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Exercise 1.
(i) Let C be a planar curve, T the tangent of C in p ∈ C and let L be a straight line parallel

to the normal in p with distance d to p (see below). Let h be the length of segement of the
L which is determined by C and T (h is the "height" of C relative to T ). Show that

|κ(p)| = lim
d→0

2h

d

holds.
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(ii) Show: If a closed, planar curve C is contained in a circle with radius r, then there exists a
point p ∈ C such that the curvature κ of C in p satisfies

|κ| ≥ 1

r
.

Exercise 2.
Let α : R→ R2 be a simple closed, planar curve which is parameterized by arc length and denote
by κ : R → R the (oriented) curvature of this curve. Show that α is convex if κ(s) ≥ 0 for all
s ∈ R or κ(s) ≤ 0 for all s ∈ R.

Exercise 3.
(i) Does a simple closed, planar curve with a length of 6m and an enclosed area of 4m2 exist?

Justify your answer.

(ii) Let AB be a line segment in R2 and let l > |AB|. Proof that a curve with length l which
connects the points A and B and maximizes the area enclosed by the curve and the line
segment AB is an arc of a circle passing through A and B.

(please turn the page)



Exercise 4.
Let I ⊂ R be an interval and let α : I → R3 be a curve which is parameterized by arc length and
has the curvature κ and the torsion τ . Let κ 6= 0, κ′ 6= 0 and τ 6= 0 on I. The functions κ and τ
satisfy the equation (

1

κ

)2

+

(
κ′

κ2τ

)
= r2

on I, where r > 0 is a constant. Show that α lies on a sphere with radius r.

(Hint: Consider the curve

β : I → R3, s 7→ α(s) +
1

κ(s)
n(s) +

κ′(s)

κ(s)2τ(s)
b(s)

where (t, n, b) is the Frenet trihedron of α.)
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