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Exercise 1.
Let Q C R? be a domain, w € Q, and let X: Q — R? be a parameterized surface. Show: The
mapping

I1,: TyX X TpX = R, (U, V)= Sy, (U) - Syu(V)

is a symmetric bilinear form (third fundamental form of X) and the following relationship holds:
111, — (k1 (w) + ke (w))I L, + k1 (w)ke(w) I, = 0.

Here k1 2(w) are the principal curvatures of X at w.

Exercise 2.

Show the parameter invariance of the area: Let Q,Q be two domains, X: Q — R?® a regular
parameterized surface, ¢: 0 — Q a diffeomorphism and X = X o ¢. Then

/|Xu(u, 0) % X (1, v)] dudv = /|Xa(a,@) « Xo(ii, 0| di .
Q Q

Exercise 3.

Let Q C R? be a domain and let X:  — R3 be a twice continuous differentiable parameterized

surface. Define
X Q= R3, (u,v) = X(u,v) + ep(u, v)N(u,v),

where e € R, ¢ € C°(€2) and N (u, v) is the normal vector of X in (u,v). Show: For a sufficiently
small g > 0, X¢ is a regular parameterized surface for all € € (—g¢,eg). We call this a normal
variation of X.

(Hint: It can be useful to first show the formula in Exercise 4 (1).)

Exercise 4.

Let Q C R? be a domain. A minimal surface is a parameterized surface X: Q — R? with
vanishing mean curvature H = 0. In this exercise we want show that a minimal surface can also
be characterzied via the extremality (minimum or maximum!) of the area with respect to all its
normal variations (see Exercise 3).

(i) Let X be a normal variation of X (see Exercise 3). Show that for the coefficients £, F¢
and G°of the first fundamental form of X¢ the following relationship holds:

E°G° — (F7)? = (£°G° — (F*)*)(1 — 4epH) + R,
where R = R(u,v,e) with lim._,o R(u,v,e)/e = 0.
(ii) Conclude that for the area A(e) = A(X¥®) the following holds:
A0)=0 <+ H=0,

i.e. € =0 is a stationary point of the area functional and the area has an extremum for X
if and only if the mean curvature vanishes.
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