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The classical problem

Let T be the unit circle in C with the canonical probability measure
m.
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The classical problem c aints and formulation of the proble

Let T be the unit circle in C with the canonical probability measure

|3

Definition
We call

H?(m) = {f € L%(m); f(n)=0forall n< 0} C L?(m)

the Hardy space with respect to m.
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The classical problem ints and formulation of the problem Viain r Open questions

Definition
Let f € L°°(m). We call the compression of the multiplication

operator
M : L2(m) — Lz(m), g fg

to H?(m) the Toeplitz operator with symbol fand denote it by T,
i.e.

Tf = PHZ(m)Mf|H2(m)7
where Py : L2(m) — H?(m) is the orthogonal projection onto
H?(m).
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The classical problem c aints and formulation of the proble result Open questions

Theorem (Brown-Halmos condition |, 1964)

An operator X € B(H?*(m)) is a Toeplitz operator (i.e. there exists
a f € L°°(m) such that X = T¢) if and only if

T:XT, — X =0,

where z € L°°(m) is the identity map.
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The classical problem C nts and formulation of the problem

Define

H>(m) = L>®(m) N H?*(m) C L*°(m)
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The classical problem raints and formulation of the problem Main result Open questions

Define

H>(m) = L>®(m) N H?*(m) C L*°(m)
and we call
Im={f € H®(m) ; |f| =1 m-a.e.}

the set of inner functions with respect to m.
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The classical problem ints and formulation of the problem V es Open questions

Definition
Define

H>(m) = L>®(m) N H?*(m) C L*°(m)
and we call
Im={f € H®(m) ; |f| =1 m-a.e.}

the set of inner functions with respect to m.

Theorem (Brown-Halmos condition II)

An operator X € B(H?(m)) is a Toeplitz operator if and only if
T'XT,— X =0

for all u € I,,.
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The classical problem nts nr Open questions

Theorem (Gu, 2004)

An operator X € B(H?(m)) is a finite rank Toeplitz perturbation
(i.e. there exist a f € L°°(m) and F € F(H?(m)) such that
X = T¢+ F) if and only if

T*XT, — X € F(H*(m))

for all u € I,,.
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The classical problem nts nr Open questions

Theorem (Xia, 2009)

An operator X € B(H?*(m)) is a compact Toeplitz perturbation
(i.e. there exist a f € L°°(m) and K € K(H?(m)) such that
X = Tr + K) if and only if

TIXT, — X € K(H?*(m))

for all u € I,,.
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The classical problem ints and formulation of the problem ai Open questions

Let p € [1,00) and let H be a Hilbert space. An operator
S € B(H) is a Schatten-p-class operator if

IS5 = r(1SIP) = D_ (ISP e, &) = = ((5°S)%e,e) < o

ee& ecf

for some orthonormal basis £ of H.

Dominik Schillo

Schatten-p-class perturbations of Toeplitz operators



The classical problem ai Open questions

Definition |

Let p € [1,00) and let H be a Hilbert space. An operator
S € B(H) is a Schatten-p-class operator if

IS5 = r(1SIP) = D_ (ISP e, &) = = ((5°S)%e,e) < o

ecf eel

for some orthonormal basis £ of H. Furthermore, we set
Sp(H) = {S € B(H) ; IISl, < oo}

equipped with HHP
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The classical problem ai Open questions

Definition |

Let p € [1,00) and let H be a Hilbert space. An operator
S € B(H) is a Schatten-p-class operator if

IS5 = r(1SIP) = D_ (ISP e, &) = = ((5°S)%e,e) < o

ee& ecf

for some orthonormal basis £ of H. Furthermore, we set
Sp(H) = {S € B(H) ; [ISll, < o}
equipped with [|-[| , and
So(H) = F(H) aswell as So(H) = K(H)

both equipped with the operator norm.
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The classical problem

Theorem

Let p € {0} U[1,00]. An operator X € B(H?*(m)) is a Sp(H?(m))
Toeplitz perturbation (i.e. there exist a f € L°°(m) and
S € Sp(H?(m)) such that X = T¢ + S) if and only if

TiXT, — X € Sp(H?*(m))

for all u € I,,.
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The classical problem Constraints and formulation of the problem Main result Open questions
000

Toeplitz operators

Let D be the unit disc in C and O(D) be the set of all scalar-valued
analytic functions on ID. We call

AD) = {f € C(D) ; flp € O(D)}

the disc algebra.
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ical problem Constraints and formulation of the problem ain result Open questions
000

Toeplitz operators

Let D be the unit disc in C and O(D) be the set of all scalar-valued
analytic functions on ID. We call

AD) = {f € C(D) ; flp € O(D)}
the disc algebra.

Proposition

The following statements hold.
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ical problem Constraints and formulation of the problem Viai Open questions
000 O OC

Toeplitz operators

Let D be the unit disc in C and O(D) be the set of all scalar-valued
analytic functions on ID. We call

AD) = {f € C(D) ; flp € O(D)}
the disc algebra.

Proposition

The following statements hold.
(i) H(m) = AD)[z ">
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al problem Constraints and formulation of the problem V es Open questions
(e]e]

Toeplitz operators

Let D be the unit disc in C and O(D) be the set of all scalar-valued
analytic functions on ID. We call

AD) = {f € C(D) ; flp € O(D)}
the disc algebra.

Proposition

The following statements hold.
(i) H(m) = AD)fz ">

*

(i) H>(m) = A(D)|x ™ .
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| problem nstraints and formulation of the problem
000

Toeplitz operators

Let D be the unit disc in C and O(D) be the set of all scalar-valued
analytic functions on ID. We call

AD) = {f € C(D) ; flp € O(D)}
the disc algebra.

Proposition

The following statements hold.
(i) H(m) = AD)fz ">
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Constraints and formulation of the problem
(o] lelele]

Toeplitz operators

Let D be a bounded domain in C".

erturbations of Toeplitz operators



The classical problem Constraints and formulation of the problem Main result Open questions
(o] lelele]

Toeplitz operators

Let D be a bounded domain in C".

We denote by
(i) A(D)={f e C(D); flp € O(D)} C C(D) the domain
algebra of D,
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problem Constraints and formulation of the problem

(e]e]

Toeplitz operators

Let D be a bounded domain in C".

We denote by
(i) A(D)={f e C(D); flp € O(D)} C C(D) the domain
a/gebra of D,

(i) S = O0a(p) the Shilov boundary of A(D) (i.e. the smallest
closed subset of D such that

sup |f(2)| —Sup!f( )|
zeD

for all f € A(D)).
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Constraints and formulation of the problem
[e]e] Tele]

Toeplitz operators

(i) D=B, S=0B,
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Constraints and formulation of the problem
[e]e] Tele]

Toeplitz operators

(i) D=B, S=0B,
(i) D=D" S=T"
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Constraints and formulation of the problem
[e]e] Tele]

Toeplitz operators

() D=B,: S=0B,
(i) D=D": S=1T"
(iii) D strictly pseudoconvex: S = 9D.
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Constraints and formulation of the problem
[e]e]e] o]

Toeplitz operators

Let € MT(S) be a positive Borel measure on S.

Schillo
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The classical problem Constraints and formulation of the problem Main result Open questions
[e]e]e] o]

Toeplitz operators

Let € MT(S) be a positive Borel measure on S.

 Definition

We define

H2 (1) = A(D)s "2 C L2(p)

and
TW*

H>*(n) = A(D)ls ™ < L=(p).
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The classical problem Constraints and formulation of the problem Vain Open questions
(o] le} O OC

Toeplitz operators

Let € MT(S) be a positive Borel measure on S.

Definition
We define

H2 (1) = A(D)s "2 C L2(p)

and
TW*

H>*(n) = A(D)ls ™ < L=(p).

Furthermore, we denote by
Ly ={f € H®(u) ; |f| =1 p-a.e.}

the set of inner functions with respect to p.
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ssical problem Constraints and formulation of the problem n . Open questions
5 RGN

Toeplitz operators

Definition
Let f € L>(p). We call

Tr: H2(:u) - Hz(:u)a g PHZ(,u)(fg)v

where Ppa(,y: L2(1) — H?(p) is the orthogonal projection onto
H?(11), the Toeplitz operator with symbol f.
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problem Constraints and formulation of the problem Main r Open questions

Regular triples

Let K C C” be a compact set, A C C(K) be a closed subalgebra
and v € M (K) a positive Borel measure.
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The classical problem raints and formulation of the problem Open questions

Regular triples

Let K C C” be a compact set, A C C(K) be a closed subalgebra
and v € M (K) a positive Borel measure.

(i) The triple (A, K,v) is called regular (in the sense of
Aleksandrov) if for every ¢ € C(K) with ¢ > 0, there exists a

sequence of functions (px)ken in A with |@k]| < ¢ on K for all
k € N and

lim |k = ¢
k—o00

v-almost everywhere on K.
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The classical problem raints and formulation of the problem VEY Open questions

Regular triples

Let K C C” be a compact set, A C C(K) be a closed subalgebra
and v € M (K) a positive Borel measure.

(i) The triple (A, K,v) is called regular (in the sense of
Aleksandrov) if for every ¢ € C(K) with ¢ > 0, there exists a

sequence of functions (px)ken in A with |@k]| < ¢ on K for all
k € N and

lim k] = ¢
k—00
v-almost everywhere on K.

(i) The measure v is called continuous if every one-point set has
v-measure zero
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Constraints and formulation of the problem

oeo

Regular triples

(i) A= A(Bn,)|os,, K = 0B,, v =o0.
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Constraints and formulation of the problem

oeo

Regular triples

(i) A= A(Bn,)|os,, K = 0B,, v =o0.
(i) A=AD") |, K=T",v = ®,m.
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The classical problem raints and formulation of the problem Open questions

Regular triples

Examples

(i) A= A(Bn,)|os,, K = 0B,, v =o0.
(i) A=AD") |, K=T",v = ®,m.

Theorem (Aleksandrov, 1984)

Let (A, K,v) be a regular triple with a continuous measure v in
M*(K). Then the weak* sequential closure of the set I, contains
all L>(v)-equivalence classes of functions f € A with |f| <1 on K.
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Constraints and formulation of the problem

ooe

Regular triples

Let 4 € M;F(S) and (A(D)|s, S, 11) be a regular triple.
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Constraints and formulation of the problem result Open questions

ooe

Regular triples

Let 4 € M;F(S) and (A(D)|s, S, 11) be a regular triple.

Theorem
An operator X € B(H?(p)) is a Toeplitz operator if and only if

T*XT,— X =0

for all u e |,.
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Constraints and formulation of the problem

@000
Henkin measures

We denote by H*(D) C O(D) the set of all bounded analytic
functions on D.
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problem Constraints and formulation of the problem Main r Open questions

Henkin measures

We denote by H*(D) C O(D) the set of all bounded analytic
functions on D.

The following statements hold:
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ical problem ints and formulation of the problem ain result Open questions

Henkin measures

We denote by H*(D) C O(D) the set of all bounded analytic
functions on D.

The following statements hold:
(i) The space H*®(D) C L=(D) = (L*(D))’ is weak* closed.
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problem Constraints and formulation of the problem

Henkin measures

We denote by H*(D) C O(D) the set of all bounded analytic
functions on D.

The following statements hold:
(i) The space H*®(D) C L=(D) = (L*(D))’ is weak* closed.
(i) The space L}(D)/+H>(D) is separable with

H®(D) = (LI(D)/LHOO(D))'.
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Open questions

The classical problem

Henkin measures

We denote by H*(D) C O(D) the set of all bounded analytic
functions on D.

The following statements hold:
(i) The space H*®(D) C L=(D) = (L*(D))’ is weak* closed.
(i) The space L}(D)/+H>(D) is separable with

H®(D) = (LI(D)/LHOO(D))'.

(iii) The closed unit ball Efm(D)(O) equipped with the relative
topology of the weak* topology of H*(D) is a compact
metrizable space.
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cal pro

Henkin measures

Theorem

The map
rm: H®(D) — H*(m), 0 — 7y~ lim[0(r-)] =: 6"
r—1

is an isometric isomorphism and weak* homeomorphism with
rm(0|p) = [0]1] for all 6 € A(D).
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The classical problem ints and formulation of the problem Main result Open questions

Henkin measures

Definition
We call u a (faithful) Henkin measure if there is a contractive
(isometric) weak* continuous algebra homomorphism

ry: HX(D) = L>(p), 0 — r,(0) =: 6"

with r,(8]p) = [0|s] for all & € A(D).
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ical proble

Henkin measures

Definition

We call u a (faithful) Henkin measure if there is a contractive
(isometric) weak* continuous algebra homomorphism

ry: HX(D) = L>(p), 0 — r,(0) =: 6"
with r,(8]p) = [0|s] for all & € A(D).

Let 1 € M;"(S) be a faithful Henkin measure.
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The classical problem ints and formulation of the problem i Open questions

Henkin measures

Definition
We call u a (faithful) Henkin measure if there is a contractive
(isometric) weak* continuous algebra homomorphism

ry: HX(D) = L>(p), 0 — r,(0) =: 6"
with r,(8]p) = [0|s] for all & € A(D).

Let 1 € M;"(S) be a faithful Henkin measure.

Remark
The map r,: H*(D) — Im(r,) is an isometric isomorphism and
weak* homeomorphism with weak* closed range.
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Constraints and formulation of the problem

[e]e]e] ]
Henkin measures

We have

H(11) C Im(7,).
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problem Constraints and formulation of the problem Main result

[e]e]e] ]
Henkin measures

We have
H=(1) C Im(r,).

SEES

() D=Bn,pu=0
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Constraints and formulation of the problem result Open questions

[e]e]e] ]
Henkin measures

We have
H=(1) C Im(r,).

SEES

() D=Bn,pu=0
(i) D=D", p=®,m
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Main result

Let D C C" be a bounded domain and let 1 € M (S) be a
continuous faithful Henkin probability measure such that
(A(D)ls, S, ) is a regular triple in the sense of Aleksandrov.
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formulation of the ble result

Let D C C" be a bounded domain and let 1 € M (S) be a
continuous faithful Henkin probability measure such that
(A(D)ls, S, ) is a regular triple in the sense of Aleksandrov.

Theorem

Let p € [1,00). An operator X € B(H?(u)) is a Sp(H?(12))
Toeplitz perturbation (i.e. there exists a f € L°°(u) and
S € Sp(H?(p)) such that X = T¢ + S) if and only if

TuXTu = X € Sp(H*(1)

for all u € I,.

Dominik Schillo

Schatten-p-class perturbations of Toeplitz operators



al problem c Main result Open questions

@00000

Let (ak)ken be a sequence in H* (1) with

Tw+- lim ay =a € C\ (TU{0})
k—00
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The classical problem ints and formulation of the problem Main result Open questions
@®00000

Let (ak)ken be a sequence in H* (1) with

Tw+- lim ay =a € C\ (TU{0})
k—00

and X € B(H?(p)) an operator such that

Y = rwor- lim T XTa, € B(H*(1))
k—o0

exists.
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The classical problem s nts and formulation of the problem Main result Open questions
ole @®00000

Let (ak)ken be a sequence in H* (1) with

Tw+- lim ay =a € C\ (TU{0})
k—o0
and X € B(H?(p)) an operator such that
Y = rwor- lim T XTa, € B(H*(1))
k—o0

exists. If T)XT, — X € Soo(H?()) for all u € 1, then there exists
a function f € L*>(p) such that

X = Tf+1 | ’(X Y)

Dominik Schillo

Schatten-p-class perturbations of Toeplitz operators



Main result

O@0000

Proposition (Hiai, 1997)
The map

11, = (B(H?(1)), two) — [0, 00], S = S]],

is lower semi-continuous.
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Main result
00e000

We denote by
Ip={0€ H*(D); 6" €l,}

the set of inner functions with respect to D.

D ik Schillo

Schatten-p-class perturbations o eplitz operators



al problem ints and formulation of the problem Main result Open questions
[e]e] le]e]e]

We denote by
Ip={0€ H*(D); 6" €l,}

the set of inner functions with respect to D.

Proposition

Let p € [1,00]. Suppose that X € B(H?(u)) is an operator such
that
TiXT, — X € Sp(H? ()

for all u € I,.
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al problem ints and formulation of the problem Main result Open questions
[e]e] le]e]e]

We denote by
Ip={0€ H*(D); 6" €l,}

the set of inner functions with respect to D.

Proposition

Let p € [1,00]. Suppose that X € B(H?(u)) is an operator such
that
TiXT, — X € Sp(H? ()

for all u € l,. Then, for all sequences (0)ken in Ip with
TW*—k||_>m009k = 1,

we have
|- lim Ty XTp: — X =0.
P k—oo k k
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Main result
[e]e]e] lele)

Let (0x)ken be a sequence in Ip. Then the following statements
are equivalent:
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Main result
[e]e]e] lele)

Let (0x)ken be a sequence in Ip. Then the following statements
are equivalent:

(i) T~ liMpso0 0 = 1,
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Main result
[e]e]e] lele)

Let (0x)ken be a sequence in Ip. Then the following statements
are equivalent:

(i) T~ liMpso0 0 = 1,
(ii) limk o0 [5 05 dp =1,
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The classical problem raints and formulation of the problem Main result Open questions
[e]e]e] lele)

Let (0x)ken be a sequence in Ip. Then the following statements
are equivalent:

(i) Twe-limg 0005 =1,
(ii) limgoo [ 0F du =1,
(iii) There exists w € D such that limy_,o Ox(w) = 1.

Dominik Schillo

Schatten-p-class perturbations of Toeplitz operators



sical problem ints and formulation of the problem Main result Open questions
0000e0

Proposition

Let p € [1,00]. Suppose that X € B(H?(u)) is an operator such
that
TiXT, — X € Sp(H?(p))

forallucl,.
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sical problem nts and formulation of the problem Main result Open questions
0000e0

Proposition

Let p € [1,00]. Suppose that X € B(H?(u)) is an operator such
that
TiXT, — X € Sp(H?(p))

for all u € |,. Then, for all € > 0, there is a 6 = §(¢) > 0 such that
| To« XTox — XH,J <e

for all 6 € Ip with | [¢1 — 6 du| < 6.
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formulation of the ble Main result
[e]e]e]e]e] )

Let D C C" be a bounded domain and let 1 € M (S) be a
continuous faithful Henkin probability measure such that
(A(D)ls, S, ) is a regular triple in the sense of Aleksandrov.

Theorem

Let p € [1,00). An operator X € B(H?(u)) is a Sp(H?(12))
Toeplitz perturbation (i.e. there exists a f € L°°(u) and
S € Sp(H?(p)) such that X = T¢ + S) if and only if

TuXTu = X € Sp(H*(1)

for all u € I,.
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Open questions

(i) For which regular triple (A, K, ) does the result holds?
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Open questions

(i) For which regular triple (A, K, ) does the result holds?
(i) Are there other ideals for which the result holds?
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Constraints and formulation of the proble| result Open questions

(i) For which regular triple (A, K, ) does the result holds?
(i) Are there other ideals for which the result holds?
(iii) What about p =0, 007
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