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Exercise 1.
Let a, B: I — R? be differentiable functions on an interval I C R. Show:

(i) The function o x B: I — R3 is differentiable with

(axB) =d xB+axf.

(ii) For constants a, b, c € R, if the relations
o =aa+b3 and B =ca—af
hold, then a x 3 is constant.
(iii) For u,v,w € R3, the identity
(uxv)xw=(u-whv—(v-wu

holds.

Solution 1.
Simple calculations.

Exercise 2.
Let a,b,c € R with a® + b?> = ¢? and a # 0. Consider the following parameterized curve

v:R—=R3 s (acos (f) , asin (f) ,bf) .
c c c

(i) Is v parameterized by arc length?
(ii) Calculate the curvature and torsion of .

(ili) Show that the angle under which the line containing n.(s) and passing through v(s) meets
the z axis is independent of s € R. Calculate this angle.

(iv) Plot the curve of +.
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Solution 2.
(i) Let s € R. We have

)= (<in () oo () ) = £ (o (7) oo (). 9),

and hence

0 = (B (2)) s (G () (2) -2

Therefore, v is parameterized by arc length.

(ii) Let s € R. We have

00 (o (2) - (2) ) -~ e (). (). 0).

and hence

Furthermore, we have

and

0= (i (7)o ().

as well as (see the calculation on p. 19 in |Carl6))
/ o /
b’y(s) =7 (S) X n’y(s)
= _sgn2(a) (—a sin <§> , @ COS <§) ,b> X (— sin <§) , COS <§> ,0>
c c c c c

= _sgr;(a) (—bcos (Z) ,—bsin (2) ,O)

b
= —0*27%{(8),

thus

Ty(s) = T2

(iii) Let s € R and define

arR = R3¢ y(s) + tng(s) = (acos (Z) <1 . té) ,asin (g) (1 - t@) bi) .

The line o meets the z axis at ¢ = |a|. Since

the desired angle equals /2.

(iv) Cf. Figure 1-1 on p. 3 in |Carl6| (Helix).
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Exercise 3.

Let I C R be an interval and let a: I — R3 be a (not necessarily parameterized by arc length)
regular curve with nowhere vanishing curvature. Show that the Frenet trihedron (ts,nq,bs) 18
given by

; o o x o o o x o
a = Neg = X a = .
o]’ o/ x| o’ o > |
(Hint: Reparameterize the curve by arc length and use Exercise . Without a proof, you can use Ezercise 12

(a)—(c) in Section 1-5 in [Carl6])

Solution 3.
Let s, be the arc length of o and let ¢: J = Im(s,) — I be the inverse function of s, (restricted
to its image). Consider now the reparameterized regular curve

a:J =R 7 (o)1) = ale(r)).

By definition, we have

1

ta=taop !, ng=ngow 'and by =bsop .

By Exercise 12 (a) in Section 1-5 in |Carl6|, we have

¢ = (o] oy

and

Thus

ta=ad = (d/ op)p' = (o' 0p)|(a 0 )| ! = (!a’|> oY

and, using Exercise [1] (iii), we obtain

/

o/ o) + (o o)y
/’2

«

= (
(” ©)(¢')? + (o 0 )"

I/

o Oé
B /’4 °p
< //|a/|2 oo a/) oy
/|4

axa)xa
U e )

By Exercise 12 (b) in Section 1-5 in [Carl6|, we conclude that

6// (O/ % Oz”) % a/ |0/|3 O/ % O// O/
nag = = /‘4 / //’ cp= / //| Xm © P

K& | o/ X « o %

Finally, we obtain with Exercise [1| (iii) that
/

o o x o o
b&:t@xn&:<x(x) o

o] ol x| o]

_ <_1<a/ < (o x ) af) 0

|Oé/ X a//|‘a/|2
1
B (‘Wxaw«a' L)@ x o) = (o x o) “’W)) 07
Od/ X O//
“Txar] 2 ¥

since (o' x /) -a/ = 0.
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Exercise 4.

(i) Show that the signed curvature of a regular plane curve a: I — R2, ¢+ (z(t),y(t)) (I CR
an interval) is given by

i 1R, ¢ T E

O O

(ii) Show that a change of orientation changes the sign of the signed curvature of a regular
plane curve.

Solution 4.
Let I C R be an interval and let a: I — R?, ¢+ (2(t),y(t)) be a regular plane curve.

: . g . . : .
(i) Let so be the arc length of o and let ¢: J = Im(s,) — I be the inverse function of s
(restricted to its image). Consider now the reparameterized regular curve

a:J =R 7= (ao)(r) = ale(r)).
- 0 —1 1 (=
o= ()= (m (7))
(ta,ng) is pointwise a positive oriented orthonormal basis. We have (cf. the solution of

Exercise |3))
, O/’|O/‘2 —Jda o
o/ |*

(s (6 () s (7))o
<W|4<ffii )
(= y
(

With t5 = & and

~

g
|
o}
|

e ()
(20-2) o )

1,01 ", 0
ol Py Y
Raq = Ra 0 @ —W

and hence

(ii) Let ¥ be the change of orientation of a (¥/ = —1) and let ay = (2w, yw) be the reoriented
curve with respect to a. By part (i), we have

ﬂf&,y&, _ $&,y&, :L,/y// _ a,://y/
T S A
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