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The classical problem Constraints and formulation of the problem Main result Open questions

Let T be the unit circle in C with the canonical probability measure

m.

De�nition

We call

H2(m) =
{
f ∈ L2(m) ; f̂ (n) = 0 for all n < 0

}
⊂ L2(m)

the Hardy space with respect to m.
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De�nition

Let f ∈ L∞(m). We call the compression of the multiplication

operator

Mf : L
2(m)→ L2(m), g 7→ fg

to H2(m) the Toeplitz operator with symbol f and denote it by Tf ,

i.e.

Tf = PH2(m)Mf |H2(m),

where PH2(m) : L
2(m)→ H2(m) is the orthogonal projection onto

H2(m).
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Theorem (Brown-Halmos condition I, 1964)

An operator X ∈ B(H2(m)) is a Toeplitz operator (i.e. there exists

a f ∈ L∞(m) such that X = Tf ) if and only if

T ∗z XTz − X = 0,

where z ∈ L∞(m) is the identity map.
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De�nition

De�ne

H∞(m) = L∞(m) ∩ H2(m) ⊂ L∞(m)

and we call

Im = {f ∈ H∞(m) ; |f | = 1 m-a.e.}

the set of inner functions with respect to m.

Theorem (Brown-Halmos condition II)

An operator X ∈ B(H2(m)) is a Toeplitz operator if and only if

T ∗uXTu − X = 0

for all u ∈ Im.
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Theorem (Gu, 2004)

An operator X ∈ B(H2(m)) is a �nite rank Toeplitz perturbation

(i.e. there exist a f ∈ L∞(m) and F ∈ F (H2(m)) such that

X = Tf + F ) if and only if

T ∗uXTu − X ∈ F (H2(m))

for all u ∈ Im.
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Theorem (Xia, 2009)

An operator X ∈ B(H2(m)) is a compact Toeplitz perturbation

(i.e. there exist a f ∈ L∞(m) and K ∈ K (H2(m)) such that

X = Tf + K ) if and only if

T ∗uXTu − X ∈ K (H2(m))

for all u ∈ Im.
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De�nition

Let p ∈ [1,∞) and let H be a Hilbert space. An operator

S ∈ B(H) is a Schatten-p-class operator if

‖S‖pp = tr(|S |p) =
∑
e∈E
〈|S |p e, e〉 =

∑
e∈E

〈
(S∗S)

p
2 e, e

〉
<∞

for some orthonormal basis E of H.

Furthermore, we set

Sp(H) =
{
S ∈ B(H) ; ‖S‖p <∞

}
equipped with ‖·‖p and

S0(H) = F (H) as well as S∞(H) = K (H)

both equipped with the operator norm.
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Theorem

Let p ∈ {0} ∪ [1,∞]. An operator X ∈ B(H2(m)) is a Sp(H2(m))
Toeplitz perturbation (i.e. there exist a f ∈ L∞(m) and

S ∈ Sp(H2(m)) such that X = Tf + S) if and only if

T ∗uXTu − X ∈ Sp(H2(m))
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Toeplitz operators

De�nition

Let D be the unit disc in C and O(D) be the set of all scalar-valued
analytic functions on D. We call

A(D) =
{
f ∈ C (D) ; f |D ∈ O(D)

}
the disc algebra.

Proposition

The following statements hold.

(i) H2(m) = A(D)|T
τ‖·‖

L2(m) .

(ii) H∞(m) = A(D)|T
τw∗

.

(iii) H∞(m)H2(m) ⊂ H2(m).
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Toeplitz operators

Let D be a bounded domain in Cn.

De�nition

We denote by

(i) A(D) =
{
f ∈ C (D) ; f |D ∈ O(D)

}
⊂ C (D) the domain

algebra of D,

(ii) S = ∂A(D) the Shilov boundary of A(D) (i.e. the smallest

closed subset of D such that

sup
z∈D
|f (z)| = sup

z∈S
|f (z)|

for all f ∈ A(D)).
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Toeplitz operators

Examples

(i) D = Bn: S = ∂Bn

(ii) D = Dn: S= Tn

(iii) D strictly pseudoconvex: S = ∂D.
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Toeplitz operators

Let µ ∈ M+(S) be a positive Borel measure on S .

De�nition

We de�ne

H2(µ) = A(D)|S
τ‖·‖

L2(µ) ⊂ L2(µ)

and

H∞(µ) = A(D)|S
τw∗ ⊂ L∞(µ).

Furthermore, we denote by

Iµ = {f ∈ H∞(µ) ; |f | = 1 µ-a.e.}

the set of inner functions with respect to µ.
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Toeplitz operators

De�nition

Let f ∈ L∞(µ). We call

Tf : H
2(µ)→ H2(µ), g 7→ PH2(µ)(fg),

where PH2(µ) : L
2(µ)→ H2(µ) is the orthogonal projection onto

H2(µ), the Toeplitz operator with symbol f .
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Regular triples

De�nition

Let K ⊂ Cn be a compact set, A ⊂ C (K ) be a closed subalgebra

and ν ∈ M+(K ) a positive Borel measure.

(i) The triple (A,K , ν) is called regular (in the sense of

Aleksandrov) if for every ϕ ∈ C (K ) with ϕ > 0, there exists a

sequence of functions (ϕk)k∈N in A with |ϕk | < ϕ on K for all

k ∈ N and

lim
k→∞

|ϕk | = ϕ

ν-almost everywhere on K .

(ii) The measure ν is called continuous if every one-point set has

ν-measure zero
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Regular triples

Examples

(i) A = A(Bn)|∂Bn ,K = ∂Bn, ν = σ.

(ii) A = A(Dn)|Tn ,K = Tn, ν = ⊗nm.

Theorem (Aleksandrov, 1984)

Let (A,K , ν) be a regular triple with a continuous measure ν in

M+(K ). Then the weak* sequential closure of the set Iν contains

all L∞(ν)-equivalence classes of functions f ∈ A with |f | ≤ 1 on K .
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Regular triples

Let µ ∈ M+
1
(S) and (A(D)|S , S , µ) be a regular triple.

Theorem

An operator X ∈ B(H2(µ)) is a Toeplitz operator if and only if

T ∗uXTu − X = 0

for all u ∈ Iµ.
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Henkin measures

De�nition

We denote by H∞(D) ⊂ O(D) the set of all bounded analytic

functions on D.

Proposition

The following statements hold:

(i) The space H∞(D) ⊂ L∞(D) = (L1(D))′ is weak* closed.

(ii) The space L1(D)/⊥H∞(D) is separable with

H∞(D) ∼=
(
L1(D)/⊥H∞(D)

)′
.

(iii) The closed unit ball B
H∞(D)
1 (0) equipped with the relative

topology of the weak* topology of H∞(D) is a compact

metrizable space.
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Henkin measures

Theorem

The map

rm : H∞(D)→ H∞(m), θ 7→ τw∗- lim
r→1

[θ(r ·)] =: θ∗

is an isometric isomorphism and weak* homeomorphism with

rm(θ|D) = [θ|T] for all θ ∈ A(D).
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Henkin measures

De�nition

We call µ a (faithful) Henkin measure if there is a contractive

(isometric) weak* continuous algebra homomorphism

rµ : H
∞(D)→ L∞(µ), θ 7→ rµ(θ) =: θ∗

with rµ(θ|D) = [θ|S ] for all θ ∈ A(D).

Let µ ∈ M+
1
(S) be a faithful Henkin measure.

Remark

The map rµ : H
∞(D)→ Im(rµ) is an isometric isomorphism and

weak* homeomorphism with weak* closed range.
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Let D ⊂ Cn be a bounded domain and let µ ∈ M+
1
(S) be a

continuous faithful Henkin probability measure such that

(A(D)|S , S , µ) is a regular triple in the sense of Aleksandrov.

Theorem

Let p ∈ [1,∞). An operator X ∈ B(H2(µ)) is a Sp(H2(µ))
Toeplitz perturbation (i.e. there exists a f ∈ L∞(µ) and

S ∈ Sp(H2(µ)) such that X = Tf + S) if and only if

T ∗uXTu − X ∈ Sp(H2(µ))

for all u ∈ Iµ.
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Proof

Proposition

Let (αk)k∈N be a sequence in H∞(µ) with

τw∗- lim
k→∞

αk = α ∈ C \ (T ∪ {0})

and X ∈ B(H2(µ)) an operator such that

Y = τWOT- lim
k→∞

T ∗αk
XTαk

∈ B(H2(µ))

exists. If T ∗uXTu − X ∈ S∞(H2(µ)) for all u ∈ Iµ, then there exists

a function f ∈ L∞(µ) such that

X = Tf +
1

1− |α|2
(X − Y ).
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Proof

Proposition (Hiai, 1997)

The map

‖·‖p : (B(H2(µ)), τWOT)→ [0,∞], S 7→ ‖S‖p

is lower semi-continuous.
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Proof

We denote by

ID = {θ ∈ H∞(D) ; θ∗ ∈ Iµ}
the set of inner functions with respect to D.

Proposition

Let p ∈ [1,∞]. Suppose that X ∈ B(H2(µ)) is an operator such

that

T ∗uXTu − X ∈ Sp(H2(µ))

for all u ∈ Iµ. Then, for all sequences (θk)k∈N in ID with

τw∗- lim
k→∞

θ∗k = 1,

we have

τ‖·‖p - lim
k→∞

T ∗θ∗k
XTθ∗k − X = 0.
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Proof

Proposition

Let (θk)k∈N be a sequence in ID . Then the following statements

are equivalent:

(i) τw∗- limk→∞ θ
∗
k = 1,

(ii) limk→∞
∫
S θ
∗
k dµ = 1,

(iii) There exists w ∈ D such that limk→∞ θk(w) = 1.
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Proof

Proposition

Let p ∈ [1,∞]. Suppose that X ∈ B(H2(µ)) is an operator such

that

T ∗uXTu − X ∈ Sp(H2(µ))

for all u ∈ Iµ.

Then, for all ε > 0, there is a δ = δ(ε) > 0 such that

‖T ∗θ∗XTθ∗ − X‖p ≤ ε

for all θ ∈ ID with
∣∣∫

S 1− θ
∗
dµ
∣∣ ≤ δ.
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Questions

(i) For which regular triple (A,K , µ) does the result holds?

(ii) Are there other ideals for which the result holds?

(iii) What about p = 0,∞?
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