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Contractions
Let H be a Hilbert space.

Let T € B(H). We call T a contraction if || T|| < 1.

Lemma

Let T € B(#) and define
or: B(H) — B(H), X v TXT™.

The following assertions are equivalent:
T is a contraction,
T* is a contraction,
1-TT* >0,
1-o7(1) 2 0.

.
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Hardy space
The function

1 1
K:DxD—C, (z,w) —~

1—zW:1—<z,W>

is the reproducing kernel of the Hardy space on the unit disc, i.e.,
we have K(-,w) € H3(D) and

(f,K(-;w)) = f(w)

for all w € D and f € H?(D), where

:{f:kaszC’)( SFals nyk\ <oo}
k=0
and, for f =300 2k, g =Y 2 a2k € H2( ),

g)=> fig.
k=0

K-contractions



K-contractions
000000000000 000000

Classical situation
00@0000000000

Radial K-hypercontractions ul®'®||u UNIVERSITAT

0000000000 (TIT| DEs
PLGU  saarLANDES

Furthermore, we have

and
1

= Z (z, W>k

k=0

R(z w)=1-—(z,w)

for all z,w € D.

Proposition

An operator T € B(H) is a contraction if and only if

(T =

K K

T =1-0r)>0.

K-contractions
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Proposition

The map

o0

p: A(N) = HA(D), (ak)ken = Y a2
k=0

is an Hilbert space isomorphism.

Let S € B(¢?(N)) be the right shift on ¢2(N). The operator
M, € B(H?(D)) defined by

M, = pSp*
satisfies
(M,f)(z) = zf(2)

for f € HQ(ID)) and z € D, i.e., M, is the multiplication operator on
H?(D) with symbol z. We call M, the shift operator on H?(DD).

K-contractions 5
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Lemma

The following statements hold:
The shift operator M, € B(H?(D)) satisfies
1

Every coisometry VV € B(H) satisfies

<) =o.

In particular, every unitary U € B(H) fulfills

1
<) =0.

K-contractions 6
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Lemma
Let T € B(H) be a contraction. Then

Too = TSOT- lim O'#(].) = T80T- lim TNT*N
N—oo N—oo

exists and defines a positive operator.

Definition
We say that a contraction T € B(#) belongs to the class Cq or is
pure if

Too =

Example
The shift operator M, € B(H?(DD)) belongs to Cy.

.
K-contractions
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Let T € B(H) be a contraction. Then

o0
mr:H = H(D) @Dy, h Y z2*® Dy T,
k=0

where D1 = (1 — TT*)V/2 = (1/K(T))'/? and Dt = D7H, is a
well-defined bounded linear operator. Furthermore, we have

2
Imrhll? = [1AI = (Tooh, ) = 1A — || T2/24]
for all h € H, and
7TTT>(< = (MZ & 1DT)*7TT.

K-contractions 8
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The Cq case

Corollary

A contraction T € B(#) is in Cyq if and only if T1 is an isometry.

Corollary

Let T € B(H) be an operator. The following statements are
equivalent:

T is a contraction which belongs to C,

there exist a Hilbert space D, and an isometry
7: H — H*(D) ® D such that

mT* = (M, ®1p)*n.

K-contractions 9
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Beurling’s theorem

If T € B(H) is a Cp contraction and S € Lat(T), then T|s is also
C.g contraction.

Let T € B(H) be a Co contraction and S C H. The following
assertions are equivalent:

S € Lat(T),
there exist a Hilbert space D, and a partial isometry
Y: H*(D) ® D — H with

T = ¢(M; ® 1p)

and Im(¢)) = S.

K-contractions 10
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Theorem (Beurling)

Let S C H*(D). The following statements are equivalent:
S € Lat(M,),

there exist a Hilbert space D, and an analytic function
0: D — B(D,C) such that

My: H*(D) ® D — H?*(D), f — Of
is a partial isometry with Im(Mpy) = S.

K-contractions 11
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The general case

Let T € B(H) be a contraction. Then there exist a Hilbert space

KT with T;O/LH C K7 and an unitary operator Ut € B(Kt) such
that

TY2T* = UsTY2.
Furthermore, K1+ and Ut can be chosen such that

ICT:\/{U-’}Tgo/zh; keNandhE’H}.

K-contractions 12
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Let T € B(#) be a contraction. The operator
Nr:H — (HAD) D7) ® KT, hs nrh® TXh
is an isometry which satisfies

MNyr7 = ((Mz ® ].DT) D UT)*HT.

Theorem

Let T € B(H) be an operator. The following statements are
equivalent:

T is a contraction,

there exist Hilbert spaces D and IC, an unitary operator
U € B(K), and an isometry M: H — (H*(D) ® D) @ K such
that

n7*=(M,®1p)® U)T.

K-contractions 13
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If we use the notation Hx = H?(DD), we can reformulate the last
theorem.

Let T € B(#) be an operator. The following statements are
equivalent.

1/K(T) > 0.
There exist Hilbert spaces D and K, an unitary operator
U € B(K), and an isometry IN: H — (Hx ® D) & K such that

NT* = (M, ® 1p) & U)*1.

Question

For which reproducing kernels K does the theorem above hold?
What happens if we look at commuting tuples
T = (Tl,.. . Tn) € B(H)n?

K-contractions 14
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Unitarily invariant spaces on B,

Let (ak)ken be a sequence of positive numbers with ag = 1 and
such that

k(z) = i arz" (zeD)
k=0

defines a holomorphic function with radius of convergence at least
1 and no zeros in the unit disc D. The map

o0
K:B,xB,—C, (z,w) — Zak<z,w>k
k=0
defines a semianalytic positive definite function and hence, there
exists a repdroducing kernel Hilbert space Hx C O(B,) with kernel
K. The space Hy is a so called unitarily invariant space on B,,.

.
K-contractions 15
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We have that

for all z, w € B,,. Furthermore, one can show that

1 ol
Hk=qf=> faz* € OB,); [P =) ——|ful® <o
aENn a€ENn A \a|.
Since k has no zeros in D, the function
1

1
ED%C, ZHTZ)

is again holomorphic and hence admits a Taylor expansion
1 o0
E(Z) = kz_o crz” (z e D)

with a suitable sequence (ck)ken in R.

K-contractions 16
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If ax =1 for all k € N, then H is the Hardy space (n=1) or
the Drury-Arveson space (n > 2).
If v >0 and ax = aE(") = (=1)%(7”) for all k € N, then
1
(1= (z,w))”

i.e., Hew) is a weighted Bergman space.

K(z,w) = KW (z,w) = (z,w € B,),

The space Hg is an irreducible complete Nevanlinna-Pick
space if and only if

CkSO
for all kK > 1.

K-contractions 17
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Let T=(T1,..., Tp) € B(H)" be a commuting tuple. Define

or: B(H) = B(H), X =Y _ TXT;
i=1
and

(;)Nm = écko—é(l)

for all N € N. Furthermore, we write

o g (1), 0

if the latter exists.

K-contractions 18
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Let T € B(H)" be a commuting tuple.
We call T a K-contraction if 1/K(T) > 0.
We call T a row contraction if T is K(1_contraction, i.e.,
1
K@)
We call T a row unitary or spherical unitary if T is a row
isometry (i.e. o7(1) = 1) and consists of normal operators.

If 329° , ck is absolutely convergent (e.g. if K = K(*) for v > 0)
and T € B(#H)" is a row contraction, then

%(T) = 7'””— Z ckal-;—(l).
k=0

(T)=1-07(1) >0.

K-contractions 19
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If n =1, a row contraction is a contraction.

Let m € N*. We call a commuting tuple T € B(H)" an
m-hypercontraction if and only if T is a row contraction as
well as a K(™)-contraction.

Definition
Let i € {1,...,n}. We define
(M, f)(z) = zif(z) (f € Hk, z € By).

Then M,,: Hx — Hy is a well-defined bounded operator on H if
and only if sup, <y aiL < 00. From now on, we shall assume that
this condition holds.

We call the commuting tuple M, = (M_,,..., M,,) € B(Hk)" the

K -shift on Hg.

K-contractions
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The K-shift M, € B(Hk)" is a row contraction if and only if
ag < agy1 for all k € N.

If v > 1, then M, € B(Hy())" is a row contraction.
If 0 <v <1, then M, € B(Hy))" is not a row contraction.

K-contractions 21
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Let T € B(H)" be a K-contraction. We define
N 1
ZN(T) =1- Zakal} (K(T)>
k=0
for N € N and write

Z(T) = T80T~ Iim ZN(T)
N—o0

if the latter exists. If X(T) =0, we call T pure.

Remark

If K=K® and T € B(H)" is a row contraction, then
En(T) =07 (1)

for all N € N, and hence,
Y(T)=Tx >0.

K-contractions 22



Classical situation K-contractions Radial K-hypercontractions ()  NIVERSITAT
0000000000000 000000008000 000000 0000000000 ul"”"“u DES
PG  saARLANDES

Let T € B(H)" be a K-contraction such that the sequence
(Xn(T))nen is norm-bounded. The map

all o

m7: H—> Hck @Dy, h— Z a|a’a£(za ® DT T h),

aeNn
where Dt = (1/K(T))? and Dy = D1H, is a well-defined
bounded linear operator. Furthermore, we have
lmrhl|? = ||Al]> = (Z(T)h, h)
for all h € H and
7TTT,'* = (Mz,- & 1DT)*7TT

foralli=1,...,n.

K-contractions 23
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Remark

In the setting of the last proposition, if T is pure, then 71 is an
isometry. Conversely, if 71 is a well-defined isometry, then the
proof of the last proposition shows that T is pure.

In many cases (e.g. if K = K(*) for v > 0) we have that

1
—(M,) = Pc.
(M) = P
Assume that 1/K(M,) = Pc. The K-shift M, € B(Hk)" satisfies
Yy(M;)>0

for all N € N and is pure.

K-contractions 24



Classical situation K-contractions Radial K-hypercontractions ()  NIVERSITAT
0000000000000 000000000080 000000 0000000000 ul"”"“u DES
PG  saARLANDES

The pure case

Theorem (Eschmeier, S.)

Assume that 1/K(M,) = Pc. Let T € B(H)" be a commuting
tuple. The following statements are equivalent:

T is pure,
there exist a Hilbert space D and an isometry
MN:H— Hgk @D
such that
NT* =Mz ®1p) N

foralli=1,..., n.

K-contractions 25
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Beurling’s theorem

Proposition (Eschmeier, S.)

Assume that 1/K(M,) = Pc. Let T € B(H)" be pure and S C H.
The following statements are equivalent:
S € Lat(T) and T|s is pure,

there exist a Hilbert space D, and a partial isometry
7: He ® D — H with

Tim = (Mg ® 1p)
foralli=1,...,nandIm(7)=S.

K-contractions 26
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Theorem (Eschmeier, S.)

Assume that 1/K(M,) = Pc. Let £ be a Hilbert space,
H(E) C O(B,, &) a reproducing kernel Hilbert space, and let

M, € B(H(E))" be pure. For S C H(E), the following statements
are equivalent:

S € Lat(M,) and M,|s is pure,

there exist a Hilbert space D and an analytic function
0: B, — B(D,E) such that

Mg: HK(D) — H((‘:), f—60-f
is a partial isometry with Im(Mp) = S.

K-contractions 27
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Theorem (Sarkar, 2016)

Let £ be a Hilbert space and let H(E) C O(B,,E) be a
reproducing kernel Hilbert space of analytic functions such that
M, € B(H(E))" is a row contraction as well as S C H(E). Then
the following statements are equivalent:

S € Lat(M,),

there exist a Hilbert space D and an analytic function
0: B, — B(D,&) such that

My: He)(D) — H(E), f—0-f
is a partial isometry with Im(Mp) = S.

K-contractions 28
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The general case

We call a K-contraction T € B(H)" strong if X(T) > 0 and
Y(T)=o07(X(T)) holds.

Remark

Every pure K-contraction is a strong K-contraction. Hence, the
K-shift M, € B(Hk)" is a strong K-contraction if we assume that
1/K(M;) > 0.

K-contractions 29
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Let V € B(H)" be a row isometry.
The limit
] N

_ o k
R(V) = TSOT- ,\}inoo kZ—O ckoy (1)

exists if and only if the series )" ; cx converges.
The tuple V is a K-contraction if and only if ;- cx > 0.

Assume that Y gk =1/> 77 gak € [0,00). Then V is a
strong K-contraction.

If >"%2 o c« is abolutely convergent, then Y07y cx =1/> 77 o ax.

K-contractions 30
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Lemma

Let T € B(H)" be a strong K-contraction. Then there exist a

Hilbert space K1 with ):(T)%H C K7, and a spherical unitary
Ut € B(K1)" such that

L(T): T/ = Urix(T)}

for all i =1,...,n. Furthermore, K1 and Ut can be chosen such
that

Kr =\ {U$Z(T)3h; a e N" and h e}
holds.

K-contractions 31
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Theorem (Eschmeier, S.)

Assume that 1/K(M,) = Pc and Y- gck =1/ 12 g ak € [0, 00).
Let T € B(H)" be a commuting tuple. The following statements
are equivalent:

T is a strong K-contraction,

there exist Hilbert spaces D, K, a spherical unitary
U € B(K)", and an isometry

MN:H— (HkD)a K
such that
N7} = ((My ®1p) & UM

foralli=1,..., n.

K-contractions 32
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Radial K-hypercontractions

Let m € N* and let T € B(H)" be a K{™)-contraction. Then, for
0 < r <1, the tuple rT € B(H)" is a pure K(™-contraction.

Definition
We call a commuting tuple T € B(H)" with o(T) C B, a radial

K-hypercontraction if, for all 0 < r <1, rT € B(H)" is a
K-contraction.

K-contractions 33
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Every row isometry is a radial K-hypercontraction.

We define

k: D — C, z+ k(rz) (relo,1)).
For r,s € [0, 1], the function ks/k, has a Taylor expansion on D

o0
Z ak(s, r)z*.
k=0

Note that
ak(1,0) = ax and ax(0,1) = ¢ (k € N).

K-contractions 34
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Remark (Guo, Hu, Xu)

If limg 00 ak/aks1 = 1, then o(M,) C B,. From now on, we shall
assume that this condition holds.

Proposition

The K-shift M, € B(Hk)" is a radial K-hypercontraction if and
only if

ak(lvr)zo
forall ke N and 0 < r < 1.

Remark (Olofsson)

All irreducible complete Nevanlinna-Pick spaces and all weighted
Bergman spaces fulfill the property above.

K-contractions 35
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Proposition

Assume that M, is a radial K-hypercontraction. Let T € B(H)" be
a radial K-hypercontraction. Then

1 1

— (T)= -lim —(rT
#..q ) = sot- lim 2(rT)
exists and defines a positive operator.

Corollary

If M, is a radial K-hypercontraction, then
1

— M,) = Pc.
Krad( ) c

K-contractions 36
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Theorem (Olofsson; Eschmeier-S.)

Assume that M, is a row contraction and a radial
K -hypercontraction (and another technical assumption). Let
T € B(H)" be a commuting tuple. The following are equivalent:

T is a row contraction as well as radial K-hypercontraction,
T is a strong K-contraction,

there exist Hilbert spaces D, K, a spherical unitary U € B(K)",
and an isometry I: H — (Hk ® D) & K such that

N7 = (M, ®1p)® U)'N (i=1,....n).

In this case, we have

- 1
Z(T) = Ts and TSOT-ZakUk,- <K(T)) + T = 1.
k=0

K-contractions 37
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v-hypercontractions

Remark (Agler; Miiller, Vasilescu)

Let m € N*. A commuting tuple T € B(H)" is a
m-hypercontraction if and only if T is K(K)-contraction for
1< k<m.

Definition

Let ¥ > 1 be a real number. We call a commuting tuple
T € B(H)" an v-hypercontraction if
1

i (1) =T > oMok =0
k=0

forall 1 <pu<w.

K-contractions 38
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Theorem (Olofsson; Eschmeier, S.)
Letv>1andlet T € B(H)" be a commuting tuple. The following
assertions are equivalent:

T is a row contraction and a radial K(*)-hypercontraction.

T is an v-hypercontraction.

T is row contraction and a KW)-contraction.

B T is astrong K () _contraction.

There exist Hilbert spaces D, KC, a spherical unitary
U € B(K)", and an isometry

MN:H— (Hewy ®D)D K
such that
N7/ = (M @ 1p) @ U;)*N
foralli=1,..., n.

K-contractions 39
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Beurling's theorem for v-hypercontractions

Theorem (Eschmeier, Klauk, S.)

Let £ be a Hilbert space and S C Hy.)(E) be a subspace. For

M, € B(Hxw))" and 1 < u < v, the following statements are
equivalent:

We have S € Lat(M,) and M,|s is a p-hypercontraction,

there exist a Hilbert space D and an analytic function
0: B, — B(D,E) such that

My : HK(H)('D) — HK(U)(g), f—6-f
is a partial isometry with Im(My) = S.

K-contractions 40
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Current work

Theorem (Eschmeier, S.)

Assume that limy_, o ax/ax+1 = 1 and M, € B(Hk)" is a radial
K-hypercontraction. Let T € B(H)" be a commuting tuple. The
following assertions are equivalent:

T is a radial K-hypercontraction,
there exist Hilbert spaces D, K, a spherical unitary U € B(K)",
and an isometry I: H — (Hk ® D) & K such that
N7 =((M; ®1p) @ U;)*N (i=1,....n),

there is a unital completely contractive linear map
p: S — B(H) on the operator space
S = span {1, M, M M3 ;i = 1,...,n} with

zj !

p(Me) = oy p(Mo M) = TiT7 (i=1,....n).

K-contractions 41
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Theorem (Eschmeier, S.)

Letv >0 and let T € B(H)" be a commuting tuple. The following
assertions are equivalent:

T is a radial K()-hypercontraction,
T is a strong K()-contraction,
there exist Hilbert spaces D, K, a spherical unitary U € B(K)",
and an isometry 1N: H — (Hxw) ® D) @ K such that
N7 =(M;1p)@ U)*n  (i=1,...,n),

there is a unital completely contractive linear map
p: S — B(H) on the operator space
S = span {1, My, M, M ;i = 1,...,n} with

zi !

p(Mz) =T, IO(MZIM:,') =T;T{ (i=1,...,n).
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