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Exercise 1.

Let I C R be an interval and let X be a surface of revolution with generating regular planar
curve a: I — R3¢+ (x(t),y(t),0) and with rotation around the x axis. Show that there always
exists a parametrization X : (0,27) x I° — R3 such that

Glu,v) = <5 B ?)

for all (u,v) € (0,2m) x I°.

Solution 1.

Since the surface of revolution is independent of the parametrization of the curve, without loss
of generality, we can assume that « is parameterized by arc length. The surface of revolution
can be parameterized by

X:(0,2m) x I° = R3, (u,v) — (z(v), cos(u)y(v),sin(u)y(v)).
Since
01X (u,v) = (0, —sin(u)y(v), cos(u)y(v)) and X (u,v) = (2’ (v),cos(u)y (v),sin(u)y’(v))

for all (u,v) € (0,2m) x I°, it follows that

Glu,v) = (y(3)2 ) (y’(v))2> - <y(8)2 [1))

for all (u,v) € (0,2m) x I°.

Exercise 2.
Consider the map

X: (o, g) X <0, g) — R®, (u,0) — ((a+ bsin(v)) sin(u), (a — beos(v)) sin(w), csin(u)),

where a, b, ¢ are real numbers.

(i) Determine when X is a regular parameterized surface.

(ii) Determine (in the case of regularity) the first fundamental form of X.
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Solution 2.
We have

" X (u,v) = cos(u)(a + bsin(v),a — beos(v),c) and "X (u,v) = bsin(u)(cos(v),sin(v),0)

for all (u,v) € (O, g) X (0, %) Hence we obtain

|01 X (u,v)|? = cos(u)? <<\@a + bsin (v - %))2 + b? sin (v + 2)2 + C2> ,

|92 X (u,v)|? = b?sin(u)?,
(X (u,v), X (u,v)) = absin(u) cos(u)(cos(v) + sin(v)),
—csin(v)
O X (u,v) x 02X (u,v) = bsin(u) cos(u) ccos(v)
a(sin(v) — cos(v)) + bsin(v)(sin(v) + cos(v))

for all (u,v) € (0,%) x (0,%). Since sin(t) # 0 # cos(t) and sin(v) + cos(v) > 0 for all t € (0, ),
X is (locally) regular if a,b, ¢ € R with b # 0. Furthermore, we have

Gluv) = ((:os,(u)2 ((ﬂa +bsin (v —%))” + b?sin (v + %)2 + 02) absin(u) cos(u)(cos(v) + sin(v))> .

B absin(u) cos(u)(cos(v) + sin(v)) b? sin(u)?

Exercise 3.
Let I C R be an open interval and let a: I — R3? be a regular, injective curve which is
parameterized by arc length and has nowhere vanishing curvature. For r > 0, let

X:1x(0,21) = R>, (u,v) = a(u) + r(cos(v)n(u) + sin(v)b(u)),

where n and b is the normal resp. binormal vector of the directriz a.

(i) Determine the first fundamental form of X. Under which conditions is X a regular
parameterized surface?

(ii) Determine the Gauk mapping of X under the assumption that X is regular.
(iii) Determine X if the directrix is the circle a: (0,27) — R3, t — (cos(t),sin(t),0) and r = 1.

Sketch the surface.

Solution 3.
Let (u,v) € I x (0,2m).

(i) We have

01 X (u,v) = (1 —rcos(v)k(u))t(u) + rsin(v)7(u)n(u) — rcos(v)7(u)b(u)

and
X (u,v) = —rsin(v)n(u) + r cos(v)b(u)
hence
|01 X (u, v)]2 =(1- 7’cos(v)/<;(u))2 + ?”QT(U>2
and
]82X(u,v)]2 =r?
as well as

(1 X (u,v), 0 X (u,v)) = =127 (u).
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Therefore it follows that
N X (u,v) X X (u,v) = —rcos(v)(l —rcos(v)k(u))n(u) — rsin(v)(1 — rcos(v)r(u))b(u)

and
|01 X (u,v) x 0X (u,v)[* = 72(1 — 7 cos(v)r(u))>.

Hence we obtain

"X (u,v) X 02X (u,v) =0 <= cos(v) = )

Thus X is regular if xk < %, since cos(v) < 1.
(ii) With (i) we obtain

N:1x(0,2r) = S?, (u,v) — — cos(v)n(u) — sin(v)b(u).

(iii) We have

t(u) = (—sin(u), cos(u), 0),

n(u) = (= cos(u), —sin(u),0) = —a(u),
b(u) = t(u) x n(u) = (0,0,1),

r(u) =1,

T(u) = 0.

Tt follows that
X (u,v) = (cos(u) <1 - ;cos(v)> sin(u) (1 - ;cos(v)> , ;sin(v)> .

Plot:

Exercise 4.

Let ©Q C R? be open, X: Q — R? be a parameterized surface and let ¢: Q — Q be a parameter
transformation which preserves the orientation (det(Dg) > 0). Show the following relation
between the second fundamental form I7 (resp. I17X) of X and the second fundamental form
IT (vesp. IT TX ) of the reparameterized surface X = X o .

(i) For all (@,7) € Q and U,V € R?, we have

I (55U, V) =, (De@asn U, Do V)-
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(ii) For all (#,7) € Q and U,V € T(ﬁ’f,)f(, we have

U(Tfi)(U V) =115 (U, V).

@,0)

Solution 4.
(i) Let (#,7) € Q and U,V € R% Since ¢ preserves orientation, we have N = N o ¢ and
therfore

I145(U,V) = =DN5(U)DX (5,5

(i) Let (@,9) € Q and U,V € T(ﬂﬂj)X. Since ¢ preserves orientation, we have N = N o ¢ and
therefore

(a,v

(uv)(U V) = =DN(5(DX5,5) ' U)V

=-D(No @) 3 (DX 0 9)@z) UV
=—DN, (1,0 ((D (4,0) D@(a@)) 1U)V
= —DN,, )Dsﬁ(a (Do) (DX pap) U)WV
= —DN,(.5 (DX pap) ' U)V

= 115 5/(U, V).
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