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A remark on isolated singularities of surfaces with bounded mean
curvature: the non-minimizing and non-perpendicular case

By

MICHAEL BILDHAUER

Abstract. The length of the free boundary of twodimensional weak surfaces with
bounded mean curvature is studied in the case of non-perpendicular contact angles and
for non-minimizing stationary surfaces. Isolated singularities are excluded if the contact
angle is bounded away from zero and if the solution is assumed to lie on one side of the
supporting surface.

Given a vector field Q € C'(R*, R?), |divQ| < Hy < oo, we consider the functional

FIY)=L] [ |VYPdudv+ [ [ O(Y) (YuAY,)dudv=:D[Y]+ V2[Y]
B,(0) B1(0)

and study regularity at the free boundary of twodimensional stationary points X in a suitable

subclass % of the Sobolev space H'2(B;(0),R?). Here % defines partially free boundary

values on a supporting surface S. A smooth solution X is a surface of mean curvature

H = divQ/2 satisfying a free boundary condition which is due to capillary forces:

|Q-N|=cosa.

Here a denotes the angle in which X meets the supporting surface S at the free boundary
and N is the outward normal unit vector of S (see, for instance, [1], [8]). Considering the
perpendicular case, that is Q- Njg =0, Griiter, Hildebrandt and Nitsche ([8]) proved
regularity of stationary points up to the free boundary by extending the interior results of
Griiter ([6]) — see also [7] and [4] for the minimal surface case. In a recent paper ([2]),
Holder continuity of minima up to the free boundary was proved in the non-perpendicular
case |Q - Nis| < g < 1 for a constant g. The last condition seems to be sharp since otherwise
we have to expect unbounded solutions of bounded mean curvature and of bounded area.

Here we exclude the existence of isolated singularities of stationary points in the non-
perpendicular case, where we assume that the solution does not penetrate the supporting
surface (compare [3]/I, Chapter 6.4, pp. 396). Of course we also have to assume the contact
angle to be bounded away from zero. The argumentation is based on length estimates of the
free trace which are obtained in terms of the contact angle.

To fix notation, we always consider a rectifiable arc I" with end points P; = P, on a
supporting surface S. Then the class ¢(I, S) of admissible surfaces is given by
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Definition 1. For B = B;(0) C R® the class %(I',S) is the set of all functions
Y € H'?(B,R®) with the following properties: there is an arc C={e’:0=6,
= 0 = 0, < 27} such that the well defined L>-traces of Y satisfy:

(i.) Free boundary values: Y(w) € S for #!-almost all w = (u,v) € 9B ~ C;

(ii.) Plateau boundary values: Y|c : C — I' is a continuous, weakly monotonic mapping
onto I' with Y(e%') = P, and Y(e/?) = P;, for {i1,ir} = {1,2}.

Notice that stationarity with respect to inner variations forces X to be parametrized
conformally (see [3]/I, pp. 242, [1], [2]), that is

|Xu|2 = \Xv|2 , X, X, almost everywhere in B.
Having established this, we now (see once more [1], [2]) may use the standard notation
B={weR?:|w<1,v>0}, C:={weR?:|w|=1,v=0}, [:=8B~ C,
as well as for a given wy = (up,0) € I and for 0 < r < |1 — wy|
S,(wo) == {w e R? : [w —wy| < r,v>0},
Cr(wo) == {weR*: |w —wy| =r,v =0}
and I, (wg) := 8S,(wo) ~ C,(wy). Finally X € (I, S) is a stationary point of  in this class
(with respect to outer variations) if
tim L {(#1x] - #(x]} =0

for any family of surfaces X, € €(I',S), |¢| <& for some number g > 0, such that
Xe(w) = X(w) + e¥(w, &), where the Dirichlet integrals D[¥/(-, ¢)] are uniformly bounded and
where we have @ € H'2 N L™ (B,R?) with ¥ (w, &) — ®(w) for almost all w € B as & — 0.

The supporting surface S is assumed to be a regular surface of class C?> which admits a
normal vectorfield N = (n',n?,n) of class C'. If threedimensional balls are denoted by

%,(y) then we have:

Proposition 2. Given x € S, there is a neighbourhood U C R3 of xo, a real number p > 0
and a C*-diffeomorphism x = h(y) = hy,(y), %,(0) — U, satisfying:

(i) h ' (xo) =0and h"'(SNU) = B,(0) = {y e R : |y| < p, y* = 0}.

(ii.) 7 (v',3%0%) = R (V0% (L4 ) (L + £ (0137)) + a,.-
Here f =f, € C*(B,(0),R) satisfies f(0,0)=0 and Df(0,0)=(0,0). The rotation
R,, € SO3(R*,R?) is given by

2
() - n'n® nl
1+n3 14+n3
Ry=1  n'n? (n')? PR (x0) ,
1+n3 14n
n! n? n’

i.e. RyN(xo) = (0,0,1) = es. Finally ay, € R® is a translation.
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Proof. Note that |N| = 1 implies Ry, to be well defined. Now, fix xo € S and choose Ry,
as above. With the obvious meaning of notation S := R,,(S —xo) + (0,0,1) is a regular
surface satisfying % := (0,0,1) € S and N (%) = e3. Since S is locally a graph over its tangent
plane at X we find a parametrization h(y!, y2,0) of S with the desired properties of f. Here
is given by 2(y',y%,y%) = (v',3%, (1 +y*)(1 + f(»',5?))). On account of DA(0) = Id we may
assume that i is a C2-diffeomorphism and turning back to the original surface S the
proposition is proved. [

To proceed further we need the following general hypotheses.

Assumption 3. There is a real number K and a function N(x) € C'(R* R?) satisfying
N(x) = N(x) for all x € S and |DN(x)| = K for all x € R

Example 4. If S is an oriented strict C>-surface in the sense of [8], Assumption (V),
p- 122, and if the Gauss curvature of S is bounded, then § satisfies Assumption 3. The first
observation to prove this is: there is a real number d; > 0 such that each ball %;,(x), x € S, is
contained in the image of one diffeomorphism 4, as defined in [8], Assumption (V). What is
more, the second derivatives of all A, are uniformly bounded since in addition to
Assumption (V) the Gauss curvature is assumed to be bounded. The next step is to prove the
existence of a real number &, > 0 such that: for each x € R? with dist (x,8) < O, there is a
unique decomposition x = f(x) + tN(f(x)), where f(x) € S satisfies |x — f(x)| = dist(x, S).
With this decomposition the above assumption is immediately verified.

Now our main result reads as follows:

Theorem 5. Consider a vectorfield Q € C'(R* R?), |divQ(z)| < Hy < oo for some
constant Hy > 0 and for all z € R®, and a boundary configuration (I', S) with a supporting
surface S as given above. Suppose that there is a real number 0 < g < 1 with

|Q(z) - N(z)|<q forall z€S.
If X is a stationary point of  in the class €(I',S) satisfying
(i) X € C*(B ~ {wo},R®) for some w € I,
(ii.) N(X(w))-X,(w) =0 for almost all w € I ~ {wq},

then we have

lim [ |X,(u,0)|du < oo .
0 i (wo)

Theorem 5 immediately implies continuity up to the free boundary:

Corollary 6. With the above assumptions X € C°(B,R*) holds true.

Remark 7. If we consider for example [8], Propositon 3, pp. 136, then it is on account of
the boundary integral in equation (4) not evident if the above result can be improved to
Holder continuity.

Proof of Corollary 6. Fix ¢ > 0. By assumption, |X,| is a smooth function on 7 ~ {wy}
and Theorem 5 implies | X,| € L'(I). (For a rigorous proof apply for example Fatou’s Lemma
to the sequence fx := min {|X, |, k}.) By conformality, the same is true for [X,|, that is there
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is a real number d; > 0 such that

&

Xu|d
[ Xaldu <

L, (wo)
Thus, wy splits I35, (wp) into two parts I%l(wo) with osc;e () X <§. By the Courant-
1
Lebesgue Lemma (see [7], Lemma 2, p. 393, for the situation considered here) we have
proved
€
3

Again by the Courant-Lebesgue Lemma, there is a real number J, > 0 satisfying: for each
w = (u,v) € Ss,(wp) there exits some v € (v,3v/2) with

(1) 0SCry,, (wo)~{wo} X <

&
) 0scey(uonX <3 -

Finally according to [6], Theorem 3.10, p. 8, and once again according to the Courant-
Lebesgue Lemma there is a real number 63 > 0 such that (compare also [6], Lemma 2.7, p. 6):
for each w = (u,v) € Ss,(wo) there exits some r € (v/2,v) with
. €

3) sup |X(w)—X(w)|<§.

w*€B,((u,v))
So, if we choose 0 < min {01,0,03} and fix w € Is(wg), W =+ wy, then (1)-(3) prove that
| X (w) — X(W)| < & for any w € Ss(wp) and Corollary 6 follows. [

Proof of Theorem 5. For almost all (notice that S is not assumed to be complete)
wel, w+wy, we have X:=X(W) € S. Fix one of these points w and according to
Proposition 2 fix & = h;, choose U small enough and set (repeated Latin indices are always
to be summed from 1 to 3)

g;(y) = hl (v, (y) satisfying K~'&° = g;(y)E'E = K&, i,j=1...3,

for a real number K > 1, for all £ € R and for all y € %,(0). By the choice of w there is a
real number 0 < g < |wo — W| such that for all ¢ = ¢

X(S.(0#))CU and X(w)€SNU for a.a. w € [,(), that is (k™1 (X(w)))’=0.

Now we can define for all w € S, (W):

Y(w):=h'oX(w) and |[[Y|*:=g;(Y)y'y.
Conformality of X reads in terms of Y

gij(Y)J’LYL - gij(Y)Yiy];; = gij(Y)yftyjl.) =0.
Consider for fixed ¢ < gy and d < ¢ a smooth function 1: B — R,

{ L @ weS. (W)

Aw) = 0 : weB~S.(W)

as well as a function 7 € C'(S,(w), R?) satisfying 7°(w) = 0 for all w € I.(#). Then 7 := At
defines an admissible variation (see [8], p. 132) and in the same manner as outlined in [§],
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pp- 133-134, we see
J J g,, Y)Vy' Vi dudv

@ | [ (3205wt 2 )T (VA Y, Yo d
S (W)

+ [ O(Y)(Yunn) du.

L. ()
Here we have g(y) := det(g;(y)) and Q3 (Y) := Q(h(Y)) - (0h(Y)/0y' A Oh(Y)/dy?) is not
necessarily vanishing for w € I,. On the other hand,
6gl]( )v zvyk _ laglk(y)

oyk 2 oy VY'Y 4+ 2H((Y)V9(Y) (Y A YY)

gij(Y)Ayi +

is known (see [3]/II p. 64) since X is assumed to be of class C?. A partial integration proves

[ gij(Y)VyiVnidudv
S:(w)

o Ag(Y) _ , .
=[] (gij(Y)Ay‘ +%k)vylvyk)nldudv = | (Y du
$(9) 1)
®) 19g,.( N
LYY+ 2H(W(Y))V9(Y) (Yu AY) )i dudy
J QFJW (2 a g )
[ 9i(Y )y, du.
Thus (4) and (5) 1mp1y
(6) - f g;(V)ydu= [ OXY)(YuAn) du.

1:(W)

Because of X € C2(S£(W),]R3) we now may choose 7(w):= (=g, (Y)ye, g1, (Y)yr,0),
giving (Y, A1)? =g;(Y)ylyl, = | Yul> = |Y,||* on I(#). Since no derivatives of A are
involved in (6), it is allowed to pass to the limit 0 — 0, that is A can be replaced by the
characteristic function of S.(w), then we may pass to the limit ¢ — 0 and finally conclude

7) - gij(Y)yir"‘w = Q~3(Y)HY,,H2|W for almost all we I, w=wy.
Since X was chosen as the reference point of the diffeomorphism 4 = h; we have
9;(Y(W)) = 9, (W) = (=ya(9),y,(9),0)
1Y,(#)|? = Y, (0" and O (Y(W)) = Q%) - N(%).
Together with (7) this proves
®) =Y, (%) (= Y2 09),7,09),0) = Q%) - N(¥) [Y, ().

Using (8) we now want to obtain an upper bound of |X,| in terms of g. To do this, we observe
that e := Y,(W)/|Yu(W)|, e2 :=1(W)/|t(W)| and e3 := (0,0,1) define by construction an
orthonormal base of R®. Conformality yields

Y, (W) = (Y, (W) -er) e + (Y () - e2) e2 = (Y, () - e2) 2.
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S0 |Q(%) - N(@)P < ¢* < Land |Y,(9)]* = |Y,(#)]* — y3(#)[ prove

. 1 .
Y < = AP

To get an estimate for XV(W), we recall f(0,0) =0 and Df(0,0) = (0,0) and obtain

that is |Y,(W)| = | X, (W)|. Furthermore, the setting B(x) := R:(x — a;) yields

) B (X)
Y = (Bl(X),BZ(X)vl +f(BY(X), B3(X)) B 1> .

Using (BY(X(W)), B2 (X(W))) = (y'(W),»*(w)) = (0,0), the assumption on f also proves
yo(W) = N(x) - X, ().

Summarizing the results we arrive at

© X001 = (12 ) IV - X051

Notice that (9) holds for all w € I, w % wy, satisfying x € S, that is for almost all w € I. Now
we substitute the fixed N(x) by its extension N(x) and recall the assumption

N(X(w)) - X,(w) =0,
that is: for almost all w € 1

(10) X, ()] = (1 _1q2>f]\7(x(w))  Xu(w)

holds true. The fixed sign on the right hand side of (10) will give the result: on one hand for
any real number 0 < e < 1

1 {0 X, + (N(X) - X0),} duds]

B~S. (o)
= [ [ [IDNX)||VXPdudv+ [ [ |N(X)||AX|dudv
(11) B~S, (o) B~Se(wo)
=[ [ IDNX)||VX[Pdudv+ [ [ [NX)|[2H(X)(XuAX,)| dudv
B~S,(wp) B~Se(wo)
=cf[ [ |VX[dudv<c,
B~S.(wo)

where the constant ¢; does not depend on . On the other hand, since X € C2(B ~ {w,}, R?)
and since the boundary of B ~ S.(wy) is piecewise smooth, a partial integration can be
applied to obtain

[ (NX) X,),dudv= [ N(X) X, v'dr"
B~S.(wo) A(B~S:(wo))

~S,
= [NX)- X, vda'+ [ NX) X, v'dx',
C Ce(wo)

(12)
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where v denotes the outward unit normal of (B ~ S;(wy)). In addition we have

[ [ (NX) -X,),dudv=[NX) X,v*d#'+ [ NX)-X,vdx'
B~Se(wo) c Ce(wo)

13) N(X)-X,du.

J
I~1(wo)

Finally observe that by Holder’s inequality and by conformality (see (8) of [3]/11, p. 50)

T 2
[ |VX|d#'= 8\/77<f VX (wo + e€) dH)
(14) Ce(wo) 0

1

Jz?(f |Xg|2d0>77

I\

i.e. in the same manner as proving the Courant-Lebesgue Lemma (see [7], Lemma 2, p. 393)
we find a sequence {¢,}, &, — 0 as n — oo, such that

[ IVX|d#' —0 asn— cc.
Cen (W0)

Summarizing the results, (11)—(14) give

lim [ NX) X,du

=lim | N(X) - X,du < oo
=0 1ty (w)

e—0 I~ (wo)

and (10) proves the theorem. [

Remark 8.

e The contact angle a € [0,27/2] is proved in (8) to satisfy cos (a) = |Q(X) - N(x)|-

e Due to Dziuk (see [5]) (compare also [3]/1, p. 411) length estimates in the (smooth)
perpendicular case are possible without assumption (ii.) of Theorem 5. In this case for
all w € I we have |X,(w)| = |D,p(X(w))|, where p denotes the orientated distance with
respect to the supporting surface. Here, this relation is not true and the above
assumption can only be dropped in the case of plane supporting surfaces, where
|x3(w)| < ¢@,(w) for almost all w € I can be proved by Dziuks arguments. To do this, we
have to set p(w) := (6*1? + (x3(w))2)1/2 for a fixed real number 6 > 0.
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