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Exercise 1.
Let I C R be an interval, let a: I — R? be a regular, planar curve which is parameterized by
arc length and let, for r > 0,

ap: T = R% t = aft) £ rng(t),
where ng: I — R? is the normal of a. «. is called inner (+) resp. outer (—) parallel curve to «

with distance r.

(i) When is «, regular? When is «, parameterized by arc length?

(ii) In the case that «, is regular, describe the oriented curvature k,, of a, with the oriented
curvature k., of .
(iii) Let I =R and let a be periodic with period [ € (0,00). Show that:

d
@L(ar’[o,l]ﬂrzo = F2rl(aljpy),

where I(ajpy) is the rotation index of ol and L is the arc length.

Solution 1.

(i) We have
al =ad rnl, =d Freata = Fread = (1 Freq)d,

hence
o |? = |1 F rial o/ = 1 F reol*.

Then «, is regular if and only if 1 F rx, # 0 on I. Furthermore, «, is parameterized by
arc length if and only if

Ko =0 or ma::tg.
r
(i) Let a: I — R?, t+ (2(t),y(t)) and let a,.: I — R2, t +— (2,.(t), y-(t)) be regular. With
ol = (Frel)d + (1 Freg)d”
and Sheet 2, Exercise 4 (i) we conclude that

1o ",/
Lrlr — TplYr

Ko, =
' |ag |3
_ (A Frra)z’ (Freg)y’ + A Frea)y”) — (Freg)r’ + (LF rea)z”) (1 F rea)y’
1 F reql?
(1= rha) 22"y + (1 F ria) (Fren)z'y — (1 F req) ey — (Frel) (1 F req)z’y’
- 11 F rkq|?
|1 + T’@a| .
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(iii) Since « is periodic, kg is bounded. Hence, for r small enough, we have 1 F rr, > 0. With

[ l
Llawlioy) = / ol ()] dt = / 11 F rro(t)] dt
0 0
nd a (1 F 7o) (Fia)
F ko) (Fha
7|r:0’1 + Tﬁa‘ = |T:0 = Fha
dr ’1 + Tﬁa‘
we obtain

d hd !
ol = [ oboolt Fria@ldt = [ ralt)dt = F2eI(alog).
0 0

Exercise 2.

Let Le R and I =[0,L] C R. Let o be an ovwal, i.e., a simple closed, regular, parametrized by
arc length, and convex curve a € C?(I, R?) with nowhere vanishing curvature.

(i) Show that for each unit vector e there exists a unique parameter s € I with t,(s) = e.

(ii) Show that a can be reparametrized with respect to the oriented angle ¥: I — [0, 27]
between the tangent vector t, and the x axis. These coordinates are called tangential polar
coordinates.

(iii) Let S be the reparametrization of the oval « in tangential polar coordinates. The curve
B is called a curve of constant width if the function h: [0,27] = R, ¥ — —B(¥) - ng(¥)
satisfies the following condition with a constant d > 0:

h(O) +h(®+ ) =d

for all ¥ € [0, 7]. Show that a curve with constant width d has a circumference of md.

(Hint: Describe 8 with respect to (ng,nj) and with the help of h.)

Solution 2.

(i) Without loss of generality, we assume that x > 0. Then x = ¢ > 0, thus ¢ is strictly
increasing. Without loss of generality, we can assume that ¥(0) = 0 and, since I, = 1
by the theorem of turning tangents, we obtain J(L) = 2m. Since ¥([0,L]) = [0, 2n],
9¥: [0, L] — [0,27] is bijective. Since every unit vector is uniquely determined by its angle
with the x axis, the result follows.

(ii) Since ¥ is bijective and ¥ = k # 0 on I, it follows that ¥~ is differentiable, hence ¥ is a
diffeomorphism. Thus a reparametrization is possible.

(iii) Let B:[0,27] — R? be the reparametrization of « with respect to ¥ and h: [0,27] —
R, ¥ +— —B(¥) - ng(¥). Since
tg = (cos,sin)

by construction, it follows that
ng = (—sin,cos), nj = (—cos,—sin) = —tg and nj= (sin, - cos) = —ng.
Hence (ng, njg) is (pointwise) an orthonormal basis of R2. Furthermore, we have
W =—Bng—pB-ng=—tg-ng—pB-ng=—Fng,

thus
B=(B-ng)ng + (B-np)ng = —hng — h'nj
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and therefore
B = —h'ng—hnjy—h"njy—h'njy = —h'ng — (h+h")n+h'ng = —(h+h")njy = (h+1")tg
Since
h’:—ﬁ-ng and h":—B’-n%—ﬁ-n’é:ﬂ-ng—,@’-nfg,
we obtain
W' +h=p8-ng— B ng—B-ng=-p"ng=—|8(ts ns) = 5.
Finally, from h(9) + h(9 + 7) = d for all ¥ € [0, 7] we conlude that
() + k(9 +m) =0
for all ¥ € [0, 7] and hence
R'(0) + h'(m) =0 aswellas h'(7)+ h'(27) = 0.

Thus
h'(27) — W' (0) =

The circumference is now given by

U<5>:/02ﬂ\6’r:/2ﬂh+/2ﬂh”
(/ h+/2ﬂ> (W(27) — H(0))
/h—l—/ h(¢+ m)d

_/ h(®) + h(9 + 1) dD
0

:/d
0

= 7d.

Exercise 3.
Let L > 0, a: [0,L] — R? be a simple closed, convex curve which is parameterized by arc

length and is positive oriented, and let «, be the outer parallel curve with distance r > 0 (see
Exercise . Show that:

(i) U(ay) =U(a) + 277,
(i) A(ay) = A(a) + Lr + 7r.

Here, U(a) is the circumference and A(«) is the area enclosed by the curve a.

(Hint: You can use the following statement without a proof: Let a,b € R,a < b and let a: [a,b] — R? t
(z(t),y(t)) be an injective, continuously differentiable curve with positive curvature. Let A = a(a) and B = a(b).
Then the trace of o and the line segments OA and BO enclose a bounded domain S C R? whose area can be
calculated via the formula

1

b
AS) = 5 [ sl () - ' O(0)ar)
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Solution 3.
(i) We have

(@ —r(=y) (L +rra)y’ — (1 +760)a' (y — r2)

2

(1 +76q)(zy — 2'y) + (1 + 1R0) (22 + %)

L

/
/
L

= / 2y (14 7ka) + 1Y2(1 + 160) — (1 4+ 7Ra)2'y + r(1 4 rEa )2
0
/
/

( / ! L / / L 2 L
xy —x'y)+r Kalzy —2'y) +r 1+7r Ka
0 0 0

L
2A(a) + rL + 2mr? + 7‘/ ka(zy' — 2'y).
0

Since
1:12 4 y/2 _ 1

and therefore
I/ /i

zx’ +yy =0,
we obtain that

ko(ry —2'y) = (2'y" — 2"y)(zy' — 2y)
_ LIZ'll'y/y// _ x/2yy’/ . $$//y/2 + :E/:C//yy/

— — oy _ x/ny// _ mx’/y’Q _ yy/Zy//
_ —($$”(l‘l2 + y/2) + yyl/(xIQ + y/2))

= —(z2" +yy")

- /OL(xx” +yy') = — ([:L'x’]é“ — /oL 2 4 gy — /OL y/z)

12 11
2.%

and

Since « is closed, the result follows.

Exercise 4.
Let a > 0 and

r: <—E, E) =R, t— acos(2t).
272 cos(t)

Consider the following planar curve which is given in polar coordinates (a strophoid):

o (—gg) S R2, ¢ (r(t) cos(t), (1) sin(t)).
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(i) Calculate the intersection points of the curve with the axes and show that the straight line
{(z,y) € R? ; x = —a} is the asymptote of the curve.

(ii) For the curve «, there exist t; # to with a(t;) = a(t2) = 0, hence the curve has a loop
there. Show that the area enclosed by this loop is given by (2 — g) a? (Plot!).

(iii) The curve and its asmyptote encloses an area which extends into infinity. Show that the
area is given by (2 + g) a’.

(Hint: Consider the curve which is translated by the vector (a,0) and use the formula from Ezercise[3)

Solution 4.
We have
a(t) = a(cos(2t), cos(2t) tan(t))

for all t € (—g, g)

(i) We have
cos(2t) =0 <= t= :l:%

and -
cos(2t)tan(t) =0 <— t= :l:Z ort=0.

Hence « intersects the x axis in —% and 7 and the y axis in —7%, 0 and 7. Furthermore,

we have

lim cos(2t) = —1 and lim cos(2t) tan(t) = oo
t—>—3 t——3

and
lim cos(2t) = —1 and lim cos(2t) tan(t) = —oo.
t—3 =3

Thus the straight line {(x,y) € R? ; = —a} is the asymptote of a.

(ii) We first consider the lower half. Let = > e > 0 and ae: [—F +¢,0] = R?, t — a(t).
Then we obtain (see the hint of Exercise |3)

0
A(S:) = %QQ /_W+ cos(2t) (—2 sin(2t) tan(t) + COS(2t)COSl(t)2)

— (—2sin(2t)) cos(2t) tan(t) d¢
1, 0 cos(2t) ) 2
[ () @

1
= —a®[—2t +sin(2t) + tan(t)](l%%

2
1
:§a2<0—(g—2s+sin<—g+2e>+tan<—%+5)>)
1 5/ 7
S (I 2).
—>2a ( 2+

for € = 0. The result follows.
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(iii) We first consider the upper half. Let 7 > e > 0 and a.: [-F +¢,—-5] — R ¢ —
a(t) + (a,0). Then we obtain (see the hint of Exercise [3)

A(S:) = 1.2 /Z (cos(2t) + 1) (—2 sin(2t) tan(t) + cos(2t)C ! >

2

2 ie os(t)
- (=

%

2si
n cos
1 cos
2

2t)) cos(2t) tan(t) dt
cos(2t)
cos(t)?

> — 2sin(2t) tan(t) + dt

™

1, —
=54 [—2t + 251n(2t)]—§+a

= laz ((E — 2) — (m —2e + 2sin(—7 + 26)))

2 \\2
1
= 5’ (—g ~ 22 — 2sin(—7 + 25))
1 o /m
L (T )
— e <2+

for € = 0. The result follows.
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