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Hometasks N 3 — 4

Ex. 9 Consider the Hilbert space L?[—1,1] and the system (L,) —, of the
Legendre polynomials:

1 dr

nl2n  dzn

L,(z) = [(z* = 1)"].

(a) Show that (L,) ~ is an orthogonal system in L*[—1,1].

(b) Show that L,, solves the following (Legendre’s) differential equa-
tion:
(1 — 2" (x) — 2zu/(z) + n(n + u(z) = 0.

(c) Show that A\, := n(n+ 1), n = 0,1,..., are eigenvalues and L,
are corresponding eigenfunctions of the following singular Sturm-—
Liouville problem:

{ L0 -0 = xue),  we(-11),
lu(£1)] < oo

Ex. 10 Solve the Sturm—Liouville problem

—u’(x) = du(x), z € (0,1),
—au'(0) 4+ B1u(0) =0
st/ (1) + Bou(l) =0

in the following cases:
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Ex. 11 Find the Fourier series of the function ¢(x), = € (0,[), in the system
of eigenfunctions for each of the Sturm-Liouville problems (a) — (d) of
Exercise 10, where

Ex. 12 Solve the following problems with the method of separation of variables
(where z € (0,1), t > 0 and a > 0):

(a)  w,=a*l, u.(t,0)=u.(t,1)=0, u(0,z)=1;

(b)  u,=da*ul,, u(t,0)=u,(t,l)=0, wu(0,z)=sin 7;—;“;

(¢)  uf,=9u),, wu(t0)=u,(t,l)=0, wu0,z)=u2z u(0,z)=0;
(d)  w, =9, u(t,0)=u(tl)=u(0,z)=0, uj(0,z)=1*— 2%
(e) wuy=ul, —u, u(t0)=u(tl)=0, wu(0,z)=1;

Ex. 13 Find harmonic functions in the rectangular x € (0,a), y € (0,b) by the
method of separation of variables (for uj, + uy, = 0) if the following
boundary conditions are given:

Hint: For any A, B, z, ¢ € R there exit A and B € R such that

Ae® + Be= = Acosh(cz) + Bsinh(cz).



