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Ex. 6 Solve the following Cauchy problems:

(a)  w),—4u! =0, u(0,z)=0, wuj(0,z)=sinz.
2

(b)  upp =9, =0, uz)=e", u(0,2)=1l5

Remark: (a) if ¢ and ¢ are odd functions then the solution of the Cauchy prob-
lem (1) satisfies the condition — u(¢,0) =0  (Dirichlet condition
at x = 0);

(b) if ¢ and ¢ are even functions then the solution of the Cauchy
problem (1) satisfies the condition  u/(¢,0) = 0  (Neumann
condition at x = 0).

Here

uf, —a*ull, =0, reR, t>0,
u(0,2) = p(x), z € R, (1)
uy(0, ) = (x), z € R.

Vibrations of a half-infinite string (e = 1, 0 < 2 < 00) can be described
by the following initial-boundary value problem (with some «, 3, v):

uy, —ull, =0, z € (0,00), t>0,
u(O,x) = Qb(x)’ T € (0,00),
U;(O,I) = Q/}(ZL“)7 LS (Ov 00)7
au(t,0) + pul(t,0) = v(t).

In particular, the case of a string with the fixed end corresponds to the
Dirichlet boundary condition u(t,0) = 0; the case of a string with the
free end — to the Neumann boundary condition w,(¢,0) = 0.

(2)



Ex. 7 Draw the profile of a half-infinite string at the moments of time ¢y = 0,
tl:0,5,t2:17t3:27t4:3,t5:3,5. t6:4,t7:4,5,t8:5,
tg = 6 for the following cases:

(a) ¢ is given below, =0, wu(t,0)=0;

(b) ¢ is given below, ¢ =0, u,(t,0)=0;

) ¢=0, 1 isgiven below, wu(t,0)=0;
)

(d ¢ =0, 1isgiven below, u!(t,0) = 0;
\
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Hint: Reduce the considered initial-boundary value problems to the
appropriate Cauchy problems for an infinite string by extending the
initial conditions in a suitable way (making them odd or even func-
tions).

Ex. 8 Solve the following initial-boundary value problems (¢t > 0, = > 0):
(a)  ufy—u’, =0, wu(0,z)=2% u,(0,r)=cosz, u,(t0)=0.

(b)  ul,—16u", =0, u(0,z)=0, u,(0,z)=ze*, wu(t,0)=0.



