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Contractions

Let H be a complex Hilbert space.

Let T € B(H). The following assertions are equivalent:
TI<1)

T is a contraction (i.e.,
1/K(T,T*) >0, where

1 1

1—zw 1—(z,w)

K:DxD—C, (z,w) —

is the reproducing kernel of the Hardy space on the unit disc
H?(D).
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The shift operator M, € B(H?(DD)) satisfies
1

K

Every unitary U € B(H) fulfills
1

K

(M, M) = Pc > 0.

(U, U*) = 0.
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We say that a contraction T € B(#) belongs to the class Cq or is
pure if

Too = 707~ lim TNT*N = .
N—oco

The shift operator M, € B(H?(ID)) belongs to Cy.
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Theorem

Let T € B(H) be a contraction. Then

oo
mr: " — H*(D, D7), h > (DrT"h)z2",
n=0

where Dt = (1 — TT*)Y2 = (1/K(T, T*))Y/? and Dt = DTH, is
a well-defined bounded linear operator. Furthermore, we have

lwrhl|? = [|Al|* = (Toch, h)
for all h € H, and

nrTH = (MZDT)*WT.

Corollary

A contraction T € B(H) is in Cq if and only if T1 is an isometry.
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The Cq case

Corollary

Let T € B(#) be an operator. The following statements are
equivalent:

T is a contraction which belongs to C,

there exist a Hilbert space D, and an isometry
7. H — H3(D, D) such that

TT* = (MP)*r.
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A Beurling type theorem

If T € B(H) is a Co-contraction and S € Lat(T), then T|s is also
C.g-contraction.

Let & be a Hilbert space. For S C H*(D, &), the following
statements are equivalent:

S € Lat(M¢),
there exist a Hilbert space D, and a bounded analytic function
0: D — B(D,E) such that

My: H?(D, D) — H*(D, ), f s Of

is a partial isometry with Im(My) = S.

K-contractions
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The general case

Let T € B(H) be an operator and write Hx = H?(D). The
following statements are equivalent:

1/K(T,T*) >0,
there exist Hilbert spaces D and K, a unitary operator
U € B(K), and an isometry 1N: H — Hx(D) @ K such that

nr* = (M? ¢ U) .

Question

For which reproducing kernels K does an analogue theorem hold?
What happens if we look at commuting tuples
T=(T1,...,Ty) € B(H)9?
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Unitarily invariant spaces on By

Let (an)nen be a sequence of positive numbers with ag =1 and
such that

k(z)=> apz" (zeD)
n=0

defines a holomorphic function with radius of convergence at least
1 and no zeros in the unit disc D. The map

o
K:By xBy — C, (z,w) »—>Zan<z,w>”
n=0
defines a semianalytic positive definite function and hence, there
exists a reproducing kernel Hilbert space Hx C O(By) with kernel
K. The space Hy is a so called unitarily invariant space on Bgy.

.
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Furthermore, we assume sup,cy an/an+1 < 0o such that the
K-shift M, = (M, ..., M,,) € B(Hk)9 is well-defined.
Since k has no zeros in D, the function

1 1
ED%C, Zf—)@

is again holomorphic and hence admits a Taylor expansion
1 o0
(2= ZO cz"  (zeD)

with a suitable sequence (c,)pen in R.
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If a, =1 for all n € N, then Hg is the Hardy space (d = 1) or
the Drury-Arveson space (d > 2).
If v > 0and a, = a%) = (=1)"(7)) for all n € N, then
1
(1= (z,w))”

i.e., Hew) is a generalized Bergman space.

K(z,w) =KW (z,w) = (z,w € By),

The space Hg is a complete Nevanlinna-Pick space if and only
if

¢, <0

for all n > 1.
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Let T=(Ty,..., Ty) € B(H)9 be a Commuting tuple. Define

(;) (T, T%) chaTu

for all N € N, where

d
or: B(H) = B(H), X = Y _ T XT;.
i=1
Furthermore, we write
1 1
(T, T =10 lim (=) (T, T*
g (T T7) = 7sor Ni“oo<K>N( )
if the latter exists.
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Let T € B(H)? be a commuting tuple.
We call T a K-contraction if 1/K(T, T*) > 0.

We call T a spherical unitary if T satisfies o7(1) =1 and
consists of normal operators.

Ifd=1,a KW)_contraction is a contraction.

Ifd>2 a K1) _contraction is a row contraction.

Let m € N*. We call a commuting tuple T € B(#)9 an
m-hypercontraction if T is a K(Y)-contraction for all
L=1,...,m.

K-contractions 13
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Proposition (Chen)
If there exists a natural number p € N such that
cpn>0foralln>p or c,<0foralln>p
holds, then
1

oo
1o (Me, M) = Pc - and > Jeal < oo
n=0

SEE

The condition above is satisfied in the case when Hk is a
generalized Bergman space,

complete Nevanlinna-Pick space.

For the rest of this section, we suppose that the condition in the
last proposition holds.

K-contractions
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Let T € B(H)? be a K-contraction. We define

N 1
Y 1 _ n | * *
M(T)=1-> amof (K(T, T ))

n=0

for N € N and write

Z(T) = 7SQT- ||m ZN(T)
N—oo

if the latter exists. If X(T) =0, we call T K-pure.

Remark

If K=KW and T € B(H)9 is a K(M-contraction, then
n(T) =07 (1)

for all N € N, and hence,
Y(T)=Tx >0.
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Let T € B(H)? be a K-contraction such that ¥(T) exists. The
map

|
Tr: H — HK(DT), h— Z <aa||Z|I-DTT*0¢h> Za’
aeNd '

where DT = (1/K(T, T*))% and Dt = DtH, is a well-defined
bounded linear operator. Furthermore, we have

lmrhl|? = ||Al* = (Z(T)h, h)
for all h € H and
T = (M;,)T)*TFT

foralli=1,...,d.
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The pure case

Theorem (Eschmeier, S.)

Let T € B(H)? be a commuting tuple. The following statements
are equivalent:

T is a K-contraction which is K-pure,

there exist a Hilbert space D and an isometry I: H — Hk (D)
such that

N7+ = (M2)N
foralli=1,....,d.

K-contractions 17
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A Beurling type theorem

Theorem (Eschmeier, S.)

Let £ be a Hilbert space. For S C Hk(E), the following statements
are equivalent:

S € Lat (M¢) and ME|s is K-pure,

there exist a Hilbert space D and a bounded analytic function
0: By — B(D, &) such that

Mg: HK(D) — HK(E), f—0-f
is a partial isometry with Im(Mp) = S.

K-contractions 18
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The general case

We call a K-contraction T € B(H)? strong if £(T) > 0 and
Y(T)=o7(X(T)) holds.

Remark

If a K-contraction is K-pure, then it is also strong. Hence, the
K-shift M, € B(Hk)? is a strong K-contraction.

Every spherical unitary is a strong K-contraction.

K-contractions 19
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Let T € B(H)? be a strong K-contraction. Then there exist a
Hilbert space £ with ¥(T)Y/?>H C L, and a spherical unitary
W € B(L)9 such that

(T)Y2T*h = Wyx(T)?h

forallhe€ H and i=1,...,d. Furthermore, L and W can be
chosen such that

£=\/{Wes(T)?h; a e N and he M}

holds.

K-contractions 20
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Let T € B(H)? be a strong K-contraction. Using the notations
from the last lemma, we define

Nr:H — He(D1) ® L, h— nrh@ X(T)Y2h,
Then Tt is an isometry with
NrTr = (M2 e W) Ny
for i=1,...,d. Furthermore, one can achieve that

c=\/{wes(T)2h; ae N and he H},

which will be assumed further on.

K-contractions 21
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Theorem (Eschmeier, S.)
Let T € B(H)? be a commuting tuple. The following statements
are equivalent:

m T is a strong K-contraction,

m there exist Hilbert spaces D, K, a spherical unitary
U € B(K)9, and an isometry M: H — Hyk (D) ® K such that

N7y = M2 U)N (i=1,...,d).
If we assume that Hy is regular, i.e., lim,_oc an/an+1 = 1, then
the above are also equivalent to
m there is a unital completely contractive linear map
p: span {1, My, M, M ;i = 1,...,d} — B(H) with

zp

p(M) =T, p(MuM2) =T, T (i=1,....d).
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The Toeplitz algebra

Suppose that H is regular and that

(M M) = Pe e\ Mem? ;0 e N}

If K = K") for v > 1, then the above conditions are satisfied.

The Toeplitz algebra C*(M,) coincides with the closed linear span
of{MZO‘MZ’B ca, € Nd}, ie.,

C*(My) = \/ {M;M;B Lo, € Nd} .
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Factorizations of coextensions

Theorem (Eschmeier, S.)

Let T € B(H)? be a strong K-contraction. Furthermore, let D, K
be Hilbert spaces, U € B(K)? a spherical unitary, and let
M: " — Hk(D) & K be an isometry such that

N7y =M2eU)N (i=1,...,d).

Then there exist isometries Vs € B(D1,D) and V, € B(L,K) such
that the diagram

3—" D) ek

commutes.
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Radial K-hypercontractions

Let m € N* and let T € B(H)9 be a K™ -contraction. Then, for
0 < r <1, the tuple rT € B(H)? is a K{™-pure K™ -contraction.

Definition

We call a commuting tuple T € B(H)? with o(T) C By a radial
K-hypercontraction if, for all 0 < r <1, T € B(H)d is a
K-contraction.

Example

Spherical unitaries are radial K-hypercontractions.

K-contractions 25
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We define

kr: D — C, z+ k(rz) (r €[0,1]).

For r,s € [0,1], the function ks/k, has a Taylor expansion on D

o
Z an(s,r)z".
n=0

Note that
an(1,0) =a, and a,(0,1)=c, (neN).
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Remark (Guo, Hu, Xu)

If Hy is regular, then o(M,) C By.

From now on, we suppose that Hk is regular.

Proposition (Olofsson)

The K-shift M, € B(Hk)? is a radial K-hypercontraction if and
only if

an(L,r) >0
forallne N and 0 < r < 1.

Remark (Olofsson)

If Hk is a complete Nevanlinna-Pick space or a generalized
Bergman space, then M, is a radial K-hypercontraction.
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Proposition (Olofsson)

Suppose that M, is a radial K-hypercontraction. Let T € B(H)?
be a radial K-hypercontraction. Then
1 1
— (T, 7Y = -lim —(rT,rT*
Krad( ) ) 7soT rl—r;nl K(r ) I )
exists and defines a positive operator.

Corollary

If M, is a radial K-hypercontraction, then
1

= (Mg, M) = Pe.
Krad( ) c
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Theorem (Eschmeier, S.)

Suppose that M, € B(Hy)9 is a radial K-hypercontraction. Let
T € B(H)? be a commuting tuple. The following assertions are
equivalent:

T is a radial K-hypercontraction,
there exist Hilbert spaces D, IC, a spherical unitary
U € B(K)9, and an isometry N: H — Hx(D) © K such that
nTr=MPeUYT  (i=1,...,d)

there is a unital completely contractive linear map
p: S — B(H) on the operator space
S = span {1, My, M M3 i=1,..., d} with

zp !

p(Mzi) =T, p(MZiM;,') = TiTi>k (i =1..., d)
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Theorem (Eschmeier, S.)
Let v >0 and let T € B(H)9 be a commuting tuple. The following
assertions are equivalent:

T is a radial K()-hypercontraction,

T is a strong K(")-contraction,

there exist Hilbert spaces D, K, a spherical unitary
U € B(K)9, and an isometry M: H — Hy)(D) © K such that

N7 =M2aU)N  (i=1,...,d),

there is a unital completely contractive linear map
p: S — B(H) on the operator space
S = span {1, M, M M} ; i=1,..., d} with

zi

p(M) =T, p(MuM2) = T;TF (i=1,....d).
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v-hypercontractions

Definition
Let ¥ > 1 be a real number. We call a commuting tuple
T € B(#H)? an v-hypercontraction if

1 * S n
<D T =73 clo(1) > 0
n=0

forall 1 <pu<w.

Remark (Agler; Miiller, Vasilescu)

Let m € N*. A commuting tuple T € B(H)% is a
m-hypercontraction if and only if T is a row contraction and a
K(m)_contraction.
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Theorem (Olofsson; Eschmeier, S.)

Letv > 1 and let T € B(H)9 be a commuting tuple. The following
assertions are equivalent:

T is a row contraction and a radial K(")-hypercontraction,
T is an v-hypercontraction,
T is row contraction and a K(”)—contraction,
T is a strong K (“)_contraction.
In this case, we have X(T) = Tw.

K-contractions 32



Contractions K-contractions

Radial K-hypercontractions ©©
0000000

0000000000000000 0000000000 ullllwll

UNIVERSITAT
IIIHWI||

SAARLANDES

A Beurling type theorem for v-hypercontractions

Theorem (Eschmeier, Klauk, S.)

Let £ be a Hilbert space and S C Hy.)(E) be a subspace. For

ME € B(Hyk)(€))? and 1 < p < v, the following statements are
equivalent:

S € Lat (Mf) and ME|s is a K(")-contraction,
S € Lat (M¢) and ME|s is a p-hypercontraction,
there exist a Hilbert space D and a bounded analytic function
0: By — B(D,E) such that
Mo: Hyuw (D) = Hkw(€), F—80-f
is a partial isometry with Im(My) = S.
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Theorem (Sarkar)

Let £ be a Hilbert space and let H(E) C O(B,, E) be a
reproducing kernel Hilbert space of analytic functions such that
ME € B(H(E))" is a row contraction as well as S C H(E). Then
the following statements are equivalent:

S € Lat (MY),

there exist a Hilbert space D and an analytic function
0: B, — B(D,E) such that

My: He)(D) — H(E), f—0-f
is a partial isometry with Im(Mp) = S.
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