Zapiski nauqnyh seminarov POMI Tom 271, 2000 g.

M. Bildhauer

A UNIQUENESS THEOREM FOR THE DUAL PROBLEM ASSOCIATED TO A VARIATIONAL PROBLEM WITH LINEAR GROWTH

Abstract. Uniqueness is proved for solutions of the dual problem which is associated to the minimum problem R �^{f (∇u)dx → min among map-}

pings u : Rn ⊃ Ω → RN with prescribed Dirichlet boundary data and for smooth strictly convex integrands f of linear growth. No further assumptions on f or its conjugate function f � are imposed, in particular f � is not assumed to be strictly convex. One special solution of the dual problem is seen to be a mapping into the image of ∇f which immediately implies uniqueness.

For strictly convex smooth integrands f : R^{nN} → R of linear growth the minimization problem

J(u) := ∫ Ω f(∇u)dx → min in u_0 +^∘W^1(Ω, R^N) (1)

in general fails to have a solution in the Sobolev class W^1_1 . By way of contrast the associated dual problem is solvable (see [4]) and admits clear physical or geometrical interpretations, for example the solution σ corresponds to the normal vector field in the case of minimal surfaces or represents the stress tensor in the case of plastic materials (see [4, 5, 7, 10, 11]). Here we concentrate on the uniqueness of the dual solution which usually is ensured by assuming the conjugate function f^∗ to be strictly convex (see [4], (3.34), p. 146). Since this condition is formulated in terms of the conjugate function it might be difficult to be verified for a given class of integrands f. Thus, the condition was replaced in [3] by an assumption on f, namely that the closure of the image Im(∇f) should be a strictly convex set.

Here we show by means of more or less elementary arguments that strict convexity, smoothness and linear growth of f in the sense of Assumption 1 already imply uniqueness of the dual solution without additional restrictions. To prove this, we first recall the general setting including the notion of the δ-approximation. Passing to the limit δ → 0 83

84 M. BILDHAUER

we then show that the W^1_{2,loc} regularity result of [2] (see also [8] and [9]) yields one special maximizer σ of the dual problem which is almost everywhere seen to be a mapping into the open set Im(∇f) where f^∗ is known to be strictly convex by strict convexity of f. Thus, there is one solution σ for which we do not have to care about the fact that f^∗ on the closure of Im(∇f) might not be strictly convex and this is enough to prove uniqueness.

Throughout this paper it is assumed that Ω ⊂ R^n is a bounded Lipschitz domain and that the integrand satisfies the following general hypothesis:

Assumption 1. The function f is smooth, strictly convex and of linear growth in the following sense:

(i) f ∈ C^2(R^{nN}, R).

(ii) f((1 − λ)X + λY ) < (1 − λ)f(X) + λ(Y ) for all X ≠ Y ∈ R^{nN} and for all 0 < λ < 1.

Suppose further that there is a real number M such that for all, X, Y ∈

R^{nN}_0

6 D^2f(X)(Y, Y ) 6 M^1√_{1 + |X|2} |Y |^2.

(iii) There is a real number A such that |∇f(X)| 6 A for all X ∈ R^{nN}. (iv) For numbers a > 0 and b ∈ R we have f(X) > a|X| + b for all X ∈ R^{nN}. Remark 2. According to the approximation arguments of [2], Remark (6.3), the boundary values u_0 in problem (1) are always supposed to be of class W^1_2 (Ω, R^N).

Now let us shortly introduce the dual problem – an intensive discussion of the general setting can be found, for instance, in [4, 6] or [13].

Definition 3. Consider a Banach space V , its dual V^∗ and a function G : V → R̄. Then the polar or conjugate function of G is defined for all v^∗ ∈ V^∗ by G^∗(v^∗) := sup_{v∈V} {⟨v, v^∗⟩ − G(v)}. The following representation formula can be derived by elementary arguments:

J(u) = sup τ∈L^∞ (Ω,R^{nN}) ∫ Ω τ : ∇udx − ∫ Ω f^∗(τ )dx , (2)

A UNIQUENESS THEOREM 85

where the symbol X : Y denotes the standard scalar product in R^{nN}. Remark 4. Formula (2) can also be derived from [4], Chapter III.4, pp. 58, if we set J(u) = G(u, Λu), Φ(u, p) = J(u, Λu − p) and consider the case Λ = ∇.

The next step is to define the Lagrangian l(u, τ ) for all (u, τ ) = (u_0 + φ, τ ) in the class u_0 +^∘W^1(Ω, R^N) × L^∞(Ω, R^{nN}): l(u, τ ) := ∫ Ω τ : ∇udx − ∫ Ω f^∗(τ )dx = l(u_0, τ ) + ∫ Ω τ : ∇φdx. Now, the dual function R : L^∞(Ω, R^{nN}) → R̄ reads as R(τ ) := inf

u∈u0+^∘W 1(Ω,R^N) l(u, τ ), and we have (again see [4]) inf u∈u0+^∘W 1(Ω,R^N)

J(u) = sup τ∈L^∞ (Ω,R^{nN}) R(τ ). Finally, the dual problem is the maximization problem

R(τ ) → max among all functions τ ∈ L^∞(Ω, R^{nN}). (3) The existence of a maximizer is well known in duality theory (once more refer to [4]). To prove the uniqueness result one special maximizing sequence has to be introduced: consider for δ ∈ (0, 1)

J_δ(w) := δ 2 ∫ Ω |∇w|^2dx + J(w), w ∈ u_0 +^∘W^1_2(Ω, R^N),

and denote by u_δ the unique minimizer of J_δ in the class u_0 +^∘W^1_2(Ω, R^N). Setting σ_δ := δ∇u_δ + ∇f(∇u_δ), it is proved in [2], Section 3, (see also [9]) that (after passing to a subsequence) σ_δ ⇁: σ in L^2(Ω, R^{nN}) as δ → 0 (4) and that this weak limit σ is a solution of the dual Problem (3). The proof also gives δ ∫ Ω |∇u_δ|^2dx → 0 as δ → 0. (5)

86 M. BILDHAUER

Thus, the definition of σ_δ is in some sense an approximation of the classical duality relation σ = ∇f(∇u) (see [4], Chapter III, pp. 46).

The first regularity result of [2] was given in Section 4 where the sequence {σ_δ} was shown to be uniformly bounded in W^1_{2,loc} (see also [8, 10] and [11] ). Note that the cited results do not depend on the stronger ellipticity condition which was assumed in [2].

Theorem 5 below is the main tool to prove the uniqueness of the dual solution. Here and in the following we let U := Im(∇f).

Theorem 5. If σ denotes the limit of the δ-approximation (compare (4)), then |{x ∈ Ω : σ(x) ∈ ∂U }| = 0. For the proof we need an observation:

Lemma 6. For all real numbers K > 0 there is an ε > 0 such that for all X ∈ R^{nN} dist(∇f(X), ∂U ) < ε =⇒ |X| > K. Proof of Lemma 6. Notice that, by strict convexity, X ≠ Y ∈ R^{nN} implies [∇f(X) − ∇f(Y )] : (X − Y ) > 0, i.e., ∇f is a one-to-one mapping. In fact, we have [∇f(X) − ∇f(Y )] : (X − Y ) =

= 1∫ 0 D^2f(sX + (1 − s)Y )((X − Y ), (X − Y ))ds > 0. Setting g(s) := f(sX + (1 − s)Y ), equality would give g^{′′}(s) ≡ 0 for all s ∈ (0, 1) which contradicts strict convexity. Now, fix a real number K > 0. Since ∇f is continuous and one-to-one we may apply the Theorem on Domain Invariance (compare [12], Corollary 3.22, p. 77) to see that U is an open set. Thus ∇f(B_K (0)) b U,

hence there is an ε = ε(K) such that

dist ( ∇f(B_K (0)), ∂U ) > ε, and the lemma is proved. �

A UNIQUENESS THEOREM 87

Proof of Theorem 5. Suppose by contradiction that there is a real number γ > 0 and a set Σ ⊂ Ω satisfying |Σ| > γ and σ(x) ∈ ∂U for all x ∈ Σ. Here and in the following sets of measure zero are neglected. If necessary, we always choose suitable subsequences from our given sequence {δ_m}_{m∈N} – omitting the indices – such that all the limits below are well defined.

Since the approximating sequence σ_δ is uniformly bounded in W^1_{2,loc} (Ω, R^{nN}) we may assume

σ_δ(x) → σ(x) for all x ∈ Σ as δ → 0.

Because of (5), in addition

δ∇u_δ(x) → 0 for all x ∈ Σ as δ → 0

can be assumed. Now Egoroff’s Theorem gives a measurable set E ⊂ Ω such that |Ω ∼ E| < γ 2 and such that

σ_δ^{uniformly}

−→ σ and δ∇u_δ^{uniformly}−→ 0 on E as δ → 0. (6)

Since E is measurable, |Σ| = |Σ ∩ E| + |Σ ∼ E| immediately yields |Σ ∩ E| > γ 2 . (7)

By construction {u_δ} is a J-minimizing sequence (see [2]), in particular there is a real number c_0 > 0 such that for all δ sufficiently small ∫ Ω |∇u_δ|dx < c_0. (8) Given c_0 we choose K > 2c_0/γ and 0 < ε = ε(K) according to Lemma 6. The uniform convergence (6) proves that for all x ∈ E and for all δ sufficiently small |σ_δ(x) − σ(x)| < ε 2 and |δ∇u_δ(x)| < ε 2 ,

88 M. BILDHAUER

hence the definition of σ_δ gives |∇f(∇u_δ(x)) − σ(x)| < ε for all x ∈ E. Moreover, if x ∈ Σ ∩ E then σ(x) ∈ ∂U implies dist(∇f(∇u_δ(x)), ∂U ) < ε. Since ε = ε(K) was chosen according to Lemma 6 we arrive at |∇u_δ(x)| > K for all x ∈ Σ ∩ E and finally get, using (7), a contradiction to (8): ∫ Ω |∇u_δ(x)|dx > ∫ Σ∩E |∇u_δ(x)|dx > ∫ Σ∩E K dx > γ 2 K = c_0.

Thus the theorem is proved. � Theorem 7. With the above assumptions on f the dual problem (3) has a unique solution.

Proof. The weak limit σ of the δ-approximation (see (4)) was proved in [2] (see Lemma 3.1) to be a solution of the dual problem. Suppose by contradiction that the dual problem admits a second maximizer σ̃ ≠ σ and recall that by the above theorem σ(x) ∈ U for almost every x ∈ Ω. Now Ω is devided into four parts, Ω = Σ_0 ∪ Σ_1 ∪ Σ_2 ∪ Σ_3, where we have by definition σ(x) = σ̃(x) for x ∈ Σ_0, σ(x) ≠ σ̃(x), σ(x) ∈ U, σ̃(x) ∈ U for x ∈ Σ_1, σ(x) ≠ σ̃(x), σ(x) ∈ U, σ̃(x) ∈ ∂U for x ∈ Σ_2, |Σ_3| = 0.

The last equality is justified by Theorem 5 and by the fact that f^∗ ≡ ∞ outside the set Ū . By definition f^∗ is a lower semicontinuous convex function on Ū and by f(u) + f^∗(∇f(u)) = u : ∇f(u)

A UNIQUENESS THEOREM 89

(see [4], Proposition 5.1, p.21) it is also seen to be strictly convex on U . This implies |Σ_1| = 0. (9)

In fact, setting τ (x) := σ(x) + σ̃(x) 2 , convexity gives for almost every x ∈ Ω

f^∗(τ (x)) 6 1 2 f^∗(σ(x)) + 1 2 f^∗(σ̃(x))

and the strict inequality holds for all x ∈ Σ_1. Now observe that by definition div σ_δ = 0 in the sense of distributions and the same holds for σ. So we obtain

R(τ ) = l(u_0, τ ) = ∫ Ω ( σ + σ̃ 2 ) : ∇u_0dx − ∫ Ω∼Σ1 f^∗(τ )dx − ∫ Σ1 f^∗(τ )dx

>^∫

Ω ( σ + σ̃ 2 ) : ∇u_0dx − 1 2 ∫ Ω f^∗(σ)dx − 1 2 ∫ Ω f^∗(σ̃)dx

= 1 2 R(σ) + 1 2 R(σ̃) = sup R.

(10)

Since the strict inequality would hold for |Σ_1| > 0, assertion (9) is proved by contradiction. We next claim that

|Σ_2| = 0. (11)

To prove (11), fix x ∈ Σ_2, that is P := σ(x) ∈ U and Q := σ̃(x) ∈ ∂U. Now U is an open set and Theorem 6.1, [6], p. 45, proves

[P, Q) := {(1 − t)P + tQ : 0 6 t < 1} ⊂ U. (12)

If we set for m ∈ N sufficiently large

Q_m := P + m − 1 m (Q − P ) and

R_m := P + 1 2 (Q_m − P ) = P + m − 1 2m (Q − P ),

90 M. BILDHAUER

and if we introduce for t ∈ (0, 1) the function g(t) = f^∗(P + t(Q − P )), which is by (12) known to be strictly convex, then we see (compare, for instance, the proof of Theorem 4.4, [6], p. 26) that there is a real number 0 < ε = ε(P, Q) such that

f^∗(R_m) − f^∗(P ) = m−1 2m∫ 0 g^′(s)ds 6 g^′ ( m − 1 2m ) m − 1 2m − ε,

f^∗(Q_m) − f^∗(R_m) = m−1_m ∫ m−1 2m g^′(s)ds > g^′ ( m − 1 2m ) m − 1 2m + ε.

Combining these inequalities it is proved that

f^∗(R_m) 6 1 2 f^∗(P ) + 1 2 f^∗(Q_m) − ε. (13)

Since a lower semicontinuous convex function is continuous on lines up to the boundary and since ε is not depending on m we may pass in (13) to the limit m → ∞ and obtain

f^∗(τ (x)) = f^∗ ( σ(x) + σ̃(x) 2 ) < 1 2 f^∗(σ(x)) + 1 2 f^∗(σ̃(x))

for all x ∈ Σ_2.

The same computation as in (10) gives (11), we have shown

Ω = Σ_0 ∪ (Ω ∼ Σ_0) with |Ω ∼ Σ_0| = 0

and the theorem is proved by the definition of Σ_0. �

References

1. G. Anzellotti, M. Giaquinta, Convex functionals and partial regularity. Arch. Rat.

Mech. Anal., 102 (1988), 243–272.

2. M. Bildhauer, M. Fuchs, Regularity for dual solutions and for weak clusto points of minimizing sequences of variational problems with linear growth. Zap. Nauchn. Semin. POMI, 259 (1999), 46–66.

3. M. Bildhauer, M. Fuchs, Duality methods for variational problems with linear growth. Preprint.

A UNIQUENESS THEOREM 91

4. I. Ekeland, R. Temam, Convex analysis and variational problems. North-Holland, Amsterdam (1976).

5. M. Fuchs, G. Seregin, Variational methods for problems from plasticity theory and for generalized Newtonian fluids. to appear.

6. T. Rockafellar, Convex analysis. Princeton Press, Princeton (1970). 7. G. Seregin, Variational-difference scheme for problems in the mechanics of ideally elastoplastic media. Zh. Vychisl. Mat. Fiz., 25 (1985), 237–352.

8. G. Seregin, Differentiability of local extremals of variational problems in the mechanics of perfect elastoplastic media. Differ. Uravn., 23(11) (1987), 1981–1991.

9. G. Seregin, Differential properties of solutions of variational problems for functionals with linear growth. Probl. Mat. Analiza, V. 11, Izd. LGU (1990), 51–79.

10. G. Seregin, Differentiability properties of weak solutions of certain variational problems in the theory of perfect elasticplastic plates. Appl. Math. Optim., 28 (1993), 307–335.

11. G. Seregin, Two-dimensional variational problems in plasticity theory. Izv. Russian Acad. Nauk, 60 (1996), 175–210.

12. J. T. Schwartz, Nonlinear functional analysis. Gordon and Breach Sci. Publ., New York-London-Paris (1969).

13. E. Zeidler, Nonlinear functional analysis and its applications III. Springer, New York-Berlin-Heidelberg-Tokyo (1984).

Postupilo 20 ØnvarØ 2000 g.

Fachbereich Mathematik, Universität des Saarlandes D-66041 Saarbrücken e-mail:bibi@math.uni-sb.de