

p: B(D,H) — L*(T,H),  fr— [

the isometric embedding associating with each function f € H?(D,H) its radial limit
f* € L2(T,H). For f € H(D,H), there is an m-zero set N C T such that

#'(2) = SOT-lmo(r=) and f*() = lim f(r2)

13



2. Cy-Contractions and Inner Functions

hold for all z € T\ N. Since
lp(rz)f(rz) = ¢"(2)f*(2)|l = ¢(r2)(f(rz) — f7(2)) + (¢(rz) — ¢"(2)) f* (2l
< ¢l [1f(rz) = £ () + [[((rz) — ¢*(2)) f* (2

for every z € T \ N, it follows that the multiplication operators

(r1t1) 0

My: H*(D,H) — H*(D,H)  and Mye: L*(T,H) — L*(T, H)
satisfy the intertwining relation
pMy = My«p.

Lemma 2.22. For an inner multiplier ¢ € M (HQ(ID),H)), the multiplication operator
My: H*(D,H) — H*(D,H) is an isometry.

Proof. By definition, there exists an m-zero set N C T such that ¢*(z) € L(H) is an
isometry for every z € T\ N. But then, for f € H*(D, H),

/ 167(2) (2) |2 dim(z) = / 1£(2) |2 din(2)
T T

and hence
HM¢fHH2(]D),H) = H(pM¢) f”LQ(T,H) = H(M¢>*p) f”[ﬂ(ﬂ‘,ﬂ) = ”fHH2(]D>,7-L) . [

A B
C D
D = Dy® D, € E(’Hg@?—[%) be the orthogonal decomposition of D € L(Hz) from
Theorem . If o(Dy) C D, then the transfer function Ty of U extends to a holomorphic
map

Proposition 2.23. Let U = ( ) € L(H1 ® Ha) be a unitary operator and let

TU . DR(O) — ,C(Hl)

on a disc with radius R > 1 and 1y(z) € L(H1) is a unitary operator for every z € T.
The condition o(D1) C D is satisfied, for instance, if dimHs < 0o or if D = 0. In
particular, the transfer function Ty is inner.

Proof. Since
CC* 4+ DD* =idy, and DD*]HS = ing,
we find that HY C ker C*, or, equivalently,

ImC C Hj.

14



2.2. Transfer Functions

But then the hypothesis that o(D;) C D implies that the transfer function 77 of U has
the form

T(2) = A+ 2B(idgy —2D1)'C (2 € D)

and hence extends to a holomorphic function 77: Dr(0) — L£(H1) on an open disc Dg(0)
with R > 1. In the same way one finds that the function

(ids, —zD*) ! (idp, —2D) " 1C = (idgyy —2D7) "' (idgyy —2D1) ' C: D — L(Hy)

admits a continuous extension to an open neighborhood of D. But then Lemma
implies that

v (2) 1u(2) = idy,
for all z € T. Since
D* = (D'lyg) @ (D)

is the decomposition of D* into its unitary part D*|,,0 and completely non-unitary part
Hy

D*|3;1 and since o (D*|H5> C D, it follows in exactly the same way from Remark [2.16
that also

T (2)mv(2)" = idwu,

for all z € T. The remaining assertion in Proposition obviously holds. O
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3. Sz.-Nagy’s and Foias’ Dilation Theory

The aim of this chapter is to prepare the construction of dilations for two commuting
contractions. We begin by proving some elementary results on defect operators.

Definition 3.1. For a contraction S € L(H), we call Dg = (idy —SS’*)% € L(H) the
defect operator of S. Furthermore, we define the defect space of S by Dg = DsH C H.

Lemma 3.2. Let T1, Ty € L(H) be commuting contractions. Define T = ThT». For all
h € H, we have:
: w7112 2 2 2
(i) |1DnT3h|" + (| Dnhl|” = [[Dyh|” + | D TR,
g -
(ii) || Drhl* = || Dy, h||* + || Dp, Ty 1%
Proof. By definition
D%, Ts + D}, = ToTs — TV T Ty + (idy —ToT5)
= (ld;l.[ _TlTl*) + T1T1* — TlTQTQ*Tl*
= D7, + T\ D}, Ty

and therefore

IDR T3 R + 1Dy hl* = (T2DF, T5 b, h) + (D, h, h)
= ((ID},T5 + D7,) h, h)
= ((D%, + TyD},T7) h,h)
= (D%, h,h) + (1D}, TFh, k)
= | Dryb|l* + || D, TR

as well as
|Drh||* = (D3h, h) = ((idy —T1To(T1T2)*) h, h)
= ((idy =T T7) b, h) + (LT — TV LTy TY) h, )
= (D%, h,h) + (1D}, TFh, k)
= | Dy, h|)* + || Dp, TR
for all h € H. O

17



3. Sz.-Nagy’s and Foias’ Dilation Theory

Remark 3.3. For commuting contractions T, Ty € L(H) and T = T1Ts, Lemma
(i) implies that there is a unique isometry V: Dr — Dy, @ Dr, salisfying

V (Drh) = (D, h, D3, T{ h)

for all h € H.

In the following proposition we construct a unitary operator on a certain Hilbert space,
which will be crucial in the following chapter. In particular, one should pay attention to
the construction of the Hilbert space D.

Proposition 3.4. For commuting contractions Ty, Ty € L(H), there exist a Hilbert space
D and a unitary operator U: (D & Dr,) & D, — (D & Dr,) & D, satisfying

0 0
U (DTITQ*h> = <DT1 h) (h S 7‘[) (3.1)
Dr,h Dy, Tih

Proof. Let D be a Hilbert space such that

. 0, if dimDp,,dim Dz, < 00
dimD =
dim D7, + dim Dy, else.

If we set

M; = {O'D} D {DTsz*h@ DTQh ‘ h € H},
My = {OD} D {DTlh@DT2Tfh ‘ h e H},

we obtain that
(D@ Dr)®Dp, =M; 0 M, (i=1,2),
where
dim M; = dim M,
and
1L

My =(D&Dp)®Dp)e M, (i=1,2).

By Lemma (i), U: M, — M, deﬁ@ by Equation is a surjective isometry. Thus,
U extends to a unitary operator Uy : My — Mo.
If dimDrp,,dim Dy, < oo, then dim(D @ Dr,) @ Dy, < oo and we conclude that

dim EL = dim EL. On the other hand, if dim D7, = oo or dim Dr, = 0o, we consider
the set

{(h,0,0) |heDyC M~ (i=1,2).

18



Since dim{(h,0,0) | h € D} = dim D, we find that
dimD < dim ;" < dim((D & Dpy) & D) = dimD (i = 1,2),

which yields dim EL = dim EL (see Theorem [A.5)).
Hence, there is a unitary operator Us: EJ' — WQL and, in particular, U = U; ® U,
is a unitary operator satisfying Equation (3.1 O

We continue with a generalization of Definition Let H1 and Ho be Hilbert spaces.

Definition 3.5. We say that (11, ...,7,,) € L(H1)" and (51, ..., Sn) € L(H2)" are uni-
tarily equivalent if there exists a unitary operator U: Hi; — Ho such that

UT, = SU  (i=1,..,n).

In this case, we write (71, ...,T,,) = (S1, ..., Sn)-

In the setting of Definition it can be easily seen that (71,...,T},) and (S, ..., Sp)
are unitarily equivalent if and only if (77, ..., T)¥) and (ST, ..., S}) are unitarily equivalent.

Definition 3.6. Let T = (T3,...,T,) € L(H1)" and S = (S1,...,S,) € L(H2)™ be
commuting tuples of bounded linear operators. We call S a coextension of T if there
exists an isometry II: H{ — Ho such that

7 = S0 (i=1,...,n).

In the setting of Definition [3.6] the closed subspace Q = ITH; C H; is invariant for
(St,...,Sy) and

(TF, s T3) = (ST, SE)l o
as well as
(T4, ..., Tp) = Po(Sh, ..., Su) o,

where the restrictions and compressions are formed componentwise.
Moreover, since Q is a joint (S7, ..., S;;)-invariant subspace of Ha, we find that

Stlg - Spla= (ST - Sp)le
and hence
PgoSilg - ...- PaSnlg = Po(S1 - ... - Sn)lo-
Thus, we conclude that
p(Tl, ...,Tn) = PQp(Sl, ...,Sn)|g

for every polynomial p € C[zy, ..., 2.
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3. Sz.-Nagy’s and Foias’ Dilation Theory

Theorem 3.7. Let T € L(H) be a C.o-contraction. Then

Mr:H — H(D,Dr), hrs Y. (DTT*’%) o
k=0

is a well-defined isometry satisfying
I T* = (M ®idp,) IIr.
Furthermore, if V€ L (Dr,E) is an isometry with values in a Hilbert space £, then
Y H— HYD,E),  hvs (ing(D) ®v) rh
s an isometry satisfying
Iy T* = (MZ ®ide) Iy

Proof. For all h € H and N € N, one finds that

N N
3 HDTT*th2 - Z DTT kpy DTT*kh>

N N
Yor D%T*’fh,h> = <Z TF (idy TT*)T*kh,h>

k=0 k=0

M= T

Il
/\/\??‘

<TkT*k B Tk+1T*(k+1)) h, h> _ <(id9.[ _TN+1T*(N+1)> h, h>
k=0

2
= [Ia)}2 = |70,

Thus, by passing to the limit as N — oo, we obtain that
e 2
S ||prta]” = a?
k=0

for all h € H, since T is a C.g-contraction. Hence Il is a well-defined isometry. Fur-
thermore, it holds

T h = i( TR, ) i (D Tr(k+1)p, )M;(zkﬂ)

k=0
M* ® ldDT Z (DTT*k?h) zk = (]\4;,K & idDT)HTh
k=0

for all h € H.
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Now, let V € L (D, €) be an isometry. Then, I1Y, = (ide (D) ®V> II7 is an isometry

satisfying
YT h = (idHQ(D) ®V) T h = (ing(D) ®V> (M} @ idp,) Irh
= (M* ®idg) (idHQ(D) ®V> Trh
— (M &1de) T
for all h € H.
Corollary 3.8. In the setting of Theorem we have
T = Pgo (M, ®idp,) |o
for the (M} ® idp,.)-invariant subspace Q = rH of H3(D, Dr) and
T = PQ (MZ ®idg) |Q

for the (M} ® idg)-invariant subspace Q = TIVH of HX(ID, ).
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4. Pairs of Commuting Contractions

We are now able to prove the main results of this thesis described in the introduction.

4.1. Contractions with Finite Dimensional Defect Spaces

In this section, we only consider pairs of commuting contractions with finite dimensional
defect spaces. Note that in these cases the Hilbert space D constructed in the proof of
Proposition [3.4] vanishes.

Let (T1,T) € L(H)? be a pair of commuting contractions such that dim Dy, < oo for
1 = 1,2. Proposition provides a unitary operator

A B
U= <C D> :DTI@DTQ —)DTI@DTQ

such that
A B\ (DpT5h\ [ Drh
C D Dph ) \DpTih
for all h € H. Then, the unitary operator

. A* O
U™ = <B* D*> :DTIEBDT2—>DTIEBDT2

satisfies
A* C* Drh \ _ (D7,T5h
B* D*)\DpTih) ~ \ Dph
for all h € ‘H. Since dim Dz, < oo, the transfer functions 77, 7+ : D — L(Dr,) of U and

U* are inner by Proposition [2.23
Note that

~ D* B*

> : DT2 @ DTl — DT2 @ DTl

is a unitary operator such that
D* B*\ (Dp,I7h\ ([ Dnh
c* A* Drh ) \DnpTsh
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4. Pairs of Commuting Contractions
for all h € H. Thus, the unitary operator

~ D C
U :<B A)3DT2@DT1—>DT2@DT1

satisfies
D C\( Dph \ _ (DpTih
B A)\DnTih) =\ Dpyh
for all h € H. Again, since dim Dz, < oo, the transfer functions 77, 75.: D — L(Dr,) of
U and U* are inner by Proposition m
In the following, we consider those pairs of commuting contractions (T1,T%) € L(H)?

where 77 or Ty is of class C.y. We will see that the results in these two cases are
symmetric.

Lemma 4.1. Let (Ty,T) € L(H)? be a pair of commuting contractions and let Ty be of
class C.g. Then, it holds

o
DTlTZ* —_ A*DTI + Z C*D*iB*DTlTl*(ZJ’_l),
=0

where the series converges in the strong operator topology.
Proof. Let h € H. Using the operator U*, we have

Dp,Tsh = A*Dph + C*Dp, TTh (4.1)
and

Drp,h = B*Dp h + D*Dp, 15 h. (4.2)
Replacing h by T7'h in Equation we have

D, Tih = B*Dp, Tih + D* Dy, T2 h. (4.3)

Inserting Equation in Equation yields

Dy, Tyh = A*Dp h + C* (B*Dy, Tih + D* Dy, T12h)
= A*Dp h + C*B*Dp, Ty h + C*D* Dy, T2 h. (4.4)

We now repeat this step by replacing h by T7°h in Equation that is

D1, T{?h = B*Dp, Ti?h + D* Dy, T3,
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4.1. Contractions with Finite Dimensional Defect Spaces

and insert this in Equation [4.4] to observe

Dy, Tih = A*Dp h + C*B* Dy, Tih + C*D*B* Dy, T1%h + C*D*> D, T13h
1
= A*Dr,h+ Y C*D*B* DR T}V + ¢ D2 Dy, T{ .

i=0
Successively, we obtain
N . .
DTlT;h = A*DT1h + Z C*D*zB*DTlTl*(z-H)h + C*D*(N+1)DT2T1>k(N+2)h
i=0

for all h € H and N € N. Since ||D|| <1 and T} is of class C., it follows that
lim |l D* ) Dy, iV < 0
N—o0 271

for all h € H. Finally, for all h € H, we conclude

l

A similar proof using the operator U* instead of U* yields the following remark.

_ HC*D*(NH)DTQTF(NH)hH

N
Dy, Tih— A*Dpyh — > C*D*B*Dyy T, Vh
=0

<m0, O

Remark 4.2. Let (Ty,T) € L(H)? be a pair of commuting contractions and let Ty be
of class C.g. Then we have

(o)
Dy, T{ = DDy, + Y CA'BDy, T3,
=0

where the series converges in the strong operator topology.

Theorem 4.3. Let (T1,T2) € L(H)? be a pair of commuting contractions such that
Ty is of class Cp and let dimDy, < oo for i = 1,2. Then, the transfer function
2 D — L (Dry) of U induces an isometric multiplication operator M, € L(H*(D, Dr,))
such that

(T1, T») = Pg (MZ ® idDTl,MTU> o

for the joint (M;k ®idp,, , M;‘U) -invariant subspace Q = Iy, H C H2(D, Dry,).
Proof. Since Ty is of class C.g, Theorem [3.7] yields

Ty = Po (M. ®idpy, ) |

25



4. Pairs of Commuting Contractions

for the (M z ®@idp,, )—invariant subspace Q = I, H of H?(D, Dr,). As mentioned before,

the transfer function 7 of U is inner and hence induces the isometry
M., € L(H*(D,Dr,)) by Lemma Therefore it is enough to show that IIp in-
tertwines 75 and M7 . Let h € H, n > 0 and n € Dr,. We obtain

(My, g, h, 2"n) = Tz by, My, (2™n))
— <§: (DTlTl*kh) 2~ (A + 2B (idDTl —zD)_1 C> (2”77)>
k=0
B <§: <DT1T1*kh) 2k, A (") + i (BDiCh) Zi+n+1>
k=0 i=0

_ A*DT T} + - C*D*ZB* (Z-H’H-l)h
1+1 77
1=0
- < (A*DTI +> C*D*iB*DTITf(”l)) Ti"h, n>
=0

= <‘DT1T2* (Tl*n ) 777> )

where we have used Lemma [4.1] in the last equation.
On the other hand, we observe

(Il T hy 2™n) = <Z (DT1 kTQ h) 2",z 77>

k=0
= (D, T{" T3 h, m)
= (D, T3 (T{"h) )

and hence M2 Il7y, = In T35 . O

A similar proof using Remark [4.2] instead of Lemma [4.1] yields the following remark.

Remark 4.4. Let (Ty,Tz) € L(H)? be a pair of commuting contractions such
that Ty is of class Co and let dimDy, < oo for ¢ = 1,2. Then, the transfer

function 75: D — L(Dr,) of U is induces an isometric multiplication operator
M. € L(H*(D,Dy,)) such that

(T1, T) = Po (M

TU’

MZ ® ldDT2) ‘Q

for the joint (M:U, M; ® idDTQ) -invariant subspace Q = Ty, H C H2 (D, Dry).

4.2. Factorizations of Contractions

In this section, we consider pairs of commuting contractions (71, Ts) € £(#)? such that
the product 1775 is of class C.g. In particular, we do not assume the defect spaces of
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4.2. Factorizations of Contractions

T4 or T5 to be finite dimensional. The first theorem will be of central importance in the
following. In fact, Theorem [4.5 will be used twice in the proof of Theorem [£.7]

Theorem 4.5. Let S1,52 € L(H) be commuting contractions such that S is of class
C.o and let V € L (Dg,,E) be an isometry into a Hilbert space €. Furthermore, let F be
a Hilbert space and let

A B
W = <C 0> :EB(FPDg,) = E®(FDDg,)

be a unitary operator such that
A B VDg,h VDg,STh
< 4 0) 0 N =(/ o
Dg, S5h Dg, h
holds for all h € H. Then the transfer function
T D — L(E), z+— A"+ 2C*B*
of W* satisfies the identity

5,51 = 0%,

Tw* 2°

Proof. By hypothesis, we have that

_— 0 0\ _
VDg,Sih = AVDg,h+ B ( Dg. 52 h) and ( Ds, h) = CVDg,h

for all h € H and hence
VDg,S7 = AVDg, + BCV Dg,S5. (4.5)

For he H,n > 1,17 € &£, we obtain

(M, - g2h,z"77> = <<1de ) io: (DSQS ) 2F (A* 4+ 2C*B*) Zn77>
k=0
_ <(1ng ) :0 (DSQS ’“h) P A*z”77>
+ <(ide(D) ®V) i (D5255kh) - C*B*z”+1n>
k=0

= (VDg,S3"h, A*n) + (V Dg,S3" ' h,C*B*n)
= (AVDg,S3"h + BCV Dg,S3" ' h,n)

= ((AVDs, + BCV Dg, S3) (53" h) ,m)

= <VD5'25T(S;TL )7 77> )
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4. Pairs of Commuting Contractions

where we used Equation [4.5|in the last step.
On the other hand, for h € H, n > 1 and n € £ we find that

<Hg25’fh, 2"y = <<idH2(D) ®V) i (DSQS’Qkkah> 2~ z”n>

_ <Z (VDSQstgkh) o 2”77>
k=0
= (VDg,5755"h,n) .

Thus we have proved the identity HgQ St =M; HEQ. O

Ty
Remark 4.6. In the setting of Theorem [[.5, we have
St=My,.leo
and, according to Theorem
S5 = (M7 ®ide) |o,

where Q = HgQ”H C H(D,§).

Theorem 4.7. Let T € L(H) be a C.y-contraction and let Ty, To € L(H) be commuting
contractions. Then the following are equivalent:

(i) T =T\Th.

(ii) There exist a Hilbert space &, a unitary operator U € L(E) and an orthogonal pro-
jection P € L(E) such that the operator-valued mappings ®,¥: D — L(E) defined
by

®(z) = (P +2PHU*  and U(z) =U(Pt+2P) (z€D)

induce a pure pair (Mg, My) € L (HQ(]D), 5))2 of isometric multiplication operators
with

MeMy = MgMy = M, ®ide .

Moreover, there exists an isometry V € L(Dr,E) such that @ = IIY.H is a joint
(M3, My, M} @ idg)-invariant subspace of H2(D, £) and such that

(Tl,TQ, T) & PQ (M(p, My, M, ® idg) |Q

via the unitary operator H¥: H— Q.
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4.2. Factorizations of Contractions
(iii) There exist L(Dr)-valued polynomials ¢ and 1 of degree at most 1 such that
Q =1IrH is a joint (M}, M;Z)-z'nvariant subspace of H?(D, Dr),
Po(M; ®idp,)|lo = PoMyylo = PoMyy|o,
and such that
(T17T2) = PQ(Méov M¢)’Q
via the unitary operator llp: H — Q.

Proof. Suppose that (ii) holds. Then there exists a unitary operator II: Q@ — H such
that

(T17T27T) = HPQ (M<1>7 M‘I’a M, ® ldg) |QH*
and hence

T\ Ty = TTPo M| oIT*TI Po My oIT*
= [IPgMs|o Po My|oll"
= lIPo Mg My|oIl"
=1IIPy (Mz ® idg) |QH* =1T.

Thus, (i7) implies (7).
Suppose that T' = T1T>. Let D be the Hilbert space constructed in Proposition
and define

&= (D D DTl) @DTQ-
Let furthermore U: £ — £ be the operator from Proposition satisfying
0 0
U\ \DnT5h = Dt h
Dq,h D7, TV h

for all h € H. Let ¢v1: D@ Dy, — £ and 13: Dy, — £ be the inclusion mappings defined
by

L1 (h, hl) = (h, hl, 0) and Lghg = (0, 0, hg)
for h € D, hy € Dy, and hy € Dr,. Then
P=1315: & — €, (h, hi,hg) — (0,0, h2)

is the orthogonal projection onto Dz, and the orthogonal projection P+ onto D @ Dy,
is given by

qul E— g, (h, hl,hg) — (h, hl,O).
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4. Pairs of Commuting Contractions
Thus

P
<L* 8)  E@® (D& Dr) — £ (D@ Dry)
1

is unitary since

P u\ (P u\ _(P+P+ Puy\ _(ide 0
go0)\er 0) P ju)  \ 0 idpep, )
But then also

(U0 P u\ (UP Uy
Wl‘(o idoeeml)(q 0>_<L1‘ 0>€“5@(D@DTI”

defines a unitary operator. By Remark there is a unique isometry V': Dp — & with
V(Drh) = (0, Dy, h, D1, T{h) (h e H).
By construction, we have

Wi (V (Drh), (0, D, T*h)) = Wy (0, Dy h, D, TEh) , (0, Dy T*R))
= (UP (0, Dy h, D1, T;h)
+ Uty (0, D, T*R) , 5 (0, Dy, h, D1, Ty h))
= (U (0,0, D, T;h) + U (0, D7, T*h,0) , (0, D, b))
= (U (0, D, T5Tyh, D1, T h) , (0, Dy h))
= ((0, D, T} h, D1, T{?h) , (0, Dy b))
= (V(DrT7h), (0, D, b))

for all h € H. Applying Theorem to the commuting contractions 71,7 and the
unitary operator Wi, we conclude

YTy = MILY, (4.6)
where
®(z) = Twy(2) = PU" + 2115U" = (P + zPi) U e L(E) (zeD)

is the transfer function of W7
Analogously, we obtain the unitary operator

C(PY oL\ (UF 0\ [(PU*
W2_<L§ 0><0 id%)_(ng* o) € £EDDr,).
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4.2. Factorizations of Contractions

Again, by construction we have
Wo (V (Drh), Dr,T*h) = W2 ((0, Dy h, D, 17 h) , D, T*h)
- (PLU* (0, Dryh, D1, T°h)
+ 12 (D, T*h) ,13U° (0, Dryh, Dr, Ty ) )
= (PL (0, Dy, T5h, D, h)
+ (0,0, D, T*R) , & (0, D, Tih, DTQh))

= ((O7 DTsz*h, 0) + (0, 0, DTQT*h) , DTQh)
= ((0, DTlTQ*h, DT2T1*T2*h) , DTQh)
= (V (DTT2*h) >DT2h)

for all h € H. Theorem applied to the commuting contractions 75,7 and the unitary
operator Ws yields

I Ty = MyILY, (4.7)
where
U(z) =1w;(2) =UP + 2Uips =UPH+2P) (2 €D)
is the transfer function of W3. Furthermore, since 7" is of class C'y, Theorem yields
YT = (M} ®ide)ILY. (4.8)
Summing up Equations 47 we derive
(Th,T>,T) = Po (Mg, My, M, ®idg) |o

via the unitary operator IIY.: H — Q, where Q = IIV.H is a joint (M}, M, M} ® idg)-
invariant subspace of H2(ID, £).
Moreover, we have

B(2)U(2) = (P + zPL) UU (PL n zP)
= PP' + 2P + 2P+ + 22P+P
=z (P+Pi) = zidg

and analogously

U (2)®(z) (PL + zP) <P + zPi) U*

U
U (PLP T R zzPPL) U*
U

p (PL+P>) U* = zidg
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4. Pairs of Commuting Contractions

for all z € D. Hence
MMy = MyMe = M, ® idg .
Since ® and W are inner by Proposition|2.23] we conclude that Mg and My are isometries
by Lemma [2.22 By Example we know that M, ® idg is of class C. Hence,
Mg Mg = M, ® idg is pure by Proposition Thus (i) implies (ii).
Let T = T31T5. Then with the notations from above
YTy = MRIY.  and  TINTy = MGILY,

where V': Dy — £ is an isometry and @, U: D — L£(€) are inner £(&)-valued polynomials
of degree at most 1. Since H¥ = (ide (D) ®V) II7, we find that

LTy = (idge ) @V7) Mg (i (py ©V)Ir,
or that
Ty = My
with
¢: D — L(Dyr), z— V*®(2)V.
Similarly, we obtain that
T3 = (idgpegy @V ) My (idyga ) @V ) Ty,
or
TrTy = M;Tr
with
¢: D — L(Dr), z— V*U(2)V.
In particular, ¢ and ¢ are £(Dr)-valued polynomials of degree at most 1 such that
(Th,T2) = Po (Mg, My) |0

via the unitary operator Il;: H — O.
Furthermore, Q = II7H is a joint (M[;, M;Z)—invariant subspace. Since

IrT* = (M; ®idp, ) I,
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4.2. Factorizations of Contractions

Q is also a (M} ® idp,.)-invariant subspace of H*(D, D). To sum up, we know that
MMy = MMy = M Ty
= U TT = T TS
= M Ty = M My = My U7
and
T Ty = T = (M7 ®idp, )Ty
Hence
Mpylo = (M ®idp,) g = Mj,lo
and therefore
PoMyylo = Po (M ®idp,) |0 = PoMyy|o-

Thus, (i) implies (7).
On the other hand, if polynomials ¢, : D — L£(Dr) are given such that

Pg (M, ®idp,.) |g = PoMyylo = PoMyylo
and
(11, Tz) = Pg (Mg, My) |o

holds for the joint <M::,, M:Z)-invariant subspace Q = IIpH C H2(D, Dr), then it follows
exactly as at the beginning of the proof that T' = T T5. O

In the following, we give applications of the main result proven in this section. We
first note that Theorem [£.7]is a generalization of the dilation theorem of Berger, Coburn
and Lebow in [5], which reads as follows.

Theorem 4.8. Let V € L(H) be a pure isometry and let V1, Vo € L(H) be commuting
isometries. Then the following are equivalent:

(i) V =WVs.

(ii) There exist a Hilbert space £, a unitary operator U € L(E) and an orthogonal pro-
jection P € L(E) such that the operator-valued functions ®,V: D — L(E) defined

by
®(z) = (P + zPi) U* and  W(2)=U (PL + zP) (z € D)

induce a pure pair (Mg, My) € L’(Hz(]D),E))2 of isometric multiplication operators
with
MMy = MyMs = M, ®idg
and such that
(V1,Va,V) & (Mg, My, M. ®idg).
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4. Pairs of Commuting Contractions

Proof. If (ii) holds, then (i) follows exactly as in the proof of Theorem
Suppose that V = V1 V; and let @, ¥, € and Q be as in Theorem [£.7] Then it suffices
to show that

Q = HQ(DNA/{)

with a closed subspace M C £ that is reducing for U and P. The existence of M can
be shown as follows.

Since the multiplication operators Mg, My and M, ®ide as well as their compressions
PoMg|o, PoMy|g and Po(M,®ide)|g to Q are isometric, it follows by the Pythagorean
theorem that Q is a reducing subspace for Mg, My and M, ® idg. Since Q is reducing
for M, ®idg, it follows that there is a closed subspace M C & with Q = H?(ID, M). This
is a particular case of [12, Lemma 4.1.6].

Since

PU*z =®(0)z e M
for all x € M, the space M is invariant for PU*. Since
PU*z + 2P U*z € Q = H3(D, M)

for all z € M, it follows that M is also invariant for P-U*. Playing the same game
with U instead of ®, one obtains that M is also invariant for UP+ and UP. But then
M is invariant for

U*=PU*+PU*, U=UP'+UP and P=(PU")(UP).
Thus
(V1,V2,V) = (Ma, Mg, M. @ id ),
where «, 3: D — L(M) are defined by

a(z) = <P|M + ZPW() Ul and B(z) = Ulm <P|/L\4 + zP|M>
for all z € D. ]

Note that Theorem is a sharper version of Ando’s dilation theorem for a pair of
commuting contractions, whose product has the C.o-property. In fact, Theorem [£.7] gives
a proof of the following theorem.

Theorem 4.9 (Andd). Let Th,T5 € L(H) be commuting contractions such that Th'Ts is

a C.o-contraction. Then there exist commuting unitary operators Uy, Uz € L(H) on a
Hilbert space H 2 H such that

1715 h = PyUTUS h
for all h € H and n,m € N.
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4.2. Factorizations of Contractions

Proof. Theorem provides a Hilbert space £ as well as a pair of commuting isometries
(Mg, My) € L(H*(D, E))? such that

(Th,Tz) = Pg (Mg, My) |o

for the joint (M3, My, )-invariant subspace Q = H¥7—l C H%(D, £). Furthermore, we have
H = Q via the unitary operator I1¥.: H — Q. By [I1, Lemma 4], (Mg, My) extends to

a commuting pair (Uy,Us) € £(H)? of unitary operators on a Hilbert space # 2 Q. By

construction, the unitary operators Uy, Us € L(H) have the desired property. O
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5. Von Neumann Inequality

In this final chapter, we will prove two sharper versions of von Neumann’s inequality for
certain pairs of commuting contractions using Theorem and Theorem We start
with the construction of the joint spectrum of a commuting tuple of normal operators
on H.

Let A be a commutative unital Banach algebra. For a = (ay,...,a,) € A", the joint
spectrum of a is defined as

oala) = {z €C”| Y (mi—a)A# A} :
i=1

One can show (cf. [9, Korollar 12.3]) that o 4(a) C C" is a non-empty compact set such
that the polynomial spectral mapping theorem

oA((p1(a), .;pm(a))) = p(o.a(a))

holds for each tuple p = (p1, ..., pm) € Clz1, ..., 2]™

Let N = (Ny,...,N,) € L(H)™ be a commuting tuple of normal operators. By the
Putnam-Fuglede theorem, the (2n)-tuple (N, N*) = (N1, ..., Np, N§, ..., N}¥) € L(H)?" is
commuting again. Hence also the C*-algebra

C*(N) = {p(N,N*) | p € Clz1, ..., z20]} € L(H)
generated by N is commutative. We call the set
o(N) = oc-(v)(N)

the joint spectrum of N. Note that, for each single operator A € C*(N), the set
oc+(Ny(A) = 0¢+(4)(A) coincides with the usual spectrum of the bounded linear op-
erator A € L(H). Moreover, we obtain the inclusion

o(N) Co(N1) X ... x 0(Np).
Lemma 5.1. Let N = (Ny,...,N,) € L(H)" be a commuting tuple of normal operators.
Then

o(Ny- oo o Np)={21cc- 2 | (21,..,2n) € 0(N)}
CH{z1- iz | zi €0(NV;) fori=1,...,n}.

Proof. 1t suffices to apply the polynomial spectral mapping theorem to the polynomial
P(21, ey 2n) = 21+ oo - 2. O
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5. Von Neumann Inequality

We continue with the definition of distinguished varieties and observe some of their
properties.

Definition 5.2. A non-empty set V C D? is called a distinguished variety if
V= {(21,2‘2) c ]D2 | det (TU(Zl) — 29 id(cn) = 0} s

where 7¢7: D — £ (C™) is the transfer function of a unitary operator

A B n m n m
U:<C D).(C eC" —CraC™.

Lemma 5.3. Let U and V' be as in Definition [5.3 Then, for the unitary operator

= <D B > € L(C™ & C") and

cr A¥
V= {(21,22) € D* | det (7(22) — 21 idem) = 0},
it holds V = V. In particular, V is a distinguished variety.
Proof. Let (21, 29) € D2. Then we have (z1,22) € V if and only if
[A + 21 B (idgm —z D) ! C] v; = zv;  for a vector v; € C"\{0}. (5.1)
We will show that Property [5.1] holds if and only if

(é g) < v ) _ (2’27)1) for some v; € C™\{0} and vy € C™\{0}. (5.2)

Z21V2 ()

If Property holds, then solving gives Property On the other hand, if Property
holds, then Property [5.2] follows for

vy = (idgm —le)_l Cu.
Assume that v9 = 0. Then v; € ker C and Av; = z9v1. Since
|Az||* + || Cz||* = (A A + C*C)z,z) = ||||?
for all x € C™, it follows
[vi]]? = [ Avi[|* = ||2201]]?
and thus z9 € T, contradicting the fact that (z1,22) € ID)~2.
Applying this to U and V', we obtain that (z1,22) € V if and only if

(g i:) ( v ) _ (zm) for some v, € C™\{0} and vy € C™\{0}.  (5.3)

2201 U1

Interchanging coordinates, Property [5.3] becomes

(g: g) (’22”1> - ( v ) for some v; € C\{0} and vy € C™\{0}.  (5.4)

(%) ARY)

Since U is unitary, Property [5.2] and Property [5.4] are equivalent. O
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Lemma 5.4. A distinguished variety V C D? satisfies the identity
VNnod?) =V NT
Moreover, we have V N'T? # T2.

Proof. Let U = <é g) € L(C"®»C™) be unitary and let A = Ay & A; on

C"* = H° ® H' be the decomposition as in Theorem By Proposition we
have

T(z) = (Tgéz) T&?ZQ ceLH @H)  (zeD),

where
0(2) = Ao € L (H") (z € D)
and
75(2) = 11, (2) = A1 + 2B (idem —2D) "' Clapn € £ (HY) (z e D)

is the transfer function of the unitary

(A B 1 m
U1—<C|Hl D)eﬁ(’H ®C™m).

With respect to this decomposition, the distinguished variety
V= {(zl,ZQ) eD? | det (ry(z1) — z2iden) = ()}
is given by V = Vi U V1, where
Vo = {(21,22) € D? | det (78(21) — 29 idHo) = O}
and
Vi = {(21,22) € D? | det (1{:(21) — 22idg) = 0} .

As () = Ay € L (Ho) is unitary for all z € D, we have o (7J(z)) C T for all z € D
and hence

V= {(Z1722) e D? | det (Té(zl) — 29 idHl) = 0} _

Since A1 € L(H') is completely non-unitary, 7(z) does not have any unimodular eigen-
values for z € D by Proposition Due to Remark we obtain that

o (ri(2)) CD (z € D).
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5. Von Neumann Inequality

By Proposition both transfer functions 77, 7'(1] admit continuous extensions to the
closed unit disc D which we again denote by 7y and 7'[1]. In particular, the boundary
values 7y/(z) € L(Dry) and 7(2) € L(H!) are unitary for z € T and hence

o(ty(z)) C T and o(th(z) C T (z€T).

Let (21,29) € V C D2, Since o(7(2)) €D for z € D and (t5(2)) €T for 2 € T, we
conclude that z; € T if and only if zo € T. Since Té(z) are matrices for all z € T2, the
remaining assertion follows. O

A B

Proposition 5.5. Let U = <C D

> € L(C"® C™) be a unitary operator and let

V= {(Zl,ZQ) e D? | det (TU(Zl) — 29 id(Cn) = O} .
If o(1y(2)) €D for all z € D, then the identity

V= {(zl, 2) € D? | det (r7(21) — 2oiden) = o}
holds.

Proof. The inclusion C is obvious. By Proposition there exists an open disc
Dpr(0) with radius R > 1 such that 7y extends holomorphically to a function
v DR(0) — L£(C™). In particular, 7¢7(z) is unitary for z € T and hence

o(ry(z)) CT (z€T).
By Lemma it is enough to show that
{(2’1,22) e T? | det (17(z1) — 22iden) = O} cV.
Let (Z,w) € T? such that
det(ry(2) — widen) = 0.
Consider the analytic function
f: Dr(0) x C — C, (z,w) —> det(1y(z) — widcn).

An application of Rouché’s theorem allows one to show (see [9, Lemma 4.3]) that there
is a real number ry > 0 such that, for every n € N with % € (0,79), there is a §, > 0
with 6, < L and

D;, (2) x D1 () € Dp(0) x C.

Furthermore, for each z € Ds (Z) N D, the function f(z,-) has at least one zero in
D1 (w)ND. It follows that there are sequences (2 )nen in D and (wy,)pen in D such that

det(7(zn) — wp iden) = 0 for all n € N and

lim z, =2 and lim w, = w. ]
n—oo n—oo
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In the following, we consider pairs of commuting C.g-contractions (71,7%) € L(H)?
with finite dimensional defect spaces. Using Theorem we are able to prove the
following version of von Neumann’s inequality.

Theorem 5.6. Let (T1,T2) € L(H)? be a pair of commuting C.o-contractions with
dim Dy, < oo for i = 1,2. Then there ewists a distinguished variety V. C D? such
that

Ip(Th, T) || < [Ipllv
for all polynomials p € C[z1, 22].
Proof. By Theorem [4.3] it follows that

(Th,T2) = Po (Mz ® iClDT17]MTU) }Q

for the inner multiplier 7;: D — £ (Dr,) and the joint (MZ* ® idDTl,M;fU>—invariant
subspace Q = Iy H C H? (D, D7, ). Note that

-1
v(2) = A+ zB (idDT2 —ZD) C e L(Dp,) (z € D)

é g) € L(Dg, ® Drp,) as defined in
the beginning of Section Let A= Ay ® Ay € L(HY & H) on Dy, = H® @ H' be
the orthogonal decomposition of A into the unitary part Ag on H° and the completely
non-unitary part A; on ' as in Theorem By Proposition it follows that the
transfer function 7y of U decomposes into

is the transfer function of the unitary U = (

(z) = <T(O](§Z) %?z)) ceL(HaH') (2eD),

where
0(2) = Ao € L (H") (z e D)
and
—1 1
h(2) = 11, (2) = Ay + 2B (idDT2 —zD) Chu € L(H')  (zeD)

is the transfer function of the unitary operator

(A1 B 1
Ui = (C\Hl D> € L(H" & Dr,).

We first want to prove that

o(ty(z)) CD
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5. Von Neumann Inequality

for all z € D. By Proposition this will follow if we can show that the contraction
A € L(Dr,) is completely non-unitary, that is, if A9 € £(H") vanishes. With respect to
the decomposition

H? (D, Dp,) = H? (D, 1°) @ H? (D, H1),
the multiplication operator M., € L (H2 (D, DTl)) acts as the direct sum
MTU = AO (&) MTI1].

Let f € H? (D,HO). Define f,, = M!" f = A" f for n € N. Since

U

‘ <f7 HT1h> | = ‘ <M77?Ufn7HT1h> ‘ = ‘ <fnaM:;LHT1h> } = ‘ <fn7HT1T2*nh> ‘

(n—00)

Al Tz TR < (I FIHIT5™ ]| ———0

for all h € H, it follows that H? (]D, 7-[0) C (Im HTl)l or, equivalently,
Q =ImIly, C H? (D, H').
Since Iy, : H — H? (D, Dr, ) is a minimal dilation of 7j and H? (D, H!) is a (M. @ idy )-
reducing subspace of H?(ID, Dy, ), it follows that
H?*(D, D) = \/ 2"H? (D, H') = H* (D, H')
keN
(cf. [6, Section 2]). This shows H" = {0}. Therefore A = A; is completely non-unitary.
Consider the distinguished variety
V= {(Zl,ZQ) € ]D2 | det(TU(Zl) — 29 idDTl) = 0} .

By Proposition the transfer function 7y admits a continuous extentions to the
closed unit disc D which we again denote by 7. In particular, the boundary values
Tv(2) € L(Dry) are unitary for z € T.

Let p € C[z1, 22] be an arbitrary polynomial. Using Proposition and the maxi-
mum principle for holomorphic functions with values in Banach spaces, we obtain the
estimation

lp(T1, T2)|| = || Pop (Mz ® idDT17M7'U) ‘QH

(Poll||p (M. @ idp,, M, )|

IN

p<Z idpg, 77'U)

= sup Hp (z idpy, TU(2)> H
z€D

= sup Hp (z idp,, , TU(Z)> H
2€T
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Note that the norm and spectral radius of the normal operators p (z idel,TU(z)> €
L(Dr,) coincide for z € T. We obtain that

ilellT) Hp (z idDTI;TU(Z)>‘ = Zlel% sup {|/\| | A€o (p (z idDTl,TU(Z>>>}

= sup sup {]p()\l, X2)| | (A1, A2) €0 (z idpy, TU(Z)>}
z€T

< sup sup {|p()\1, X)| | A€o (z idDT1> A2 €0 (TU(Z))}
z€T

= ilelgsup{lp(%)\z)l | A2 € 0 (1u(2))}

by applying the spectral mapping theorem for the joint spectrum as well as Lemma [5.1
to the commuting normal pairs (z idpy, , TU(Z)> € L(H) for z € T. Since o (1y(2)) CD
for z € D, Proposition [5.5] shows that

{(2’1,22) ’ z21 € T, z9 € O'(TU(Zl))} - V.
In particular, since V C D2 is a compact set und p is continuous, we have proven that

Ip(T1, To)| < lplly = llpllv- -

Lemma [5.4] shows that Theorem is an improvement of von Neumann’s inequality
for pairs of commuting contractions.

Theorem in the case that 17,75 are commuting matrices was first proved with a
different method by Agler and McCarthy (see [2, Theorem 3.1]).

Corollary 5.7. Let T1,T> € L(C™) be commuting contractions neither of which has
eigenvalues of modulus one. Then there is a distinguished variety V C D? such that

Ip(T1, o) < llpllv
for all polynomials p € C[z1, 22].

Proof. By the spectral radius formula a contraction 7' € L£(C™) has no unimodular

eigenvalues if and only if T is of class Cg. Hence the result follows immediately from
Theorem [5.6] O

Using Remark [£.4] instead of Theorem [4.3] one obtains a similar proof of Theorem
More precisely, one finds that

Ip(T1, To)| < llplly (€ Clz1, 22))
for

V= {(21, z9) € D? ’ det <TU(22) — 2 idDTz) = 0} ,
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5. Von Neumann Inequality

where
—1
77(2) = D* + 2B* (idDT1 —zA*) C* € L(Dr,) (z€D)
. . . 5 D* B~
is the transfer function of the unitary operator U = o ar) € L(Dr, ® Dr,) as

defined in the beginning of Section In particular, Lemma shows that V is a
distinguished variety and coincides with the distinguished variety

V= {(21,22) e D? | det (TU(Zl) — 29 idDT1> = O}

constructed in the proof of Theorem

Example 5.8. Let H = H2(D) and let (T1,Ty) € L (HQ(D))2 be given by
(T17T2) == <M27MZ)

(cf. Example . Since Dyr, = Pc and thus Dy, = C, we obtain that the unitary
operator U defined in the beginning of Section[{.1] has the form

_012 2
U—<1 0>.C — C-.

Thus the transfer function 7y : D — L(C) is given by
v (z) = 2
for all z € D and we observe that
det(1py(21) — z2idc) = 21 — 2o

for all (21, z2) € D?. Hence, the distinguished variety V- C D? from the proof of Theorem
is given by

V ={(z7z2) | z € D}.

Before we are able to prove another version of von Neumann’s inequality, we recall
the definition of algebraic varieties.

Definition 5.9. A non-empty set V' C C? is called an algebraic variety if there is a
subset F' C Cl[zy, 22] such that

V =V(F)={(21,22) € C* | p(21,22) =0 for all p € F}.

It is easy to see that V(F U G) = V(F) N V(G) holds for any given subsets
F,G C C[z1,29]. Furthermore, by Hilbert’s basis theorem, for every F' C C|z1, 29]
there exist polynomials p1, ..., pm € C[z1, 22] such that V(F) = V({p1, ..., om})-
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Theorem 5.10. Let Th,T> € L(H) be commuting contractions such that T'Ty is a C.o-
contraction and dim Dy, < oo fori = 1,2. Then there exists an algebraic variety V C C?
with V N'T? # T? such that

Ip(Th, To)|| < llpllvare
for all polynomials p € C[z1, 22].

Proof. The proof of Thgorem [47] provides a pure pair of commuting isometries
(Mo, My) € L (H*(D,€))” as well as a joint (Mg, M}, )-invariant subspace Q C H*(DD, €)
such that

(T17T2) = PQ (Mfi)v M\I’) |Qv

where the multipliers &, U: D — £(&) are commuting transfer functions defined as
O(z2) = (P + ZPL) U* and U(z)=U (PL + zP) (z e D)

with a suitable unitary operator U € L(£) and a suitable orthogonal projection
P e L(€). Since dim Dy, < oo for i = 1,2, one can choose

E=Dp, & Dp, =C™

with m = dim(Dr, ® Dr,) (see the proofs of Theorem and Proposition [3.4)).

Both ® and ¥ can be extended to all of C by the same formulas. We denote these
extensions again by ® and W. Due to Proposition 2.23] ®(z) and ¥(z) are unitary
matrices for all z € T since dim D7, < oo for i =1,2.

Let p € C|z1, 22] be a polynomial. Using Proposition and the maximum principle
one obtains as before that

Ip(Ty, To) || = | Pop (Me, My) | o]
< [[Pallllp(Ma, My)]|

= || Mpo,u)

= sup||p (®(2), ¥ (2))||
zeD

= sup||p (®(2), ¥(2))|
z€T

Again, we use that the norm and spectral radius of the normal operators
p(®(2),¥(z)) € L(E) (2 € T) coincide:

ilelng@(Z),‘P(Z))ll = sup sup {|A| | A € o(p(®(2), ¥(2)))}

= itelgsup{lp(/\u)\z)l | (A1, A2) € 0(D(2), ¥(2))}

In the last step we have used the polynomial spectral mapping theorem for the joint
spectrum of the commuting normal pairs (®(z), ¥(2)) € L(E)? (2 € T).
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5. Von Neumann Inequality

For z € T and (A1, \2) € o(®(z), ¥(z)), it follows by Lemma [5.1] that
A2 € 0(P(2)¥(z)) = o(zidg) = {z}

and hence that Ay = 2.
Since ®(z) and ¥(z) are matrices for all z € C, the non-empty sets

Vi ={(A1,X2) € C? | det(®(A1A2) — A1idg) = 0}
and
Vo = {(A1,X2) € C? | det(T(A1A2) — A2idg) = 0}
define algebraic varieties. Thus, the set
V=Vinlh

is again an algebraic variety and we find that

U o(@(2),¥(2) C V.

z€T

In particular, since ®(z), U(z) are unitary for z € T, we find that

U o(@(2),¥(2)) c VT
z€T

Hence we have proven that

(T2, T2) || < llplly e

for every p € C[z1,22]. An elementary argument shows that V N T? # T2. Indeed,
otherwise V3 N T2 = T? and one would obtain the contradiction that

Neo <<1> <)\i>> — o (B(1)

forall A e T. O

Example 5.11. Let H = H?(D) and let (Ty,T) € £ (HQ(ID)))2 be given by
(TlaTQ) = (MZ,MZ)-

With the observations from Emample we find that & = C? and the orthogonal projec-
tions P, P+ € L(C?) from the proof of Theorem have the form

p— (8 2) €L(C) and P'— (é 8) € £(C?)
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With U = <§) (1)> € L(C?) as in Example we obtain that

(e (( )G E D= )
w=ue )= (G )+ )= )

for all z € C. Since

and

det (®(2z122) — z1idc2) = det <_1zl ijf) = z1(21 — 22) (21,22 € C),

and

det (U(z129) — 2zpide) = det <‘f2 Z_f;) =2(z1—2) (21,22 €C),

we conclude
Vi={0} xCU{(z,2) | z€ C} and Vo=Cx{0}U{(z,2) | z€C}.
Hence the algebraic variety from the proof of Theorem[5.1( has the form

V=VinV={(z2) |z €Ch.
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A. Cardinal Numbers

In this section we recall the concept of cardinal numbers and give some basic properties.
For the proofs of the following results and a more detailed approach to this topic, see
[10, Chapter 1.4].

With every set A we associate a symbol, called the cardinal number of A, such that
two sets A and B have the same symbol attached to them if and only if there exists a
bijection f: A — B. We will write A ~ B if such a bijection exists. In this case, we say
that A and B have the same cardinality. We write | A| to denote the cardinal number of A.

The main purpose of cardinal numbers is to compare the cardinality of different sets.
This leads to the following definitions.

Definition A.1. Let |A| = a and |B| = b for cardinal numbers a, b. We write a < b to
mean that there is a subset U C B of B such that |U| = a.

Definition A.2. A set A is said to be finite if there is a natural number n € N such
that A ~ {k € N | k <n}. A set that is not finite is called infinite.

Lemma A.3. Let A be an infinite set and let B be a finite set. If AN B = (), then
|A| = |AU B].
The sum of two cardinal numbers a and b is defined as the cardinal number of the

union of two disjoint representatives of a and b.

Definition A.4. Let a and b be cardinal numbers. Define a +b =|AU B| if A and B
are sets with a = |A|, b = |B| and AN B = 0.

It is important to notice that a 4+ b is defined for all cardinal numbers a, b, since it is
always possible to find appropriate sets A and B. In fact, if AN B # (), then define

Ao ={(a,0) | a € A} and By ={(b,1) | b€ B}

to obtain A ~ Ao, B~ Bo and A() N Bo = @
For the purpose of this thesis, we are particularly interested in the following result.

Theorem A.5. Let a be an infinite cardinal number. Then a + a = a. In particular, if
b is a cardinal number such that b < a, then a4+ b = a.
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