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Exercise 1.
Let © C R? be a domain, w € Q, and let X: Q — R3 be a parameterized surface. Show: The

mapping
IT,: TyX xTypX - R, (U, V)= Sy, (U) - Syu(V)

is a symmetric bilinear form (third fundamental form of X) and the following relationship holds:
111, — (k1 (w) 4+ ko(w))I 1y + K1 (w)ke(w) Ly, = 0.
Here k1 2(w) are the principal curvatures of X at w.

Solution 1.
The bilinearity and symmetry are clear.

Let Vi and V5 be the principal directions. Then
I11,(V;, V) = (k1 (w) + k2 (w) [ L (Vi, Vj) + k1 (w)k2(w) L (V;, Vj)

=(ki(w)kj(w) — (k1 (w) + K2(w))ki(w) + K1 (w)k2(w))(V;, V;)
—0

for all 4, j € {1,2}. Since (V7, V2) is an orthonormal basis of T,,X, the result follows.

Exercise 2.

Show the parameter invariance of the area: Let 0.Q be two domains, X: Q — R3 a regular
parameterized surface, ¢: 0 — Q a diffeomorphism and X = X o ¢. Then

/|Xu(u, 0) % Xo(u, v)| dudo = /\Xﬂ(a,@) « X, )| dii db.
Q Q

Solution 2.
Let (ii,7) € Q. We have
é(ﬁ,f)) = DX(j;l’ﬁ)DX(ﬂj) = DQOT )DXT )DXgo(ﬂ,f))Dgp(ﬁ,ﬁ)?

(@0 (1,0

hence }
det(G(ﬂj)) = det(DXZ(ﬂ7q~))DX@(a7i)) det(Dcp(ﬁﬂ;))Q.
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With a change of variables we obtain

/Q\alf( X & X|dA :/Q det(G(a,5)) dA(@, D)

_ /Q JAetDXT - DX 3.0 ldet(Dep(a ) | A )

_ /Q \/det(DX(Tu DX () dA (1, )

— /Q \/md)\(u, v)

:/|61X x X | dA.
Q

Exercise 3.

Let  C R? be a domain and let X :  — R? be a twice continuous differentiable parameterized
surface. Define
X Q= R3, (u,v) = X(u,v) + ep(u, v)N(u,v),

where e € R, ¢ € C°(Q) and N (u,v) is the normal vector of X in (u,v). Show: For a sufficiently
small g > 0, X¢ is a regular parameterized surface for all € € (—eg,e0). We call this a normal
variation of X.

(Hint: It can be useful to first show the formula in Exercise 4 (1).)

Solution 3.
We first show the formula in Exercise 4 (i): We have

0; X% = 0; X +¢(0;pN + 9O;N) = ;X + €R;
with R; = 9;0N + p0; N € C.(Q,R3) for i = 1,2. Furthermore, we see that
(0: X, Rj) = —p(X,0;5N)
for i,j = 1,2, hence

E5 = E° = 2epL + 2| Ry,
G5 = G° — 26N + £2|| Ry %,
F°=F° —2epM +e%(R1, Ry).

Therefore we obtain with the identity on p. 71 in [Fuc08| (or equation (5) on p. 158 in |[Carl6))

det(GF) = £G° — (F¥)? = det(G)(1 — 4epH) + R = det(G) (1 —depH deﬁc:)) ’

where R € C,.(2) and R € O(£?). Since

. R
il_r}I(l) —4E(pH+ M =0

and R/ det(G) € C(Q2), the result follows with det(G) > 0.

(Hint: For the derivation also see p. 82ff in [Fuc08] or p. 200f in [Carl6.)
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Exercise 4.

Let Q C R? be a domain. A minimal surface is a parameterized surface X: Q — R? with
vanishing mean curvature H = 0. In this exercise we want show that a minimal surface can also
be characterzied via the extremality (minimum or maximum!) of the area with respect to all its
normal variations (see Exercise 3).

(i) Let X¢ be a normal variation of X (see Exercise 3). Show that for the coefficients £, F¢
and G°of the first fundamental form of X¢ the following relationship holds:

E°G° — (F°)* = (£°G° — (F*)*)(1 — 4epH) + R,
where R = R(u,v,¢) with lim._,o R(u,v,e)/e = 0.
(ii) Conclude that for the area A(e) = A(X*®) the following holds:
A0)=0 <+ H=0,
i.e. € =0 is a stationary point of the area functional and the area has an extremum for X

if and only if the mean curvature vanishes.

Solution 4.

(i) See Exercise 3.

(ii) Let 9 > 0 be from Exercise 3. Define

f: (_50750) X Q— R7 (67 (U,U)) = \/m

We obtain
—4pH det(G) + 01 R(e, )

Ae) = o /Q fle,)dA = /Q O1f(e, ) dA = /Q 2./det(G?) W

hence

A(0) = —2/Q<pH\/det(G) d\ = —2(p, H\/det(G)) 2.

Since this formula holds for all test functions ¢ and the test functions are dense in L?(2),
the result follows from the regularity of X.

(Hint: Also see p. 82f in [Fuc08] or p. 200f in [Carl6)].)
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