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Exercise 1.

For all t € R, the straight line through (0,1) and (¢,0) cuts the unit circle K = {(z,y) €
R? ; 22 4+ 92 =1} in exactly one point which is different to (0,1) and which will be denoted by

(x(t),y(t)).
(i) Determine the functions z,y: R — R and show that a: R — R2 t — (z(t),y(t)) is a

regular parametrization of K \ {(0,1)}.

(ii) Calculate the arc length of the curve aff(_y y: [~1,1] = R2, t > aft).

Solution 1.

(i) Let t € R and
71 [0,1] = R?, s+ (as +b,cs + d),

where a, b, c,d € R such that
7(0) = (b,d) = (0,1) und (1) =(a+b,c+d)=(t0),

and hence
Y(s) = (ts,—s+1)

for all s € [0, 1]. Furthermore, we have

() = [ts]> + |—s + 12 =22 + (1 —5)> = 1> + 1 — 25+ §°
=s(s(t*+1)—2)+1=1

if and only if

2
s=0 or s:m.
Thus we obtain ”
z:R—-R, t— ——
241
and )
2 t—1
R—=R, t—1-— =
4 ’ 2+1 241
hence 9
2t t*—1
R Rt (2(),yt) = [ —, —— ).
@R R ¢ (0(00(0) = (g g
Since 0
") = ————=(1—t2,20) £ 0
o (1) = gy (1~ 1120) #
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for all t € R, « is a regular parametrization.

It is left to show that Im(a) = K \ {(0,1)}. To this end, let (Z,7) € K \ {(0,1)}. We are
looking for a ¢t € R such that

(z(t), y(1)) = (%, 9)-

Assume that there exists t € R such that

2t t2-1
t2?2+17t24+1

(w000 = ) = (@i
For z =0, i.e. (Z,9) = (0,—1), t = 0 is the unique solution. For Z # 0, the above system
of equations has the unique solution

s 1449
i’ b
hence Im(a)) = K\ {(0,1)}.
(ii) For ¢ € R, since
2
we have
/ 2 2 2 2
2
— m\/ﬁl — 212 + 2 + 4¢2
2
= CESyE 21241
B 2
241

It follows that . ,
1
/llo/(t)l dt = 2/1 a7 4= 2[arctan(t)]', = .

Exercise 2.
Justify that the following curves in R? have finite arc lengths and calculate them:

(i) B:[0,1] — R3, t s (6,32, 1),

(ii) 7: [0,v/2] = R3, t > (t,tsin(t),tcos(t)).

(Hint: You can use the following identity without proving it: [ v1+1> dt = $(v/1+ s - s + arsinh(s))
with s > 0.)

Solution 2.
(i) We have
B'(t) = (6, 6t,3t%) = 3(2,2t,1?)

for all t € [0, 1] and hence

18'(t)] = 3v/4 4 412 4+ t4 = 3(2 4 %)

for all ¢ € [0, 1]. Therefore, we obtain that
1

1 1 1
/!ﬁ’(t)ldtZS/ 2+t2dt:3[2t+3t3] —7
0 0

0
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(ii) We have
v (t) = (1,sin(t) + tcos(t), cos(t) — tsin(t))

for all ¢ € [0, /2] and hence

1Y (t)[? = 1 + (sin(t) + t cos(t))? + (cos(t) — tsin(t))?
= 1+ sin(t)? + 2sin(t) cos(t)t + (tcos(t))? + cos(t)?
— 2t cos(t) sin(t) + (tsin(t))?
=2+t

(@)

for all ¢ € [0,+/2]. Using the hint, we obtain

/Oﬁlv’(tﬂ dt = \/5/0\/5\/1—1— <\;§>2 dt
- 2/01 VITE d
= /2 + arsinh(1).

Exercise 3.
Reparameterize the following curves by arc length: (Hint: Remark 2 on p. 23 in [Car16] can be useful.)

(i) &: (1,00) — R3, t s e"*(cos(t),sin(t), 1),

(ii) e: (0,00) — R3, t > (et, e, V/21).
Solution 3.

(i) We have

§'(t) = —e *(cos(t),sin(t), 1) + e~ *(—sin(t), cos(t), 0)
= e !(—cos(t) — sin(t), cos(t) — sin(t), —1)

for all t € (1,00) and hence
16(t)] = e~t\/(cos(t) + sin(t))2 + (cos(t) —sin(t))2 + 1 = V3e ™!

for all t € (1,00). Therefore we obtain

t
/ 18(r)] dr = vV3[—e L = V3(—et + )
1
for all t € (1,00) and finally
t
st (1,00) = R, m/ 157(7)] dr = V3(—et + e ).
1

The inverse function of s restricted to its image is given by

e (59) e ()

EE <0, ?) —R3, t 6(p(t))

is the desired reparametrization by arc length.

Therefore,
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(ii) We have
£'(t) = (¢!, —e7,V?2)
for all ¢ € (0,00) and hence
WP =X +e 24 2=cH(eM + 22+ 1) =2 (2 +1)2 = (e + 7?2
Therefore we obtain

/Ote'(T)\ dr — /Ot ¢ 4+ e~ dr = [¢" — e~7]} = 2sinh(t)
for all t € (0,00) and finally
51 (0,00) = (0,00), £ = /Otyg'(T)y dr — 2sinh(t).
The inverse function of s restricted to its image is given by
@ =s5""1:(0,00) = (0,00), t s arsinh (;) .

Therefore,
g: (0,00) — R3, t s e(p(t))

is the desired reparametrization by arc length.

Exercise 4.

Let a: I — R3 (I C R an interval) be a regular curve, [a,b] C I and A = a(a), B = a(b) with
A # B. Show:

(i) For each unit vector e € R3, we have
(B—A)-e< L,
where L, is the arc length between A and B with respect to a.

(ii) The shortest arc length of any curve connecting A and B is the straight line connecting
them.

Solution 4.
(i) Let e € R? be a unit vector. By the mean value theorem, we have

a(b) — ala) = </01 o (a+tb—a)) dt) (b—a)= /ab o(t) dt.

Using the Cauchy-Schwarz inequality, we obtain
b
/ o(t) dt-e
a

(B—A) e=(a(b) —afa)-e= (/:o/@) dt) e <
/aba’(t) dt

v:[0,1] = R% ¢+ afa) + t(a(b) — a(a))

<

b
e < / /()] dt = L.

(ii) Let

and

Then we have

L, = |a(b) - a(a)| = (a(b) -~ a(a)) e = (B — 4) - ¢ < Lq.
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